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Foreword 

In the last decade, with the advance of deep learning, machine learning has made 
enormous progress. It has completely changed entire subfields of AI such as computer 
vision, speech recognition, and natural language processing. And more fields are 
being disrupted as we speak, including robotics, wireless communication, and the 
natural sciences. 

Most advances have come from supervised learning, where the input (e.g., an 
image) and the target label (e.g., a “cat”) are available for training. Deep neural 
networks have become uncannily good at predicting objects in visuals scenes and 
translating between languages. But obtaining labels to train such models is often 
time consuming, expensive, unethical, or simply impossible. That’s why the field 
has come to the realization that unsupervised (or self-supervised) methods are key 
to make further progress. 

This is no different for human learning: when human children grow up the amount 
of information that is consumed to learn about the world is mostly unlabeled. How 
often does anyone really what you see or hear in the world? We must learn the 
regularities of the world unsupervised, and we do this by searching for patterns and 
structure in the data. 

And there is lots of structure to be learned! To illustrate this, imagine that we 
choose the three colors of each pixel of an image uniformly at random. The result 
will be an image that with overwhelmingly large probability will look like gibberish. 
The vast majority of image-space is filled with images that do not look like anything 
we see when we open our eyes. This means that there is a huge amount of structure 
that can be discovered, and so there is a lot to learn for children! 

Of course, kids do not just stare into the world. Instead, they constantly interact 
with it. When children play, they test their hypotheses about the laws of physics, 
sociology, and psychology. When predictions are wrong, they are surprised and 
presumably update their internal models to make better predictions next time. It is 
reasonable to assume that this interactive play of an embodied intelligence is key to 
at least arrive at the type of human intelligence we are used to. This type of learning 
has clear parallels with reinforcement learning, where machine make plans, say to 
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play a game of chess, observe if they win or lose, and update their models of the 
world and strategies to act in them. 

But it’s difficult to make robots move around in the world to test hypotheses and 
actively acquire their own annotations. So, the more practical approach to learning 
with lots of data is unsupervised learning. This field has gained a huge amount of 
attention and has seen stunning progress recently. One only needs to look at the 
kind of images of non-existent human faces that we can now generate effortlessly to 
experience the uncanny sense of progress the field has made. 

Unsupervised learning comes in many flavors. This book is about the kind we 
call probabilistic generative modeling. The goal of this subfield is to estimate a 
probabilistic model of the input data. Once we have such a model, we can generate 
new samples from it (i.e., new images of faces of people that do not exist). 

A second goal is to learn abstract representations of the input. This latter field is 
called representation learning. The high-level representations self-organize the input 
into “disentangled” concepts, which could be the objects we are familiar with, such 
as cars and cats, and their relationships. 

While disentangling has a clear intuitive meaning, it has proven to be a rather 
slippery concept to properly define. In the 1990s, people were thinking of statisti-
cally independent latent variables. The goal of the brain was to transform the highly 
dependent pixel representation into a much more efficient and less redundant repre-
sentation of independent latent variables, which compresses the input and makes the 
brain more energy and information efficient. 

Learning and compression are deeply connected concepts. Learning requires 
lossy compression of data because we are interested in generalization and not in 
storing the data. At the level of datasets, machine learning itself is about transferring 
a tiny fraction of the information present in a dataset into the parameters of a model 
and forgetting everything else. 

Similarly, at the level of a single datapoint, when we process for example an input 
image, we are ultimately interested in the abstract high-level concepts present in that 
image, such as objects and their relations, and not in detailed, pixel level information. 
With our internal models, we can reason about these objects, manipulate them in 
our head, and imagine possible counterfactual futures for them. Intelligence is about 
squeezing out the relevant predictive information form the correlated soup pixel-
level information that hits our senses and representing that information in a useful 
manner that facilitates mental manipulation. 

But the objects that we are familiar with in our everyday lives are not really all that 
independent. A cat that is chasing a bird is not statistically independent of it. And so, 
people also made attempts to define disentangling in terms of (subspaces of variables) 
that exhibit certain simple transformation properties when we transform the input 
(a.k.a. equivariant representations), or as variables that one can independently control 
in order to manipulate the world around us, or as causal variables that are activating 
certain independent mechanisms that describe the world, and so on. 

The simplest way to train a model without labels is to learn a probabilistic 
generative model (or density) of the input data. There are a number of techniques in 
the field of probabilistic generative models that focus directly on maximizing the log-
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probability (or a bound on the log probability) of the data under the generative model. 
Besides VAEs and GANs, this book explains normalizing flows, autoregressive 
models, energy-based models, and the latest cool kid on the block: deep diffusion 
models. 

One can also learn representations that are good for a broad range of subsequent 
prediction tasks without ever training a generative model. The idea is to design tasks 
for the representation to solve that do not require one to acquire annotations. For 
instance, when considering time varying data, one can simply predict the future, 
which is fortunately always there for you. Or one can invent more exotic tasks such 
as predicting whether a patch was to the right of the left of another patch, or whether 
a movie is playing forward or backward, or predicting a word in the middle of a 
sentence from the words around it. This type of unsupervised learning is often called 
self-supervised learning, although I should admit that also this term seems to be 
used in different ways by different people. 

Many approaches can indeed be understood in this “auxiliary tasks” view of 
unsupervised learning, including some probabilistic generative models. For instance, 
a Variational Autoencoder (VAE) can be understood as predicting its own input back 
by first pushing the information through an information bottleneck. A GAN can be 
understood as predicting whether a presented input is a real image (datapoint) or 
a fake (self-generated) one. Noise contrastive estimation can be seen as predicting 
in latent space whether the embedding of an input patch was close or far in space 
and/or time. 

This book discusses the latest advances in deep probabilistic generative models. 
And it does so in a very accessible way. What makes this book special is that, like 
the child who is building a tower of bricks to understand the laws of physics, the 
student who uses this book can learn about deep probabilistic generative models 
by playing with code. And it really helps that the author has earned his spurs by 
having published extensively in this field. It is a great to tool to teach this topic in 
the classroom. 

What will the future of our field bring? It seems obvious that progress toward AGI 
will heavily rely on unsupervised learning. It’s interesting to see that the scientific 
community seems to be divided into two camps: the “scaling camp” believes that 
we achieve AGI by scaling our current technology to ever larger models trained with 
more data and more compute power. Intelligence will automatically emerge from 
this scaling. The other camp believes we need new theory and new ideas to makes 
further progress, such as the manipulation of discrete symbols (a.k.a. reasoning), 
causality, and the explicit incorporation of common-sense knowledge. 

And then there is of course the increasingly important and urgent discussion 
of how humans will interact with these models: can they still understand what is 
happening under the hood or should we simply give up on interpretability? How will 
our lives change by models that understand us better than we do, and where humans 
who follow the recommendations of algorithms are more successful than those who 
resist? Or what information can we still trust if deepfakes become so realistic that we 
cannot distinguish them anymore from the real thing? Will democracy still be able 
function under this barrage of fake news? One thing is certain, this field is one of
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the hottest in town, and this book is an excellent introduction to start engaging with 
it. But everyone should be keenly aware that mastering this technology comes with 
new responsibilities toward society. Let’s progress the field with caution. 

October 30, 2021 Max Welling



Preface 

We live in a world where Artificial Intelligence (AI) has become a widely used term: 
There are movies about AI, journalists writing about AI, CEOs talking about AI. 
Most importantly, there is AI in our daily lives, turning our phones, TVs, fridges, or 
vacuum cleaners into smartphones, smart TVs, smart fridges, and vacuum robots. We 
use AI; however, we still do not fully understand what “AI” is and how to formulate 
it, even though AI was established as a separate field in the 1950s. Since then, many 
researchers have pursued the holy grail of creating an artificial intelligence system 
that is capable of mimicking, understanding, and aiding humans through processing 
data and knowledge. In many cases, we have succeeded in outperforming human 
beings on particular tasks in terms of speed and accuracy! Current AI methods 
do not necessarily imitate human processing (neither biologically nor cognitively) 
but rather are aimed at making quick and accurate decisions like navigating in 
cleaning a room or enhancing the quality of a displayed movie. In such tasks, 
probability theory is key since limited or poor quality of data or intrinsic behavior 
of a system forces us to quantify uncertainty. Moreover, deep learning has become a 
leading learning paradigm that allows learning hierarchical data representations. It 
draws its motivation from biological neural networks; however, the correspondence 
between deep learning and biological neurons is rather far-fetched. Nevertheless, 
deep learning has brought AI to the next level, achieving state-of-the-art performance 
in many decision-making tasks. The next step seems to be a combination of these 
two paradigms, probability theory and deep learning, to obtain powerful AI systems 
that are able to quantify their uncertainties about the environments they operate in. 

This new edition. Since the publication of the previous edition of this book 
in February 2022, the world of AI, and Generative AI (GenAI) in particular, has 
changed dramatically. Nowadays, every company wants GenAI in their portfolio, and 
the need for new models, especially in production, is enormous. HugginFace, one 
of the leading platforms of open-sourced models, hosts over 600k models (Accessed 
on May 2, 2024) while they hosted less than 70k models in August 2022. This huge 
jump perfectly shows the needs of the market. Moreover, we see two leading trends in 
GenAI: Score-based Generative Models, and Large Language Models. Since these 
two topics were not covered in the first edition, we close this gap by adding new 
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chapters. Moreover, multiple errors were spotted by my curious readers, and they 
were corrected. With a high probability, there are new mistakes, but as one of my 
professors used to say: No text, no error. 

What is this book about then? This book tackles the problem of formulating AI 
systems by combining probabilistic modeling and deep learning. Moreover, it goes 
beyond the typical predictive modeling and brings together supervised learning and 
unsupervised learning. The resulting paradigm, called deep generative modeling, 
utilizes the generative perspective on perceiving the surrounding world. It assumes 
that each phenomenon is driven by an underlying generative process that defines 
a joint distribution over random variables and their stochastic interactions, i.e., 
how events occur and in what order. The adjective “deep” comes from the fact 
that the distribution is parameterized using deep neural networks. There are two 
distinct traits of deep generative modeling. First, the application of deep neural 
networks allows rich and flexible parameterization of distributions. Second, the 
principled manner of modeling stochastic dependencies using probability theory 
ensures rigorous formulation and prevents potential flaws in reasoning. Moreover, 
probability theory provides a unified framework where the likelihood function plays 
a crucial role in quantifying uncertainty and defining objective functions. 

Who is this book for then? The book is designed to appeal to curious students, 
engineers, and researchers with a modest mathematical background in undergraduate 
calculus, linear algebra, probability theory, and the basics of machine learning, deep 
learning, and programming in Python and PyTorch (or other deep learning libraries). 
It should appeal to students and researchers from a variety of backgrounds, including 
computer science, engineering, data science, physics, and bioinformatics who wish 
to get familiar with deep generative modeling. In order to engage with a reader, the 
book introduces fundamental concepts with specific examples and code snippets. 
The full code accompanying the book is available online at: 

https://github.com/jmtomczak/intro_dgm 

The ultimate aim of the book is to outline the most important techniques in deep 
generative modeling and, eventually, enable readers to formulate new models and 
implement them. 

The structure of the book. This edition of the book contains updated content. The 
first version of the book consisted of eight chapters that can be read separately and in 
(almost) any order. Chapter 1 introduces the topic and highlights important classes of 
deep generative models and general concepts. Chapters 3, 4, and 5 discuss modeling 
of marginal distributions while Chaps. 6 and 7 outline the material on modeling 
of joint distributions. Chapter 8 presents a class of latent variable models that are 
not learned through the likelihood-based objective. Chapter 10 indicates how deep 
generative modeling could be used in the fast-growing field of neural compression. 
This new edition contains a new section on transformers (Sects. 3.3 and 5.5.3.5), and 
new chapters: Chaps. 2, 9 on score-based generative models, and Chap. 11 on Large 
Language Models and Generative AI Systems. All chapters are accompanied by code 
snippets to help to understand how the presented methods could be implemented. 
The references are generally and to indicate the original source of the presented 

https://github.com/jmtomczak/intro_dgm
https://github.com/jmtomczak/intro_dgm
https://github.com/jmtomczak/intro_dgm
https://github.com/jmtomczak/intro_dgm
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material and provide further reading. Deep generating modeling is a broad field of 
study and including all fantastic ideas is nearly impossible. Therefore, I would like 
to apologize for missing any paper. If anyone feels left out, it was not intentional 
from my side. 

In the end, I would like to thank my wife, Ewelina, for her help and presence 
which gave me the strength to carry on with writing this book. I am also grateful 
to my parents for always supporting me, and my brother who spent a lot of time 
checking the first version of the book and the code. 

Eindhoven, The Netherlands Jakub M. Tomczak 
May 2, 2024 
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Chapter 1 
Why Deep Generative Modeling? 

1.1 AI Is Not Only About Decision Making 

Before we start thinking about (deep) generative modeling, let us consider a simple 
example. Imagine we have trained a deep neural network that classifies images 
(.x ∈ ZD) of animals  (.y ∈ Y, and .Y = {cat, dog, horse}). Further, let us assume 
that this neural network is trained really well so that it always classifies a proper 
class with a high probability .p(y |x). So far so good, right? The problem could occur 
though. As pointed out in [1], adding noise to images could result in completely 
false classification. An example of such a situation is presented in Fig. 1.1 where 
adding noise could shift predicted probabilities of labels; however, the image is 
barely changed (at least to us, human beings). 

Fig. 1.1 An example of adding noise to an almost perfectly classified image that results in a shift 
of predicted label. 

This example indicates that neural networks that are used to parameterize the 
conditional distribution .p(y |x) seem to lack a semantic understanding of images. 
Further, we even hypothesize that learning discriminative models is not enough for 
proper decision-making and creating AI. A machine learning system cannot rely on 
learning how to make a decision without understanding the reality and being able 
to express uncertainty about the surrounding world. How can we trust such a system 
if even a small amount of noise could change its internal beliefs and also shift its 
certainty from one decision to the other? How can we communicate with such a 
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Fig. 1.2 And example of data (left) and two approaches to decision-making: (middle) a discrimi-
native approach, (right) a generative approach. 

system if it is unable to properly express its opinion about whether its surroundings 
are new or not? 

To motivate the importance of concepts like uncertainty and understanding in 
decision-making, let us consider a system that classifies objects, but this time into two 
classes: orange and blue. We assume we have some two-dimensional data (Fig. 1.2, 
left) and a new datapoint to be classified (a black cross in Fig. 1.2). We can make 
decisions using two approaches. First, a classifier could be formulated explicitly 
by modeling the conditional distribution .p(y |x) (Fig. 1.2, middle). Second, we can 
consider a joint distribution .p(x, y) that could be further decomposed as . p(x, y) =
p(y |x) p(x) (Fig. 1.2, right). 

After training a model using the discriminative approach, namely, the conditional 
distribution .p(y |x), we obtain a clear decision boundary. Then, we see that the black 
cross is farther away from the orange region; thus, the classifier assigns a higher 
probability to the blue label. As a result, the classifier is certain about the decision! 

On the other hand, if we additionally fit a distribution . p(x), we observe that 
the black cross is not only farther away from the decision boundary, but also it is 
distant from the region where the blue datapoints lie. In other words, the black point 
is far away from the region of high probability mass. As a result, the (marginal) 
probability of the black cross, .p(x = black cross) is low, and the joint distribution 
.p(x = black cross, y = blue)will be low as well, and, thus, the decision is uncertain! 

This simple example clearly indicates that if we want to build AI systems that 
make reliable decisions and can communicate with us, human beings, they must 
understand the environment first. For this purpose, they cannot simply learn how 
to make decisions, but they should be able to quantify their beliefs about their 
surroundings using the language of probability [2, 3]. In order to do that, we claim 
that estimating the distribution over objects, . p(x), is crucial. 

From the generative perspective, knowing the distribution .p(x) is essential be-
cause: 

• it could be used to assess whether a given object has been observed in the past or 
not; 

• it could help to properly weigh the decision;
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• it could be used to assess uncertainty about the environment; 
• it could be used to actively learn by interacting with the environment (e.g., by 

asking for labeling objects with low . p(x)); 
• and, eventually, it could be used to generate (synthesize) new objects. 

Typically, in the literature of deep learning, generative models are treated as 
generators of new data. However, here we try to convey a new perspective where 
having . p(x) has much broader applicability, and this could be essential for building 
successful AI systems. Lastly, we would like to also make an obvious connection 
to generative modeling in machine learning, where formulating a proper generative 
process is crucial for understanding the phenomena of interest [3, 4]. However, 
in many cases, it is easier to focus on the other factorization, namely, . p(x, y) =
p(x|y) p(y). We claim that considering .p(x, y) = p(y |x) p(x) has clear advantages as 
mentioned before. 

1.2 Where Can We Use (Deep) Generative Modeling? 

With the development of neural networks and the increased computational power, 
deep generative modeling becomes one of the leading directions in AI. Its applica-
tions vary from typical modalities considered in machine learning, i.e., text analysis 
(e.g., [5]), image analysis (e.g., [6]), and audio analysis (e.g., [7]), to problems in 
active learning (e.g., [8]), reinforcement learning (e.g., [9]), graph analysis (e.g., 
[10]), and medical imaging (e.g., [11]). In Fig. 1.3, we present graphically potential 
applications of deep generative modeling. 

In some applications, it is indeed important to generate (synthesize) objects or 
modify features of objects to create new ones (e.g., an app turns a young person 
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Text Images 
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learning 
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Fig. 1.3 Various potential applications of deep generative modeling.
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into an old one). However, in others like active learning, it is important to ask for 
uncertain objects, i.e., objects with low . p(x) that should be labeled by an oracle. In 
reinforcement learning, on the other hand, generating the next most likely situation 
(states) is crucial for taking action by an agent. For medical applications, explaining 
a decision, e.g., in terms of the probability of the label and the object, is definitely 
more informative to a human doctor than simply assisting with a diagnosis label. If 
an AI system would be able to indicate how certain it is, and also quantify whether 
the object is suspicious (i.e., low . p(x)) or not, then it might be used as an independent 
specialist that outlines its own opinion. 

These examples clearly indicate that many fields, if not all, could highly benefit 
from (deep) generative modeling. Obviously, there are many mechanisms that AI 
systems should be equipped with. However, we claim that the generative modeling 
capability is definitely one of the most important ones, as outlined in the abovemen-
tioned cases. 

1.3 How to Formulate (Deep) Generative Modeling? 

At this point, after highlighting the importance and wide applicability of (deep) 
generative modeling, we should ask ourselves how to formulate (deep) generative 
models. In other words, how to express .p(x) that we mentioned already multiple 
times. 

We can divide (deep) generative modeling into four main groups (see Fig. 1.4): 

• autoregressive generative models (ARM); 
• flow-based models; 
• latent variable models; 
• energy-based models. 

We use deep in brackets because most of what we have discussed so far could be 
modeled without using neural networks. However, neural networks are flexible and 
powerful; therefore, they are widely used to parameterize generative models. From 
now on, we focus entirely on deep generative models. 

As a side note, please treat this taxonomy as a guideline that helps us to navigate 
through this book, not something written in stone. Personally, I am not a big fan 
of spending too much time categorizing and labeling science, because it very often 
results in antagonizing and gatekeeping. Anyway, there is also a group of models 
based on the score matching principle [12–14] that do not necessarily fit our simple 
taxonomy. However, as pointed out in [14], these models share a lot of similarities 
with latent variable models (if we treat consecutive steps of a stochastic process as 
latent variables), and, thus, we treat them as such.
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Fig. 1.4 A taxonomy of deep generative models. 

1.3.1 Autoregressive Models 

The first group of deep generative models utilizes the idea of autoregressive model-
ing (ARM). In other words, the distribution over . x is represented in an autoregressive 
manner: 

.p(x) = p(x0)
DΠ

i=1
p(xi |x<i), (1.1) 

where . x<i denotes all . x’s up to the index i.
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Modeling all conditional distributions .p(xi |x<i) would be computationally ineffi-
cient. However, we can take advantage of causal convolutions as presented in [7] for  
audio and in [15, 16] for images. We will discuss ARMs more in-depth in Chap. 3. 

1.3.2 Flow-Based Models 

The change of variables formula provides a principled manner of expressing the 
density of a random variable by transforming it with an invertible transformation f 
[17]: 

.p(x) = p
(
z = f (x)

)
|J f (x) |, (1.2) 

where .J f (x) denotes the Jacobian matrix. 
We can parameterize f using deep neural networks, however, it cannot be any 

arbitrary neural networks, because we must be able to calculate the Jacobian matrix. 
First ideas of using the change of variable formulate focused on linear, volume-
preserving transformations that yield .|J f (x) | = 1 [18, 19]. Further attempts utilized 
theorems on matrix determinants that resulted in specific nonlinear transformations, 
namely, planar flows [20], and Sylvester flows [21, 22]. A different approach focuses 
on formulating invertible transformations for which the Jacobian determinant could 
be calculated easily like for coupling layers in RealNVP [23]. Recently, arbitrary 
neural networks are constrained in such a way they are invertible, and the Jacobian 
determinant is approximated [24–26]. 

In the case of the discrete distributions (e.g., integers), for the probability mass 
functions, there is no change of volume; therefore, the change of variable formulate 
takes the following form: 

.p(x) = p
(
z = f (x)

)
. (1.3) 

Integer discrete flows propose to use affine coupling layers with rounding opera-
tors to ensure the integer-valued output [27]. A generalization of the affine coupling 
layer was further investigated in [28]. 

All generative models that take advantage of the change of variables formula are 
referred to as flow-based models or flows for short. We will discuss flows in Chap. 4. 

1.3.3 Latent Variable Models 

The idea behind latent variable models is to assume a lower-dimensional latent 
space and the following generative process: 

.z ∼ p(z)
x ∼ p(x|z).
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In other words, the latent variables correspond to hidden factors in data, and the 
conditional distribution .p(x|z) could be treated as a generator. 

The most widely known latent variable model is the probabilistic Principal 
Component Analysis (pPCA) [29] where . p(z) and .p(x|z) are Gaussian distributions, 
and the dependency between . z and . x is linear. 

A nonlinear extension of the pPCA with arbitrary distributions is the Variational 
Auto-Encoder (VAE) framework [30, 31]. To make the inference tractable, the vari-
ational inference is utilized to approximate the posterior .p(z|x), and neural networks 
are used to parameterize the distributions. Since the publication of the seminal papers 
by [30, 31], there were multiple extensions of this framework, including working 
on more powerful variational posteriors [19, 21, 22, 32], priors [33, 34], and de-
coders [35]. Interesting directions include considering different topologies of the 
latent space, e.g., the hyperspherical latent space [36]. In VAEs and the pPCA, all 
distributions must be defined upfront; therefore, they are called prescribed models. 
We will pay special attention to this group of deep generative models in Chap. 5. 

So far, ARMs, flows, the pPCA, and VAEs are probabilistic models with the 
objective function being the log-likelihood function that is closely related to using 
the Kullback-Leibler divergence between the data distribution and the model distri-
bution. A different approach utilizes an adversarial loss in which a discriminator 
.D(·) determines a difference between real data and synthetic data provided by a 
generator in the implicit form, namely, .p(x|z) = δ

(
x −G(z)

)
, where . δ(·) is the Dirac 

delta. This group of models is called implicit models, and Generative Adversarial 
Networks (GANs) [6] become one of the first successful deep generative models for 
synthesizing realistic-looking objects (e.g., images). See Chap. 8 for more details. 

1.3.4 Energy-Based Models 

Physics provides an interesting perspective on defining a group of generative models 
through defining an energy function, . E(x), and, eventually, the Boltzmann distribu-
tion: 

.p(x) = exp{−E(x)}
Z

, (1.4) 

where .Z =
Σ

x exp{−E(x)} is the partition function. 
In other words, the distribution is defined by the exponentiated energy function 

that is further normalized to obtain values between 0 and 1 (i.e., probabilities). There 
is much more to that if we think about physics, but we do not require delving into 
that. I refer to [37] as a great starting point for that. 

Models defined by an energy function are referred to as energy-based models 
(EBMs) [38]. The main idea behind EBMs is to formulate the energy function 
and calculate (or rather approximate) the partition function. The largest group of 
EBMs consists of Boltzmann Machines that entangle . x’s through a bilinear form, 
i.e., .E(x) = xTWx [39, 40]. Introducing latent variables and taking . E(x, z) = xTWz
result in Restricted Boltzmann Machines [41]. The idea of Boltzmann machines
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could be further extended to the joint distribution over . x and y as it is done, e.g., in 
classification Restricted Boltzmann Machines [42]. Recently, it has been shown that 
an arbitrary neural network could be used to define the joint distribution [43]. We 
will discuss how this could be accomplished in Chap. 7. 

1.3.5 Score-Based Generative Models 

Instead of matching distributions, we can match a score function, .∇x ln p(x), and its 
model, .sθ (x), using the second norm (a.k.a. the mean squared error loss). However, 
since we do not have access to the true distribution, we can use a noisy version of the 
empirical distribution by adding small Gaussian noise, .x̃n = xn + σ · ϵ , that yields: 

.qdata(x̃n) =
1
N

N⎲

n=1
N(x̃n |xn, σ2). (1.5) 

Since for Gaussian noise, the score function is analytically tractable, i.e., 
.∇x̃ lnN(x̃n |xn, σ2) = − 1

σ ϵ , the final objective is the following: 

.L(θ) = 1
2N

N⎲

n=1
EN(ϵ |0,I)

|
||sθ (x̃) +

1
σ
ϵ ||2

|
. (1.6) 

Optimizing this objective leads to a score model, .sθ (x̃), and the approach is called 
score matching [13, 14]. Sampling from the model requires running an auxiliary 
procedure, e.g., Langevin dynamics [44]. 

The idea behind score matching has been further used to train generative mod-
els formulated as stochastic differential equations, a continuous generalization of 
diffusion-based models. Then, sampling results in applying numerical methods for 
solving differential equations like backward Euler’s method. A similar approach to 
score matching with differential equations is called flow matching [45]. We will 
discuss all three frameworks in Chap. 9. 

1.3.6 Overview 

In Table 1.1, we compared all four groups of models (with a distinction between 
implicit latent variable models and prescribed latent variable models) using arbitrary 
criteria like: 

• whether training is typically stable, 
• whether it is possible to calculate the likelihood function, 
• whether one can use a model for lossy or lossless compression; 
• whether a model could be used for representation learning.
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Table 1.1 A comparison of deep generative models. 

Generative models Training Likelihood Sampling Compression Representation 

Autoregressive models Stable Exact Slow Lossless No 

Flow-based models Stable Exact Fast/slow Lossless Yes 

Implicit models Unstable No Fast No No 

Prescribed models Stable Approximate Fast Lossy Yes 

Energy-based models Stable Unnormalized Slow Rather not Yes 

Score-based models Stable Approximate Fast/slow No No 

All likelihood-based models (i.e., ARMs, flows, EBMs, prescribed models like 
VAEs, and score-based models) can be trained in a stable manner, while implicit 
models like GANs suffer from instabilities. In the case of nonlinear prescribed mod-
els like VAEs, we must remember that the likelihood function cannot be exactly 
calculated, and only a lower bound can be provided. Similarly, EBMs require calcu-
lating the partition function which is an analytically intractable problem. As a result, 
we can get the unnormalized probability or an approximation at best. ARMs con-
stitute one of the best likelihood-based models; however, their sampling process is 
extremely slow due to the autoregressive manner of generating new content. EBMs 
require running a Monte Carlo method to receive a sample. Since we operate on 
high-dimensional objects, this is a great obstacle to using EBMs widely in practice. 
All other approaches are relatively fast. In the case of compression, VAEs are mod-
els that allow us to use a bottleneck (the latent space). On the other hand, ARMs 
and flows could be used for lossless compression, since they are density estimators 
and provide the exact likelihood value. Implicit models cannot be directly used for 
compression; however, recent works use GANs to improve image compression [46]. 
Flows, prescribed models, and EBMs (if they use latents) could be used for repre-
sentation learning, namely, learning a set of random variables that summarize data 
in some way and/or disentangle factors in data. The question about what is a good 
representation is a different story, and we refer a curious reader to literature, e.g., 
[47]. Nowadays, state-of-the-art performance is achieved by score-based generative 
models, but they do not provide representation or cannot be used for compression 
purposes. 

1.4 Purpose and Content of This Book 

This book is intended as an introduction to the field of deep generative modeling. Its 
goal is to convince you, dear reader, of the philosophy of generative modeling and 
show you its beauty! Deep generative modeling is an interesting hybrid that combines 
probability theory, statistics, probabilistic machine learning, and deep learning in a 
single framework. However, to be able to follow the ideas presented in this book,
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it is advised to possess knowledge in algebra and calculus, probability theory and 
statistics, the basics of machine learning and deep learning, and programming with 
Python. Knowing PyTorch1 is highly recommended, since all code snippets are 
written in PyTorch. However, knowing other deep learning frameworks like Keras, 
Tensorflow, or JAX should be sufficient to understand the code. 

In this book, we will not review machine learning concepts or building blocks in 
deep learning unless it is essential to comprehend a given topic. Instead, we will delve 
into models and training algorithms of deep generative models. We will discuss the 
marginal models, such as mixture models and probabilistic circuits (Chap. 2), autore-
gressive models (Chap. 3), flow-based models (Chap. 4): RealNVP, Integer Discrete 
Flows, and residual and densenet flows, latent variable models (Chap. 5): Variational 
Auto-Encoders and its components, hierarchical VAEs, and diffusion-based deep 
generative models, or frameworks for modeling the joint distribution like hybrid 
modeling (Chap. 6) and energy-based models (Chap. 7). After that, we will outline 
GANs (Chap. 8). Next, we will delve into score-based generative models including 
score matching, score-based stochastic differential equations, and flow matching 
(Chap. 9). After that, we will present how deep generative modeling could be useful 
for data compression within the neural compression framework (Chap. 10). Eventu-
ally, we will discuss large language models and generative AI systems (Chap. 11). 
In general, the book is organized in such a way that each chapter can be followed 
independently from the others and in an order that suits a reader best. 

So who is the target audience of this book? Well, hopefully, everybody who is 
interested in AI, but there are two groups that could definitely benefit from the 
presented content. The first target audience is university students who want to go 
beyond standard courses in machine learning and deep learning. The second group 
is research engineers who want to broaden their knowledge of AI or prefer to take 
the next step in their careers and learn about the next generation of AI systems. 
Either way, the book is intended for curious minds who want to understand AI and 
learn not only about theory but also how to implement the discussed material. For 
this purpose, each topic is associated with a general discussion and introduction that 
is further followed by formal formulations and a piece of code (in PyTorch). The 
intention of this book is to truly understand deep generative modeling that, in the 
humble opinion of the author of this book, is only possible if one can not only derive 
a model but also implement it. Therefore, this book is accompanied by the following 
code repository: 

https://github.com/jmtomczak/intro_dgm 
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Chapter 2 
Probabilistic Modeling: From Mixture 
Models to Probabilistic Circuits 

2.1 A Probabilistic Perspective on Modeling: Random Variables, 
Learning, Generalization and Inference 

2.1.1 Random Variables and Probability Distributions 

Let us imagine cats. Most people like cats, and some people are crazy in love with 
cats. There are ginger cats, black cats, big cats, small cats, puffy cats, and furless 
cats. In fact, there are many different kinds of cats. However, when I say this word: “a 
cat”, everyone has some kind of a cat in their mind. One can close eyes and generate 
a picture of a cat, either their own cat or a cat of a neighbor. Further, this generated 
cat is located somewhere, e.g., sleeping on a couch or in a garden chasing a fly, 
during the night or during the day, and so on. Probably we can agree at this point 
that there are infinitely many possible scenarios of cats in some environments. 

Why to think of cats? Actually, we can think of any other object in the world. 
Formally, we can define a space of all objects in the world as .ω ∈ Ω. For simplicity, 
we consider only physical objects that an AI system (either embodied or not) could 
perceive through its sensors. Without a loss of generality, I would claim that even an 
AI-powered app deals with physical objects through, e.g., a camera, or images taken 
by a user through a camera. The AI system processes the input signals through some 
functions that return, e.g., continuous values like analog signals, discrete values 
like text from a conversation, or bits like digital signals. These functions are called 
random variables. For instance, a robot with a camera can take an RGB photo (e.g., 
of a cat) of the height H and the widthW that defines a random variable. Typically, a 
random variable is denoted by .x(ω) or . x for short. In our example, for images taken 
by a digital camera, we get .x : Ω → {0, . . . , 255}3×H×W . In general, . x : Ω → E
where . E is a D-dimensional measurable space (in the sense of measure theory), e.g., 
.E = RD , .E = {0, 1}D . 

Random variables are called random, because their outcomes are not necessarily 
predictable due to unobserved factors. 

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2024 
J. M. Tomczak, Deep Generative Modeling, 
https://doi.org/10.1007/978-3-031-64087-2_2 

15

http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-031-64087-2protect T1	extunderscore 2&domain=pdf
https://doi.org/10.1007/978-3-031-64087-2_2
https://doi.org/10.1007/978-3-031-64087-2_2
https://doi.org/10.1007/978-3-031-64087-2_2
https://doi.org/10.1007/978-3-031-64087-2_2
https://doi.org/10.1007/978-3-031-64087-2_2
https://doi.org/10.1007/978-3-031-64087-2_2
https://doi.org/10.1007/978-3-031-64087-2_2


16 2 Probabilistic Modeling: From Mixture Models to Probabilistic Circuits

A side note 

If we think about randomness, this simple introduction could very quickly 
turn into a very deep philosophical discourse. If you disagree with me, my 
curious reader, it is ok! But I hope that we can agree with these statements 
provided above and move on. 

In other words, if one takes their cat and takes a series of photos, the resulting 
pixels could take various values due to lighting, the breathing of their cat, shaking 
hand, etc.; in general, some factors that are neither controlled nor explicitly measured. 
This series of photos, taken at different times of the day, or even on different days, we 
call observations, .D = {x1, x2, . . . , xN }. There is some randomness in the process of 
taking photos, but still, some pixel values are highly improbable or even impossible. 
For instance, a cat has four legs, a single head, or its fur cannot be naturally pink, 
and so on. As a result, we can say that there exists a distribution of pixel values 
(values of random variables) that correspond to less likely values or more likely 
values. Formally, we say that there exists some probability distribution of a random 
variable . x, denoted as . p(x), such that: .∀xp(x) ∈ [0, 1] and (discrete case) .

Σ
x p(x) = 1, 

(continuous case) .
∫

x p(x)dx = 1. There are multiple nice properties of probability 
distributions, and two of them are especially useful in modeling and inference (for 
simplicity, for two random variables .x = (x1, x2)): 

• the  sum rule: .p(x1) =
Σ

x2 p(x1, x2), 
• the product rule: .p(x1, x2) = p(x1 |x2)p(x2) or .p(x1, x2) = p(x2 |x1)p(x1). 

The sum rule shows us how to “get rid of” some random variable in a proba-
bilistic manner. The product rule indicates how to express a joint distribution using 
conditional distributions. 

In the product rule, we see a conditional distribution, i.e., a distribution over one 
random variable given information about the other random variable. The conditional 
distribution is a distribution, namely, it sums to 1 and returns values between 0 and 
1. If two random variables are independent (stochastically), e.g., . x1 is independent 
of . x2, then .p(x1 |x2) = p(x1). In plain words, no matter what information we provide 
about . x2, there is no change in the distribution of . x1. As a result, the product rule 
results in .p(x1, x2) = p(x1)p(x2). 

2.1.2 Modeling 

In general, this is useful to think of some true probability distribution for a given 
random variable. However, this could be also misleading. Again, we can turn this 
dry sentence into a long discussion. Therefore, from time to time, we will refer to 
some abstract true distribution if needed, but practically, we will use some empirical 
distribution defined by observations . D instead. Formally, we define the empirical 
distribution as a sum of peaks:
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.pdata(x) =
1
N

N⎲

n=1
δ(x − xn), (2.1) 

where .δ(x−xn) for .x ≠ xn equals 0 and for .x = xn equals . +∞ in the continuous case 
(Dirac’s delta), and 1 in the discrete case (Kronecker’s delta). 

Please remember, my curious reader, that this is mathematics; we need that to 
communicate easily and to express our thoughts crisply. It is not magic, even though, 
sometimes, it sounds complicated. If you are not familiar with these terms, no 
worries. You will get used to those, and, as you will see, they are quite useful. 

Very often we assume that observations come from the same true distributions and 
that all observations were achieved independently. This is referred to as identically 
and independently distributed (iid) data. These two statements mean that: (i) all 
.xn ∈ D follow the same distribution, and (ii) all . xn’s are independent from each 
other, i.e., .p(x1, x2, . . . , xN ) =

∏N
n=1 p(xn). 

Alright, but why do introduce all these concepts? When does it become interest-
ing? These are the questions that pinch your brain, my curious readers, aren’t they? 
They are fascinating if we could formulate a model distribution (or simply a model) 
of the world (or the tiny piece of the world we consider), namely, .p(x; θ). As you  
can notice, we introduced a new quantity . θ that denotes some parameters of the 
model. But what is this model, what is its form? It depends on the character of the 
observed data. For instance, for real-valued data, an appropriate distribution can be 
a Gaussian (normal) distribution: 

.p(x; θ) = 1
√
(2π)D |Σ |

exp
⎛

−1
2
(x − μ)TΣ−1(x − μ)

⎞

, (2.2) 

d f  
= N(x|μ, Σ), (2.3) 

where .θ = (μ, Σ), . μ denotes location parameters (a.k.a. means), and . Σ denotes scale 
parameters (a.k.a. the covariance matrix with variances on the diagonal). 

However, if our data is discrete, we use a Bernoulli distribution for binary data 
(i.e., .xd ∈ {0, 1}): 

.p(x; θ) =
D∏

d=1
θxd
d
(1 − θd)1−xd , (2.4) 

d f  
= Bern(x|θ), (2.5) 

or a Categorical distribution for categorical data (i.e., discrete and unordered, 
.xd ∈ {0, 1, . . . ,K − 1}): 

.p(x; θ) =
D∏

d=1

K∏

k=1
θ
⊭[xd=k]
dk

, (2.6) 

d f  
= Cat(x|θ), (2.7)
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where .1[x = k] is the indicator function that returns 1 if x equals k and 0 - otherwise. 
Interestingly, . θ’s in a Bernoulli distribution and a categorical distribution have very 
specific meanings, respectively, .θd = p(xd = 1; θ) and .θdk = p(xd = k; θ). 

2.1.3 Learning 

Once we pick a distribution for our model, we can now ask the fundamental question: 
How to obtain the values of parameters . θ, i.e., how to estimate . θ? This is what AI 
people call learning or training. In the probabilistic setting, it is typically done by 
fitting our model to the empirical distribution by minimizing some distance metric. 
For instance, it can be accomplished by minimizing the Kullback-Leibler divergence 
with respect to the parameters . θ: 

.KL [pdata(x)| |p(x; θ)] =
⎲

x
pdata(x) log

pdata(x)
p(x; θ) (2.8) 

=
⎲

x 
pdata(x) log pdata(x) −

⎲

x 
pdata(x) log p(x; θ) 

(2.9) 

= C −
⎲

x 
pdata(x) log p(x; θ) (2.10) 

= C − 1 
N

⎲

x 

N⎲

n=1 
δ(x − xn) log p(x; θ) (2.11) 

= C − 1 
N 

N⎲

n=1 
log p(xn; θ) (2.12) 

where C is the negative entropy of the empirical distribution, which is independent 
of the parameters . θ, thus, irrelevant for learning the model, and the last step comes 
from a property of the delta function. 

A side note 

Please remember, my curious reader, that the Kullback-Leibler divergence is 
asymmetric, thus, where we place the empirical distribution and the model 
matters! 

For the iid data, the term .
Σn

n=1 log p(xn; θ) corresponds to the log-likelihood 
function, namely:
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. log p(D; θ) d f
= log p(x1, x2, . . . , xN ; θ) (2.13) 

iid 
= log 

N∏

n=1 
p(xn; θ) (2.14) 

= 
N⎲

n=1 
log p(xn; θ). (2.15) 

In the second step, we use the fact that the observations come from the same 
distribution and all observations are independent from each other. The likelihood 
function plays a special role in probabilistic modeling and serves as a starting point 
for many deep generative models. 

2.1.4 Generalization 

As a quote from a famous British statistician named George Box indicates, all 
models are wrong but some are useful. They are wrong, fine. But what does it mean 
that some are useful?! Let us consider the following example in Fig. 2.1. We have  
some observed data from a true distribution (here we use the so-called two-moon 
problem) like in Fig. 2.1a. After fitting a model to those data, we end up with a density 
estimator in Fig. 2.1b. As you can notice, the model distribution assigns probability 
mass mainly where the data lies; however, it also assigns some probability mass in 
regions where little to no data is observed. Is it a good feature? My answer is yes, 
because this is what we expect from a model to generalize to regions where no or 
little data was observed. 

In machine learning, generalization is understood as a model’s ability to adapt 
properly to new, previously unseen data, drawn from the same distribution as the 
one used to create the model [1]. Here, adapting means to sample or to assign 
probability/likelihood. Hence, to be able to generalize, having a probabilistic model 
(i.e., a model distribution) is key! Now we can see that some models are more useful 

Fig. 2.1 An example of a probabilistic model (b), i.e., a model distribution, fit to data (a).
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than others, because they can generalize better. Please keep it in mind while thinking 
of various deep generative models. 

2.1.5 Inference 

After fitting a model to data, we can (finally!) use our model! The simplest uses 
of probabilistic models (either conditional or joint) are obtaining new data and 
calculating the likelihood function (also referred to as evidence), . p(x). I call these 
simple, however, these are quite powerful, if you think about it, my curious reader. 
But wait a second, are conditional models useful for generating new data? For 
instance, if . x2 is the weight of a cat and . x1 is the height of a cat, then one can say 
that sampling from .p(x2 |x1) is. . . generating new data, namely, pairs .(x1, x2). There 
is a thin and blurry line between discriminative (predictive) models and generative 
models, especially from a probabilistic perspective. After all, we deal with probability 
distributions, and calling some models “discriminative” and others “generative” is 
not necessarily constructive. But, again, we will not delve into that discussion here; 
instead, we will focus on inference. 

In the probabilistic modeling world, inference is the key to draw conclusions 
about stochastic dependencies and quantities. We can define inference as answering 
probabilities queries. Following [2], we can distinguish the following classes of 
probabilistic queries: 

• (EVI) Calculating evidence . p(x). 
• (MAR) Calculating marginals .p(x−d) =

∫
p(x) dxd . 

• (MAP) Calculating the most probable value, .arg maxx p(x). 
• Calculating advanced queries, e.g., about logical events. 

Interestingly, not all classes of contemporary deep generative models can do EVI, 
and only a few provide MAR and/or MAP. Later, we will briefly discuss a class of 
models called probabilistic circuits [2] that can do EVI, MAR, and MAP. However, 
the rest of the deep generative models can calculate EVI at best. 

2.2 Interlude: Probabilistic Graphical Models 

As you can imagine, my curious reader, working with probabilistic models can 
be sometimes quite difficult, especially if the number of variables D is large, and 
there is a specific structure among random variables, i.e., complicated stochastic 
dependencies. For this purpose, to represent probability distributions, probabilistic 
graphical models (PGMs) were proposed [3]. In a nutshell, a PGM is a probabilistic 
model for which a graph expresses the conditional dependence structure between 
random variables. There are undirected graphical models in which nodes are 
random variables and edges imply some sort of dependence among them, a.k.a.
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Markov networks. A more straightforward class of PGMs is a class of  Bayesian 
networks that are directed acyclic graphs with directed edges denoting conditional 
dependencies and random variables being nodes. 

Here, we will not go into details of various PGMs, interested (and curious!) readers 
can check [3] as a fantastic primer. It is good to know though that for generative 
modeling, Bayesian networks are useful in thinking in a generative manner. Why? 
Because they are acyclic meaning that there are no cycles, i.e., a path starting and 
ending in the same random variable. Clearly, a cycle disallows a proper generative 
process (if a random variable . xA depends on . xB and the other way around, how we 
can generate . xA and . xB?). 

A side note 

Not all probability distributions could be represented as Bayesian networks. 
Please be aware of that! Therefore, there are some generative models that 
go beyond Bayesian networks. However, to get familiar with generative 
processes, Bayesian networks give a good starting point for that. 

Example 

An example of a Bayesian network is presented in Fig. 2.2. A gray node 
denotes an observable variable, a white node is a latent variable, and arrows 
determine conditional dependencies. The corresponding joint distribution in 
the example in Fig. 2.2 is the following: 

.p(A, B,C) = p(C |A, B) p(A) p(B). (2.16) 

If we would like to calculate the marginal distribution over observable vari-
ables, we need to sum out the latent variable, namely: 

.p(A,C) =
⎲

B

p(A, B,C) (2.17) 

=
⎲

B 
p(C |A, B) p(A) p(B). (2.18) 

2.3 Mixture Models 

2.3.1 Modeling with Mixture of Gaussians (MoG) 

Take a deep breath. A lot of information so far, I am aware of that, my curious reader. 
Take a short break if needed, and make a coffee. And buckle up, we are going to 
get all the information together and propose one of the simplest yet very effective 
generative models: a mixture model. Here we go!
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A 

C 

B 

Fig. 2.2 An example of a Bayesian network for three random variables (observable variables are 
gray nodes and a latent variable is a white node). 

z 

x 

Fig. 2.3 An example of a latent variable model. 

Let us consider the following situation. We have a random variable x denoting 
the weight of cats. There are female cats and male cats, and they differ in weight. We 
model the true distribution for female cats using a Gaussian, and another Gaussian 
for modeling the true distribution for male cats. Then someone asks us what is the 
overall distribution over weights of cats (no distinction between female and male 
cats). We are given some iid data of weights of cats but with no information about the 
gender of observed cats, just pure numbers of their weights. How can we approach 
this problem? 

We can start with random variables. OK, x denotes weight, and it is an observable 
random variable. With a small abuse of reality, we assume that .x ∈ R. Next, we know 
that there is the biological sex of cats .z ∈ {0, 1}, where .z = 0 for female cats and 
.z = 1 for male cats. However, z is an unobserved (latent) variable. Further, we know 
that the sex, z, influences the weight, x. The resulting probabilistic graphical model 
is presented in Fig. 2.3. 

Let us write the joint distribution and use the product rule according to the PGM 
in Fig. 2.3: 

.p(x, z) = p(x |z) p(z). (2.19)
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So far, so good! Since x is real-valued and z is binary, we can use a Gaussian 
distribution and a Bernoulli distribution, respectively, to model them: 

.p(x, z) = N(x |μ(z), σ2(z)) Bern(z |ω), (2.20) 

where we indicate the dependence between x and z through the mean and the 
variance, i.e., the parameters of the Gaussian are different for different values of z. 

Now, please remember, my curious reader, that we have some observations . D =
{x1, x2, . . . , xN }. Since we do not observe z, we should marginalize it out using the 
sum rule, namely: 

.p(x) =
⎲

z

p(x, z) (2.21) 

=
⎲

z 
N(x |μ(z), σ2(z)) Bern(z |ω) (2.22) 

= N(x |μ(z = 0), σ2(z = 0)) Bern(z = 0|ω)+ 
+ N(x |μ(z = 1), σ2(z = 1)) Bern(z = 1|ω) (2.23) 

= (1 − ω) N(x |μ0, σ
2 
0 ) + ω N(x |μ1, σ

2 
1 ), (2.24) 

where we used .μi ≡ μ(z = i) and .σ2
i ≡ σ2(z = i) to keep the notation uncluttered. 

Let us get back to our cats and their weights (a disclaimer: all values are made up 
and they serve educational purposes!). An example of a mixture of two Gaussians 
is presented in Fig. 2.4. In Fig. 2.4a, the two mixture components are visualized 
separately, while in Fig. 2.4b the marginal distribution, . p(x), is presented. Note that 
the two components have different component probabilities . ω0 and .ω1 = 1 − ω0. 
Moreover, in Fig. 2.4b, the region where the two components overlap is summed. 

In general, we define a mixture of Gaussians (MoG) with K components as 
follows: 

BA 

Fig. 2.4 An example of a distribution of weights of cats: (a) Gaussians (separate components) for 
weights of female cats (blue, on the left) and male cats (orange, on the right). (b) The  marginal  
distribution of weights of cats, . p(x).
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.p(x; θ) =
⎲

z

N(x |μ(z), σ2(z)) Cat(z |ω) (2.25) 

= 
K=1⎲

k=0 
ωk N(x |μk, σ2 

k ). (2.26) 

2.3.2 Training: The Log-Likelihood Function 

Alright, let us continue our example with two components and think of how we can 
train a mixture of Gaussians. First, we need to set up the stage, namely, calculate the 
log-likelihood function. For given data . D, the likelihood function is the following: 

.p(D; μ0, μ1, σ
2
0 , σ

2
1 , ω) =

N∏

n=1
p(xn; μ, σ2, ω) (2.27) 

= 
N∏

n=1

⎛

(1 − ω) N(xn |μ0, σ
2 
0 ) + ω N(xn |μ1, σ

2 
1 )
⎞

(2.28) 

and the log-likelihood function is the following (we take the logarithm to work 
with sums instead of products; the logarithm does not change the position of the 
optimum): 

. log p(D; μ0, μ1, σ
2
0 , σ

2
1 , ω) =

N⎲

n=1
log

⎛

(1 − ω) N(xn |μ0, σ
2
0 ) + ω N(xn |μ1, σ

2
1 )
⎞

.

(2.29) 
A few comments here: 

1. The parameters of our model are .θ = (μ0, μ1, σ
2
0 , σ

2
1 , ω). 

2. The (log-)likelihood function has a nice interpretation: How likely are the ob-
served data for given values of parameters . θ? 

3. The log-likelihood function can be taken as the objective/training function and 
optimized with respect to the parameters . θ to find the most likely parameters that 
generated the observed data. 

Further, we (yes, you and me, my curious reader!) notice that it would be easier 
to deal with .logN(x |μ, σ2) instead of .N(x |μ, σ2) because of the cumbersome . exp
in Gaussians. Taking the log gives: 

. logN(x |μ, σ2) = log
⎛

1
σ
√

2π
exp

⎧ 

−1
2

⎛ x − μ
σ

⎞2
⎫⎞

(2.30) 

= −1 
2 

log 2π − 1 
2 

log σ2 − 1 
2σ2 (x − μ)2. (2.31)
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Now, if only we could get the logarithm inside the sum, it would be easier! But 
we cannot. . . However, do we need to do that? We can use the property of exp and 
log: .exp(log(x)) = x. Let us use that for the log-likelihood function: 

. log p(D; μ0, μ1, σ
2
0 , σ

2
1 , ω) =

N⎲

n=1
log

⎛

exp
⎛

log
⎛

(1 − ω) N(xn |μ0, σ
2
0 )
⎞⎞

+

+ exp
⎛

log
⎛

ω N(xn |μ1, σ
2
1 )
⎞⎞⎞

(2.32) 

= 
N⎲

n=1 
log

⎛

exp
⎛

log (1 − ω) + logN(xn |μ0, σ
2 
0 )
⎞

+ 

+ exp
⎛

log (ω) + logN(xn |μ1, σ
2 
1 )
⎞⎞

(2.33) 

= 
N⎲

n=1 
log

⎛ 1⎲

i=0 
exp

⎛

log (ωi) + logN(xn |μi, σ2 
i )
⎞
⎞

(2.34) 

= 
N⎲

n=1 
log

⎛ 1⎲

i=0 
exp (ai)

⎞

. (2.35) 

A few comments: 

1. As you noticed, my curious reader, we introduced .ai
d f
= log (ωi)+logN(xn |μi, σ2

i ). 
It will be clear why in a second. 

2. We quite artificially introduced another sum so that you can get familiar with 
notation but also to see that we can deal with more than two components in the 
same manner. 

3. In ML, the function .log
⎛ΣI−1

i=1 exp (ai)
⎞

has a specific name, and it is called. . . the 
log-sum-exp function (LogSumExp, LSE). This function, in general, could result 
in underflow/overflow (i.e., it can be numerically unstable). To avoid that, we can 
use the following trick: 

.LSE(a0, . . . , aI−1) = a∗ + LSE(a0 − a∗, . . . , aI−1 − a∗), (2.36) 

where .a∗ = max{a0, . . . , aI−1}. Please remember this function, because it plays 
a crucial role in many topics in AI. And if you do not want to make a mistake, 
always check first if a library you use provides the LSE function. Most of them 
do! 

In general, the log-likelihood function for a MoG with K components is defined 
as follows: 

. log p(D; θ) =
N⎲

n=1
log

⎛
K−1⎲

k=0
exp (logωk + logN(x |μk, Σk))

⎞

. (2.37)
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2.3.3 Training: Algorithms 

Now we are ready to implement a training algorithm. Since we know the form of 
the log-likelihood function, we can pick any optimization algorithm we want. In 
practice, there are two options: 

1. We can use a famous algorithm called Expectation-Maximization (EM) that 
carries out training in two stages: (i) First, calculate expected probabilities for 
points belonging to specific components. (ii) Second, update the parameters of 
components. We will not discuss this algorithm here since we are lazy deep-
learning bastards. However, I highly recommend looking up the details of the EM 
algorithm in one of the textbooks, e.g., [1, 4, 5], and implementing it. 

2. The optimization can be done using gradient-based methods. 

Here, we follow the second path, because it is easier, since we can use any library 
with Autograd. The procedure is straightforward: Calculate gradients of the log-
likelihood with respect to the parameters, and update the parameters. That is all! The 
only thing we need to remember is to use the LSE function. 

Some examples of fitting a mixture of Gaussians (for different numbers of compo-
nents) to the half-moon data are presented in Fig. 2.5. As you can notice, my curious 
reader, fitting too few components (Fig. 2.5a) results in a very poorly generalizable 
model while taking too many components could lead to numerical instabilities (e.g., 
if a component is located on a datapoint and the variance collapses to 0). In general, 
taking more components (e.g., see Fig. 2.5d) results in a better fit and a better log-
likelihood value. Touching upon this topic, sometimes we need a regularization of 
some sort, but we will not discuss it further. You can read about it, my curious reader, 
in one of the textbooks (e.g., about a Bayesian treatment of a mixture of Gaussians 
[1]). 

2.3.4 Other Mixture Models 

Here, we discussed mixtures of Gaussians, however, we can formulate any mixture 
model, depending on the character of observable data. For instance, for binary data, 
we get a mixture of Bernoullis: 

.p(x; θ) =
K⎲

k=1
πkBern(x |θ). (2.38) 

Similarly, we can build other mixture models. In general, building a mixture of 
distributions from the exponential family of distributions is straightforward due to 
the fact that we can use the LSE trick to formulate a tractable log-likelihood-based 
training objective.
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Fig. 2.5 Several examples of MoGs with varying number of components: (a) .K = 2, (b) .K = 12, 
(c) .K = 50, (d) .K = 100. 

Fig. 2.6 A few examples of handwritten, tiny images (.8 × 8 pixels). 

2.3.5 Coding Mixture of Gaussians (MoG) 

Alright, my curious reader, it is enough of a chit-chat. I know you, and I feel you, 
we should code a MoG up! We will train our MoG on simple data (tiny handwritten 
images). Some examples are presented in Fig. 2.6. These are not necessarily compli-
cated, and very small, but still training a model to generate such objects is nontrivial, 
as we will see. 

But back to work! An implementation of an MoG is presented in the code snippet 
below. Please take a careful look, my curious reader, and try to understand every 
single line. For instance, we use Gaussian components parameterized with means
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and diagonal covariance matrices (in fact, we use log variances for numerical conve-
nience). Moreover, we allow two options for component probabilities: . ω’s are either 
trainable or fixed and equiprobable, i.e., .ωk = 1

K for all .k = 0, . . . ,K − 1. Note that 
we must keep .

Σ
k ωk = 1 and each .ωk ∈ [0, 1]. If we train . ω’s with a gradient-based 

method, it is hard to ensure that. Therefore, we introduce parameters w’s in the code 
and then use the softmax function to turn them into . ω’s. A simple trick that always 
works. 

Alright, we are good to go. Buckle up and code it up! 
1 class MoG(nn.Module): 
2 def __init__(self, D, K, uniform=False): 
3 super(MoG, self).__init__() 
4 

5 print(’MoG by JT.’) 
6 

7 # hyperparams 
8 self.uniform = uniform 
9 self.D = D # the dimensionality of the input 

10 self.K = K # the number of components 
11 

12 # params 
13 self.mu = nn.Parameter(torch.randn(1, self.K, self.D) * 

0.25 + 0.5) 
14 self.log_var = nn.Parameter(-3. * torch.ones(1, self.K, 

self.D)) 
15 

16 if self.uniform: 
17 self.w = torch.zeros(1, self.K) 
18 self.w.requires_grad = False 
19 else: 
20 self.w = nn.Parameter(torch.zeros(1, self.K)) 
21 

22 # other 
23 self.PI = torch.from_numpy(np.asarray(np.pi)) 
24 

25 def log_diag_normal(self, x, mu, log_var, reduction=’sum’, 
dim=1): 

26 log_p = -0.5 * torch.log(2. * self.PI) - 0.5 * log_var -
0.5 * torch.exp(-log_var) * (x.unsqueeze(1) - mu)**2. 

27 return log_p 
28 

29 def forward(self, x, reduction=’mean’): 
30 # calculate components 
31 log_pi = torch.log(F.softmax(self.w, 1)) # B x  K,  

softmax is used for R^K -> [0,1]^K s.t. sum(pi) = 1 
32 log_N = torch.sum(self.log_diag_normal(x, self.mu, self. 

log_var), 2) # B x K, log-diag-Normal for K components 
33 

34 # =====LOSS: Negative Log-Likelihood 
35 NLL_loss = -torch.logsumexp(log_pi + log_N, 1) # B  
36
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37 # Final LOSS 
38 if reduction == ’sum’: 
39 return NLL_loss.sum() 
40 elif reduction == ’mean’: 
41 return NLL_loss.mean() 
42 else: 
43 raise ValueError(’Either ‘sum‘ or ‘mean‘.’) 
44 

45 def sample(self, batch_size=64): 
46 # init an empty tensor 
47 x_sample = torch.empty(batch_size , self.D) 
48 

49 # sample components 
50 pi = F.softmax(self.w, 1) # B x K, softmax is used for R 

^K -> [0,1]^K s.t. sum(pi) = 1 
51 

52 indices = torch.multinomial(pi, batch_size , replacement= 
True).squeeze() 

53 

54 for n in range(batch_size): 
55 indx = indices[n] # pick the n-th component 
56 x_sample[n] = self.mu[0,indx] + torch.exp(0.5*self. 

log_var[0,indx]) * torch.randn(self.D) 
57 

58 return x_sample 
59 

60 def log_prob(self, x, reduction=’mean’): 
61 with torch.no_grad(): 
62 # calculate components 
63 log_pi = torch.log(F.softmax(self.w, 1)) # B x  K,  

softmax is used for R^K -> [0,1]^K s.t. sum(pi) = 1 
64 log_N = torch.sum(self.log_diag_normal(x, self.mu, 

self.log_var), 2) # B x K, log-diag-Normal for K components 
65 

66 # log_prob 
67 log_prob = torch.logsumexp(log_pi + log_N, 1) # B  
68 

69 if reduction == ’sum’: 
70 return log_prob.sum() 
71 elif reduction == ’mean’: 
72 return log_prob.mean() 
73 else: 
74 raise ValueError(’Either ‘sum‘ or ‘mean‘.’) 

Listing 2.1 An example of an implementation of MoG. 

After running our MoG with .K = 25 and trainable components probabilities, we 
should obtain results like in Fig. 2.7. A few notes here: 

1. The generated images are not fantastic (Fig. 2.7a); however, they resemble images 
(if you close your eyes a bit, perhaps). The point here is not to get state of the art; 
we are here to learn the principles. If you wish to get better results, go ahead and 
play with the code!
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BA 

C 

Fig. 2.7 (a) A sample of generated images from a trained MoG. (b) Examples of means of a trained  
MoG. (c) An example of the negative log-like trained MoG. 

2. Take a look at the means (Fig. 2.7b)! It is really interesting what happens there. 
First, there are many collapsed components for which . ωk is close to 0 (component 
probabilities are presented above each mean in Fig. 2.7b). This means that they 
are basically useless and we could even remove them from the mixture model. 
Second, the components with nonzero probability are either quite specific (e.g., 
a component for 5s or 4s) or very generic (e.g., the two means with high . ω’s). 

3. The training is very smooth and stable (see Fig. 2.7c). The negative log-likelihood 
is dropping nicely. However, it does not mean we should not use additional 
tricks and/or play with hyperparameter values to get even better results! Please 
remember, my curious reader, never be fooled by nicely looking curves or loss 
values in generative AI. Always try to inspect what is generated by your model. 

4. Please be aware that the solution we found here is local, not global! It means 
that there exist multiple non-collapsed solutions and finding the best one (global) 
is hard if not (almost) impossible. Moreover, if a component collapses (i.e., 
.σ2
k
= 0), then we get the unbounded likelihood. To mitigate this issue, one can 

add a regularization term [6].
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2.4 Probabilistic Circuits 

Mixture models are latent variables models (since we have latent variables repre-
senting component numbers). Here, we discuss finite mixture models with z being 
a categorical variable. There are also infinite mixture models with z being contin-
uous, for example. We will look into those models on another occasion. Moreover, 
the presented mixture models are not very deep, since there is only a single level 
of latent variables. In the following, we will briefly look into a very broad class of 
hierarchical mixture models: Probabilistic Circuits. Before we do that, we will say 
a few words about the simplest model possible, namely, fully factorized models. 

2.4.1 Fully Factorized Models 

An MoG is a quite powerful model that allows calculating the evidence. However, 
calculating MAP for MoGs is intractable because: 

. max
x

p(x) = max
x

⎲

k

ωkpk(x) (2.39)

≠
⎲

k 
max
x 
ωkpk(x), (2.40) 

in other words, we cannot swap the sum and the max. 
However, if we take a very simple model that is fully factorized (i.e., all variables 

are stochastically independent from each other): 

.p(x) =
∏

i

pi(xi), (2.41) 

then calculating EVI, MAR, and MAP is linear! But it is not very expres-
sive. . . However, here is a question: Can we combine somehow a mixture model 
and a fully factorized model to get the best of the two worlds? The answer is. . . YES!  

2.4.2 Hierarchical Mixture Models a.k.a Probabilistic Circuits 

2.4.2.1 Building Blocks 

Let us introduce the following semantics [7]: 

• Nodes correspond either to distributions or an operation (a summation or a prod-
uct); 

• Edges define directions of probability flows;
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x2 

w1=1 

w2=1 

p(x1,x2) 

Fig. 2.8 Basic probabilistic units: (a) An example of a base unit. (b) An example of a sum unit. (c) 
An example of a product unit. 

• Inputs to nodes are random variables (their values) or probabilities; 
• Outputs are probabilities. 

Further, we formulate the following basic units (see Fig. 2.8): 

• A base unit (Fig. 2.8a): the input is a value of a random variable and the output is 
its probability (in other words, this unit implements a probability distribution); 

• A sum unit (Fig. 2.8b): inputs are values of a random variable and the output is a 
probability of a mixture model; 

• A product unit (Fig. 2.8c): inputs are values of different random variables and the 
output is a probability of a fully factorized distribution. 

To build tractable probability distributions out of these units, we need to impose 
a few constraints: 

• Decomposability: A product unit is decomposable if its children depend on 
disjoint sets of variables. 

• Smoothness: A sum unit is smooth if its children depend on the same variables. 

Fulfilling these two constraints gives us tractable MAR and CON (for tractable 
MAP we need other properties, see [2] for details). 

2.4.2.2 Building Probabilistic Circuits 

Now we have simple building blocks that define proper distributions. Similarly to 
neural networks, we can build complex distributions that, in fact, define hierarchical 
mixture models (i.e., mixtures of mixtures of . . . and so on). In principle, for suffi-
ciently large K , a mixture model can model any distribution. However, we know that 
if .K > N (i.e., there are more components than datapoints), the model collapses and 
is not generalizable. Therefore, having a hierarchical mixture model could help to 
keep expressiveness while increasing generalizability. In Fig. 2.9, we present  a few  
examples of probabilistic circuits (PCs) consisting of simple building units.
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x1 x1 

w1 w2 

x1 x2x1 x2x1 x2x1 x4x3 x4x3 

x2 

x1 

x2 

x1 

Fig. 2.9 A few examples of probabilistic circuits, starting from simple units (left) to more complex 
networks (right). 

Example 

We quickly present nice properties of PCs based on an example presented 
in a fantastic tutorial [8].  If you are interested in PCs, this is a great start for 
you, my curious reader! Here, we briefly present the power of PCs! 

Let us say that we have a PC like in Fig. 2.10a, defining the probability 
distribution over four random variables, .p(x1, x2, x3, x4), in which all base 
units are known distributions. Our goal is to calculate a marginal distribution 
.p(x2, x4). How to do that then? It is easy and requires the following procedure: 
1. For variables we marginalize over, we set the values of based units to 1 
(green nodes in Fig. 2.10b). 2. For given values of . x2 and . x4, we calculate 
the probabilities (orange nodes in Fig. 2.10c). 3. We carry out a feedforward 
(bottom-up, i.e., from all leaves to the root) evaluation of all units. 

The final value of the MAR distribution for given values of . x2 and . x4 is in 
the root. The beauty of PCs is that all operations are tractable, they are very 
basic and the final result is given in time linear in circuit size! 

2.4.2.3 Final Comments on PCs 

The world of PCs is very rich and gets extra traction nowadays, mainly due to their 
tractability. Here are some useful pointers and thoughts: 

• PCs are closely related to logical circuits [9]. For instance, sum units can be 
seen as probabilistic generalizations of OR units, while product units are closely 
related to AND units. 

• If we know the architecture of PCs, training (i.e., estimating parameters of base 
units) can be accomplished by applying expectation-maximization [10, 11] or a  
gradient-based method [12].
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Fig. 2.10 An example of how a model of the vector field (blue arrows) changes over time around 
datapoints (orange two moons). 

• Learning a PC structure from data is more challenging and typically requires 
additional constraints or assumptions [13]. 

• There are specialized packages and repos that can help you to build and learn 
PCs, e.g., Einsum Networks in PyTorch [12], Juice in Julia [14], and SPFlow in 
Python [15]. 

• Interestingly, PCs could generalize well-known methods like decision trees or 
random forests. In [16], it was shown that decision trees and random forests can 
be turned into PCs and, additionally, treated as generative models! 

I give only a tiny-weeny piece of a fantastic world of PCs here! I hope you got 
interested, my curious reader, and you will delve further into this class of deep 
(hierarchical), tractable probabilistic models.
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Chapter 3 
Autoregressive Models 

3.1 Introduction 

Before we start discussing how we can model the distribution . p(x), we refresh our 
memory about the core rules of probability theory, namely, the sum rule and the 
product rule. Let us introduce two random variables . x and . y. Their joint distribution 
is .p(x, y). The  product rule allows us to factorize the joint distribution in two 
manners, namely: 

.p(x, y) = p(x|y)p(y) (3.1) 
= p(y|x)p(x). (3.2) 

In other words, the joint distribution could be represented as a product of a 
marginal distribution and a conditional distribution. The sum rule tells us that if 
we want to calculate the marginal distribution over one of the variables, we must 
integrate out (or sum out) the other variable, that is: 

.p(x) =
⎲

y
p(x, y). (3.3) 

These two rules will play a crucial role in probability theory and statistics and, in 
particular, in formulating deep generative models. 

Now, let us consider a high-dimensional random variable .x ∈ XD where . X =
{0, 1, . . . , 255} (e.g., pixel values) or .X = R. Our goal is to model . p(x). Before we 
jump into thinking of specific parameterization, let us first apply the product rule to 
express the joint distribution in a different manner: 

.p(x) = p(x1)
D∏

d=2
p(xd |x<d), (3.4) 

where .x<d = [x1, x2, . . . , xd−1]T. For instance, for .x = [x1, x2, x3]T, we have . p(x) =
p(x1)p(x2 |x1)p(x3 |x1, x2). 
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As we can see, the product rule applied multiple times to the joint distribution pro-
vides a principled manner of factorizing the joint distribution into many conditional 
distributions. That’s great news! However, modeling all conditional distributions 
.p(xd |x<d) separately is simply infeasible! If we did that, we would obtain D separate 
models, and the complexity of each model would grow due to varying conditioning. 
A natural question is whether we can do better, and the answer is yes. 

3.2 Autoregressive Models Parameterized by Neural Networks 

As mentioned earlier, we aim to model the joint distribution . p(x) using conditional 
distributions. A potential solution to the issue of using D separate model is utilizing 
a single, shared model for the conditional distribution. However, we need to make 
some assumptions to use such a shared model. In other words, we look for an au-
toregressive model (ARM). In the next subsection, we outline ARMs parameterized 
with various neural networks. After all, we are talking about deep generative models, 
so using a neural network is not surprising, isn’t it? 

3.2.1 Finite Memory 

The first attempt to limit the complexity of a conditional model is to assume a finite 
memory. For instance, we can assume that each variable is dependent on no more 
than two other variables, namely: 

.p(x) = p(x1)p(x2 |x1)
D∏

d=3
p(xd |xd−1, xd−2). (3.5) 

Then, we can use a small neural network, e.g., multilayered perceptrons (MLP), 
to predict the distribution of . xd . If  .X = {0, 1, . . . , 255}, the MLP takes . xd−1, xd−2
and outputs probabilities for the categorical distribution of . xd , . θd . An example  of  
this approach is depicted in Fig. 3.1. 

A side note 

The .MLP could be of the following form: 

. [xd−1, xd−2] → Linear(2,M) → ReLU → Linear(M, 256) → softmax → θd

where M denotes the number of hidden units, e.g., .M = 300.
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Fig. 3.1 An example of applying a shared MLP depending on two last inputs. Inputs are denoted 
by blue nodes (bottom), intermediate representations are denoted by orange nodes (middle), and 
output probabilities are denoted by green nodes (top). Notice that a probability . θd is not dependent 
on . xd . 

It is important to notice that now we use a single, shared .MLP to predict proba-
bilities for . xd . Such a model is not only nonlinear, but also its parameterization is 
convenient due to a relatively small number of weights to be trained. However, the 
obvious drawback of this approach is a limited memory (i.e., only two last variables 
in our example). Moreover, it is unclear a priori how many variables we should use in 
conditioning. In many problems, e.g., image processing, learning long-range statis-
tics is crucial to understand complex patterns in data; therefore, having long-range 
memory is essential. 

3.2.2 Long-Range Memory Through RNNs 

A possible solution to the problem of a short-range memory modeled by an MLP 
relies on applying a recurrent neural network (.RNN) [1, 2]. In other words, we can 
model the conditional distributions as follows [3]: 

.p(xd |x<d) = p (xd |RNN(xd−1, hd−1)) , (3.6) 

where .hd = RNN(xd−1, hd−1) and . hd is a hidden context that acts as a memory that 
allows learning long-range dependencies. An example of using an RNN is presented 
in Fig. 3.2. 

This approach gives a single parameterization; thus, it is efficient and also solves 
the problem of a finite memory. So far so good! Unfortunately, .RNNs suffer from 
other issues, namely: 

• they are sequential, hence, slow, 
• if they are badly conditioned (i.e., the eigenvalues of a weight matrix are larger or 

smaller than 1), then they suffer from exploding or vanishing gradients, respec-
tively, that hinder learning long-range dependencies.
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Fig. 3.2 An example of applying an RNN depending on two last inputs. Inputs are denoted by blue 
nodes (bottom), intermediate representations are denoted by orange nodes (middle), and output 
probabilities are denoted by green nodes (top). Notice that compared to the approach with a shared 
MLP, there is an additional dependency between intermediate nodes . hd . 

There exist methods to help train RNNs like gradient clipping or, more generally, 
gradient regularization [4] or orthogonal weights [5]. However, here we are not 
interested in looking into rather specific solutions to new problems. We seek for a 
different parameterization that could solve our original problem, namely, modeling 
long-range dependencies in an ARM. 

3.2.3 Long-Range Memory Through Convolutional Nets 

In [6, 7], it was noticed that convolutional neural networks (CNNs) could be used 
instead of RNNs to model long-range dependencies. To be more precise, one-
dimensional convolutional layers (Conv1D) could be stacked together to process 
sequential data. The advantages of such an approach are the following: 

• kernels are shared (i.e., an efficient parameterization), 
• the processing is done in parallel, which greatly speeds up computations, 
• by stacking more layers, the effective kernel size grows with the network depth. 

These three traits seem to place Conv1D-based neural networks as a perfect solution 
to our problem. However, can we indeed use them straight away? 

A Conv1D can be applied to calculate embeddings like in [7], but it cannot be 
used for autoregressive models. Why? Because we need convolutions to be causal 
[8]. Causal in this context means that a Conv1D layer is dependent on the last k 
inputs but the current one (option A) or with the current one (option B). In other 
words, we must “cut” the kernel in half and forbid it to look into the next variables 
(look into the future). Importantly, option A is required in the first layer because the 
final output (i.e., the probabilities . θd) cannot be dependent on . xd . Additionally, if 
we are concerned about the effective kernel size, we can use dilation larger than 1.
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Fig. 3.3 An example of applying causal convolutions. The kernel size is 2, but by applying dilation 
in higher layers, a much larger input could be processed (red edges); thus, a larger memory is 
utilized. Notice that the first layers must be option A to ensure proper processing. 

In Fig. 3.3, we present an example of a neural network consisting of three causal 
Conv1D layers. The first CausalConv1D is of type A, i.e., it does not take into 
account only the last k inputs without the current one. Then, in the next two layers, 
we use CausalConv1D (option B) with dilation 2 and 3. Typically, the dilation values 
are 1, 2, 4, and 8 [9]; however, taking 2 and 4 would not nicely fit in a figure. We 
highlight in red all connections that go from the output layer to the input layer. As we 
can notice, stacking CausalConv1D layers with a dilation larger than one allows us 
to learn long-range dependencies (in this example, by looking at seven last inputs). 

An example of an implementation of CausalConv1D layer is presented below. If 
you are still confused about option A and option B, please analyze the code snippet 
step by step. 

1 class CausalConv1d(nn.Module): 
2 def __init__(self, in_channels , out_channels , kernel_size , 

dilation , A=False, **kwargs): 
3 super(CausalConv1d , self).__init__() 
4 

5 # The general idea is the following: We take the built-in 
PyTorch Conv1D. Then, we must pick a proper padding, because 
we must ensure the convolutional is causal. Eventually , we 
must remove some final elements of the output, because we 
simply don’t need them! Since CausalConv1D is still a 
convolution , we must define the kernel size, dilation , and 
whether it is option A (A=True) or option B (A=False). 
Remember that by playing with dilation we can enlarge the 
size of the memory. 

6
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7 # attributes: 
8 self.kernel_size = kernel_size 
9 self.dilation = dilation 

10 self.A = A # whether option A (A=True) or B (A=False) 
11 self.padding = (kernel_size - 1) * dilation + A * 1 
12 

13 # we will do padding by ourselves in the forward pass! 
14 self.conv1d = torch.nn.Conv1d(in_channels , out_channels , 
15 kernel_size , stride=1, 
16 padding=0, 
17 dilation=dilation ,**kwargs) 
18 

19 def forward(self, x): 
20 # We do padding only from the left! This is more 

efficient implementation. 
21 x = torch.nn.functional.pad(x, (self.padding, 0)) 
22 conv1d_out = self.conv1d(x) 
23 if self.A: 
24 # Remember , we cannot be dependent on the current 

component, therefore, the last element is removed. 
25 return conv1d_out[:, :, : -1] 
26 else: 
27 return conv1d_out 

Listing 3.1 Causal Convolution 1D. 

The CausalConv1D layers are better suited to modeling sequential data than 
RNNs. They obtain not only better results (e.g., classification accuracy) but also 
allow learning long-range dependencies more efficiently than RNNs [8]. Moreover, 
they do not suffer from exploding/vanishing gradient issues. As a result, they seem to 
be a perfect parameterization for autoregressive models! Their supremacy has been 
proven in many cases, including audio processing by WaveNet, a neural network 
consisting of CausalConv1D layers [9], or image processing by PixelCNN, a model 
with CausalConv2D components [10]. 

Then, is there any drawback of applying autoregressive models parameterized by 
causal convolutions? Unfortunately, yes, there is, and it is connected with sampling. 
If we want to evaluate probabilities for given inputs, we need to calculate the forward 
pass where all calculations are done in parallel. However, if we want to sample new 
objects, we must iterate through all positions (think of a big for-loop, from the first 
variable to the last one) and iteratively predict probabilities and sample new values. 
Since we use convolutions to parameterize the model, we must do D full forward 
passes to get the final sample. That is a big waste, but, unfortunately, that is the price 
we must pay for all “goodies” coming from the convolutional-based parameterization 
of the ARM. Fortunately, there is ongoing research on speeding up computations; 
e.g., see [11].
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3.2.4 Deep Generative Autoregressive Model in Action! 

Alright, let us talk more about the details and how to implement an ARM. Here, and 
in the whole book, we focus on images, e.g., .x ∈ {0, 1, . . . , 15}64. Since images are 
represented by integers, we will use the categorical distribution to represent them 
(in the next chapters, we will comment on the choice of distribution for images 
and present some alternatives). We model .p(x) using an ARM parameterized by 
CausalConv1D layers. As a result, each conditional is the following: 

.p(xd |x<d) = Categorical (xd |θd (x<d)) (3.7) 

= 
L∏

l=1

(
θd,l

) [xd=l] , (3.8) 

where .[a = b] is the Iverson bracket (i.e., .[a = b] = 1 if .a = b, and .[a = b] = 0 if 
.a ≠ b), .θd (x<d) ∈ [0, 1]16 is the output of the CausalConv1D-based neural network 
with the softmax in the last layer, so .

∑L
l=1 θd,l = 1. To be very clear, the last layer 

must have 16 output channels (because there are 16 possible values per pixel), and 
the softmax is taken over these 16 values. We stack CausalConv1D layers with 
nonlinear activation functions in between (e.g., LeakyRELU). Of course, we must 
remember to take the option A CausalConv1D as the first layer! Otherwise, we break 
the assumption about taking into account . xd in predicting . θd . 

What about the objective function? ARMs are the likelihood-based models, so 
for given N i.i.d. datapoints .D = {x1, . . . , xN }, we aim at maximizing the logarithm 
of the likelihood function, that is (we will use the product and sum rules again): 

. ln p(D) = ln
∏

n

p(xn) (3.9) 

=
⎲

n 
ln p(xn) (3.10) 

=
⎲

n 
ln
∏

d 
p(xn,d |xn,<d) (3.11) 

=
⎲

n

⎛⎲

d 
ln p(xn,d |xn,<d)

⎞
(3.12) 

=
⎲

n

⎛⎲

d 
ln Categorical (xd |θd (x<d))

⎞
(3.13) 

=
⎲

n

⎛⎲

d

⎛
L⎲

l=1 
[xd = l] ln θd (x<d)

⎞⎞
. (3.14) 

For simplicity, we assumed that .x<1 = ∅, i.e., no conditioning. As we can notice, 
the objective function takes a very nice form! First, the logarithm over the i.i.d. data 
. D results in a sum over data points of the logarithm of individual distributions .p(xn). 
Second, applying the product rule, together with the logarithm, results in another
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sum, this time over dimensions. Eventually, by parameterizing the conditionals by 
CausalConv1D, we can calculate all . θd in one forward pass and then check the pixel 
value (see the last line of .ln p(D)). Ideally, we want . θd,l to be as close to 1 as possible 
if .xd = l. 

3.2.5 Code 

Uff. . . Alright, let’s take a look at some code. The full code is available under the 
following: https://github.com/jmtomczak/intro_dgm. Here, we focus only on the 
code for the model. We provide details in the comments. 

1 class ARM(nn.Module): 
2 def __init__(self, net, D=2, num_vals=256): 
3 super(ARM, self).__init__() 
4 

5 # Remember , always credit the author, even if it’s you ;) 
6 print(’ARM by JT.’) 
7 

8 # This is a definition of a network. See the next cell. 
9 self.net = net 

10 # This is how many values a pixel can take. 
11 self.num_vals = num_vals 
12 # This is the problem dimensionality (the number of 

pixels) 
13 self.D = D 
14 

15 # This function calculates the arm output. 
16 def f(self, x): 
17 # First, we apply causal convolutions. 
18 h = self.net(x.unsqueeze(1)) 
19 # In channels , we have the number of values. Therefore, 

we change the order of dims. 
20 h = h.permute(0, 2, 1) 
21 # We apply softmax to calculate probabilities. 
22 p = torch.softmax(h, 2) 
23 return p 
24 

25 # The forward pass calculates the log-probability of an image 
. 

26 def forward(self, x, reduction=’avg’): 
27 if reduction == ’avg’: 
28 return -(self.log_prob(x).mean()) 
29 elif reduction == ’sum’: 
30 return -(self.log_prob(x).sum()) 
31 else: 
32 raise ValueError(’reduction could be either ‘avg‘ or 

‘sum‘.’) 
33 

34 # This function calculates the log-probability (log-
categorical).

https://github.com/jmtomczak/intro_dgm
https://github.com/jmtomczak/intro_dgm
https://github.com/jmtomczak/intro_dgm
https://github.com/jmtomczak/intro_dgm
https://github.com/jmtomczak/intro_dgm
https://github.com/jmtomczak/intro_dgm
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35 # See the full code in the separate file for details. 
36 def log_prob(self, x): 
37 mu_d = self.f(x) 
38 log_p = log_categorical(x, mu_d, num_classes=self. 

num_vals , reduction=’sum’, dim=-1).sum(-1) 
39 

40 return log_p 
41 

42 # This function implements a sampling procedure. 
43 def sample(self, batch_size): 
44 # As you can notice, we first initialize a tensor with 

zeros. 
45 x_new = torch.zeros((batch_size , self.D)) 
46 

47 # Then, iteratively , we sample a value for a pixel. 
48 for d in range(self.D): 
49 p = self.f(x_new) 
50 x_new_d = torch.multinomial(p[:, d, :], num_samples 

=1) 
51 x_new[:, d] = x_new_d[:,0] 
52 

53 return x_new 
Listing 3.2 Autoregressive Model parameterized by Causal Convolutions 1D. 

1 # An example of a network. NOTICE: The first layer is A=True, 
while all other layers are A=False. 

2 # At this point we should know already why :) 
3 M = 256 
4 

5 net = nn.Sequential( 
6 CausalConv1d(in_channels=1, out_channels=MM, dilation=1, 

kernel_size=kernel, A=True, bias=True), 
7 nn.LeakyReLU(), 
8 CausalConv1d(in_channels=MM, out_channels=MM, dilation=1, 

kernel_size=kernel, A=False, bias=True), 
9 nn.LeakyReLU(), 

10 CausalConv1d(in_channels=MM, out_channels=MM, dilation=1, 
kernel_size=kernel, A=False, bias=True), 

11 nn.LeakyReLU(), 
12 CausalConv1d(in_channels=MM, out_channels=num_vals , dilation 

=1, kernel_size=kernel, A=False, bias=True)) 
Listing 3.3 An example of a network. 

Perfect! Now we are ready to run the full code. After training our ARM, we should 
obtain results similar to those in Fig. 3.4.
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CBA 

Fig. 3.4 An example of outcomes after the training: (a) Randomly selected real images. (b) 
Unconditional generations from the ARM. (c) The validation curve during training. 

3x3 kernel 

masked 
3x3 kernel input image feature map 

masked 
kernel 

Fig. 3.5 An example of a masked .3×3 kernel (i.e., a causal 2D kernel): (left) A difference between 
a standard kernel (all weights are used; denoted by green), and a masked kernel (some weights are 
masked, i.e., not used; in red). For the masked kernel, we denoted the node (pixel) in the middle in 
violet, because it is either masked (option A) or not (option B). (middle) An example of an image 
(light orange nodes, zeros; light blue nodes, ones) and a masked kernel (option A). (right) The  
result of applying the masked kernel to the image (with padding equal to 1). 

3.2.6 Is It All? No! 

First of all, we discussed one-dimensional causal convolutions that are typically 
insufficient for modeling images due to their spatial dependencies in 2D (or 3D if 
we consider more than 1 channel; for simplicity, we focus on a 2D case). In [10], a 
CausalConv2D was proposed. The idea is similar to that discussed so far, but now 
we need to ensure that the kernel will not look into future pixels in both the x-axis 
and y-axis. In Fig. 3.5, we present the difference between a standard kernel where 
all kernel weights are used and a masked kernel with some weights zeroed out (or 
masked). Notice that in CausalConv2D, we must also use option A for the first layer 
(i.e., we skip the pixel in the middle), and we can pick option B for the remaining 
layers. In Fig. 3.6, we present the same example as in Fig. 3.5 but using numeric 
values. 

In [12], the authors propose a further improvement on the causal convolutions. 
The main idea relies on creating a block that consists of vertical and horizontal 
convolutional layers. Moreover, they use the gated non-linearity function, namely: 

.h = tanh(Wx) ⊙ σ(Vx). (3.15)
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Fig. 3.6 The same example as in Fig. 3.5 but with numeric values. 

See Figure 2 in [12] for details. 
Further improvements on ARMs applied to images are presented in [13]. Therein, 

the authors propose to replace the categorical distribution used for modeling pixel 
values with the discretized logistic distribution. Moreover, they suggest using a 
mixture of discretized logistic distributions to further increase the flexibility of their 
ARMs. 

The introduction of the causal convolution opened multiple opportunities for deep 
generative modeling and allowed obtaining state-of-the-art generations and density 
estimations. It is impossible to review all papers here; we just name a few interesting 
directions/applications that are worth remembering: 

• An alternative ordering of pixels was proposed in [14]. Instead of using the 
ordering from left to right, a “zig-zag” pattern was proposed that allows pixels to 
depend on pixels previously sampled to the left and above. 

• ARMs could be used as stand-alone models, or they can be used in combination 
with other approaches. For instance, they can be used for modeling a prior in the 
(Variational) Auto-Encoders [15]. 

• ARMs could be also used to model videos [16]. Factorization of sequential data 
like video is very natural; ARMs fit this scenario perfectly. 

• A possible drawback of ARMs is a lack of latent representation, because all con-
ditionals are modeled explicitly from data. To overcome this issue, [17] proposed 
to use a PixelCNN-based decoder in a variational auto-encoder. 

• An interesting and important research direction is about proposing new architec-
tures/components of ARMs or speeding them up. As mentioned earlier, sampling 
from ARMs could be slow, but there are ideas to improve on that by predictive 
sampling [11, 18]. 

• Alternatively, we can replace the likelihood function with other similarity metrics, 
e.g., the Wasserstein distance between distributions as in quantile regression. In 
the context of ARMS, quantile regression was applied in [19], requiring only 
minor architectural changes, that resulted in improved quality scores. 

• An important class of models constitutes transformers [20]. These models use 
self-attention layers instead of causal convolutions. 

• Multi-scale ARMs were proposed to scale high-quality images logarithmically 
instead of quadratically. The idea is to make local independence assumptions [21] 
or by imposing a partitioning on the spatial dimensions [22]. Even though these 
ideas allow for lowering the memory requirements, sampling remains rather slow.
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3.3 Autoregressive Models with Transformers 

3.3.1 Introduction 

As presented previously, the idea behind autoregressive models (ARMs) is rela-
tively simple, since it utilizes the product rule multiple times to factorize the joint 
distribution, namely: 

.p(x) =
⎛

D∏

d=1
p(xd |x<d)

⎞
p(x1), (3.16) 

where .x<d = [x1, x2, . . . , xd−1]. 
We highlighted that the whole difficulty in parameterizing such a model lies in 

having a flexible model that can easily deal with conditionals .p(xd |x<d). By  easily 
we mean having a single model that outputs probabilities for whatever the inputs 
. x<d are. In general, it is a nontrivial requirement. However, we showed that parame-
terizing ARMs using neural networks could help us in this task. Particularly, causal 
convolutions can greatly simplify the implementation of conditional distributions, 
and, additionally, they can speed up calculations by computing the conditional proba-
bility for a given . x in a single forward pass. Moreover, they allow learning long-range 
dependencies! This last feature is incredibly important for modeling such complex 
objects as images. Do we need more? Are we done? 

In some way, the answer is “yes.” Autoregressive models parameterized by causal 
convolutions are extremely powerful, and they have set SOTA performance on many 
tasks for a long time! However, a curious researcher cannot simply accept that a 
problem is solved and stop looking further. Especially when there is a new sheriff in 
town: the attention mechanism! Originally, attention was utilized in neural machine 
translation [23, 24], but later was applied to processing sets of images [25], among 
many other applications. In general, it has been noticed that convolutional layers 
operate on a fixed grid of neighbors, while in NLP, there are irregular connections 
among words. For instance, Dutch grammar requires placing words in a specific 
order, while Polish grammar is much more flexible. As a result, using a predefined 
neighborhood seems to be highly limiting, and the attention mechanism, which 
allows learning long-range connections, looks like a much better approach. The idea 
of the attention mechanism was further extended for processing sets and sequences in 
the seminal paper of [20] that introduced transformers, an architecture built of three 
core components: attention layers, fully connected layers, and layer normalization. 
Dropout could be useful too, and other tricks as well (after all, it is deep learning, 
tricks, and hacks are everything!), but these three elements are crucial, and they have 
changed the game in many applications (especially in NLP). Let us dive into the 
world of transformers and how they could be used for parameterizing ARMs!
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3.3.2 Transformers, Because Attention Is All You Need! 

As the title of [20] claimed, “attention is all you need.” As already mentioned, 
the attention mechanism could be thought of as some sort of generalization of 
convolutional layers. Assuming for a second that it is the case, then indeed we 
should be able to build neural networks by using the attention mechanism alone; 
thus, attention is the only component we need. Well, as we will see shortly, it is not 
entirely true, but almost. 

3.3.2.1 Self-Attention 

The attention mechanism and the self-attention mechanism specifically constitute 
the core of many architectures, and transformers are based on them. How is this 
defined then? To better understand how self-attention works, please keep in mind 
that kernels in convolutional layers move along an object (e.g., a sequence, an image) 
and calculate responses (outputs) based on a fixed neighborhood. In self-attention, 
however, we will learn about this neighborhood. Moreover, similarly to multiple 
kernels in CNNs, we can have multiple versions of self-attention, called heads (thus, 
multi-head self-attention). 

First, we focus on single-head self-attention, because extending it to multiple 
heads is really straightforward. In all of our discussions, we will assume that we 
have well-prepared data. This means we assume having a tokenizer that takes an 
input (e.g., a text, a molecule, an image) and returns a tensor .X ∈ XB×T×D , where 
B, the batch size; T , the number of tokens (e.g., characters in a sentence); and D, 
the dimensionality of an embedding of a token, which could be further processed 
by any contemporary neural networks. Formulating a tokenizer is an extremely 
important element of the whole system, and it could be thought of as a featurizer or a 
preprocessing step. A lot of the success of an AI system based on transformers comes 
from the fact of a powerful tokenizer. But going back to our train of thought, we 
assume we have a tokenizer, and later on, we will briefly discuss one for molecules. 

Alright, self-attention then! In fact, self-attention is relatively simple and requires 
the basic knowledge of matrix calculus or, in terms of deep learning, the knowledge 
of how linear layers work. It works in the following way: We first transform . X using 
linear layers to obtain three new tensors: values, keys, and queries, namely (to be 
consistent with code, we introduce . ⊗ to denote batch matrix multiplication, i.e., a 
for-loop over the batch dimension and applying matrix multiplication to each element 
in a batch; this is equivalent to the bmm function in PyTorch): 

• values: .V = X ⊗ Wv + bv; 
• keys: .K = X ⊗ Wk + bk ; 
• queries: .Q = X ⊗ Wq + bq .
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A side note 

To get a good feeling about the batch matrix multiplication . ⊗. For a tensor . X
of size .B×T ×D (or in PyTorch or Numpy: X.shape = (B, T, D)), and a 
matrix . W of size .D×M , the resulting tensor of .X⊗W is of size .B×T ×M . In  
other words, the operation . ⊗ calculates the matrix multiplication of .XbW for 
.b = 1, 2, . . . , B and then concatenates all outputs. If . W is a tensor .B×D×M , 
then we concatenate all outputs .XbWb for .b = 1, 2, . . . , B. 

Since we talk about self-attention, we transform the same input . X. However, in  
general, we are not constrained to do that. In fact, the idea of attention is highly in-
fluenced by information retrieval, hence the names of the three tensors. For instance, 
a search text is mapped to queries, then the information in a database is mapped to 
keys, and the best-matched objects are values. Then the attention mechanism could 
be thought of as a retrieval system. It might be confusing; therefore, it is enough to 
say that we call the three linear layers by these names and that’s it. 

Once we apply these linear transformations to . X, we can move on to the core of 
the self-attention, namely, attention weights, .A ∈ [0, 1]B×T×T . Attention weights 
define the strengths of connections (relations) among tokens. In some way, we 
can think of . A as a soft adjacency matrix of a graph that determines edges and 
their strengths. Thus my claim before about a possible advantage of self-attention 
over convolutional layers because they can learn long-range dependencies without 
stacking multiple layers. We can define attention weights in the following manner: 

.A = softmax(Q ⊗ KT), (3.17) 

where .softmax is calculated over the last dimension (i.e., 2), and the transpo-
sition is applied to the first dimension and the second dimension (in PyTorch: 
X.transpose(1, 2)). Additionally, to counteract possible large magnitudes in 
calculating the matrix multiplication, the argument of the softmax is scaled by the 
square root of the dimension D, namely: 

.A = softmax
⎛
Q ⊗ KT
√
D

⎞
. (3.18) 

Lastly, to get the outputs of the self-attention, we have to multiply values and 
attention weights (scaling is used almost always by default): 

.Y = softmax
⎛
Q ⊗ KT
√
D

⎞
⊗ V, (3.19) 

and . Y is of size .B ×T ×D. If you do not see it, please go through all the steps again. 
The whole procedure is schematically presented in Fig. 3.7. 

At this point, we know how self-attention works! Moreover, in Fig. 3.1, we have  
a diagram of all operations, and it is basically ready to be translated to code! The 
only missing piece of the puzzle is multiple heads. How do we define it? Well, it is
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Fig. 3.7 A schematic representation of operations in self-attention. 

really simple: We define self-attention H-times, .Yh = softmax
⎛Qh ⊗KT

h√
D

⎞
⊗V, where 

index h indicates a separate set of weights and then concatenate them along the 
first dimension, .Y = Y1 ⊕ . . . ⊕ YH , where . ⊕ denotes the concatenation that gives 
.Y ∈ RB×T×H ·D . Eventually, we multiply . Y with a matrix of weights . Wc ∈ RH ·D×D

that yields the output of multi-head self-attention: 

. M = Y ⊗ Wc .

Now we are really done! It was not so difficult, wasn’t it? It is all about linear 
layers! So one may ask what is the whole fuzz about? Again, the brilliancy of self-
attention comes from the fact that we learn the soft adjacency matrix . A. It allows  
the model to figure out how some quantities are related to each other, and using a 
single step, it learns long-range dependencies. I like to think of attention as some 
sort of learning a knowledge graph. I know, it is far-fetched, but if you think about it, 
a single multi-head self-attention determines patterns in input data (each head is a 
set of concepts), and then, by stacking multiple multi-head self-attentions, we obtain 
high-level patterns in data. You must say, my curious reader, that it is fantastic in its 
simplicity! 

3.3.2.2 Toward Implementing Transformers 

Multi-head Self-Attention 

The way we presented self-attention was very close to the code. However, to imple-
ment self-attention, we can use a few simple trick to speed up computations. The 
most important one is about calculating keys, queries, and values. We do not need to 
define separate single-head self-attentions; instead, we can define linear layers that 
output .D × H outputs, and then we can just reshape tensors to .B × T × H × D for 
batch matrix multiplication. The full code is presented in Listing 3.4.
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1 class MultiHeadSelfAttention(nn.Module): 
2 def __init__(self, num_emb, num_heads=8): 
3 super().__init__() 
4 

5 # hyperparams 
6 self.D = num_emb 
7 self.H = num_heads 
8 

9 # weights for self-attention 
10 self.w_k = nn.Linear(self.D, self.D * self.H) 
11 self.w_q = nn.Linear(self.D, self.D * self.H) 
12 self.w_v = nn.Linear(self.D, self.D * self.H) 
13 

14 # weights for a combination of multiple heads 
15 self.w_c = nn.Linear(self.D * self.H, self.D) 
16 

17 def forward(self, x, causal=True): 
18 # x: B(atch) x T(okens) x D(imensionality) 
19 B, T, D = x.size() 
20 

21 # keys, queries, values 
22 k = self.w_k(x).view(B, T, self.H, D) # B x T x H x D  
23 q = self.w_q(x).view(B, T, self.H, D) # B x T x H x D  
24 v = self.w_v(x).view(B, T, self.H, D) # B x T x H x D  
25 

26 k = k.transpose(1, 2).contiguous().view(B * self.H, T, D) 
# B*H x T x D  

27 q = q.transpose(1, 2).contiguous().view(B * self.H, T, D) 
# B*H x T x D  

28 v = v.transpose(1, 2).contiguous().view(B * self.H, T, D) 
# B*H x T x D  

29 

30 k = k / (D**0.25) # scaling 
31 q = q / (D**0.25) # scaling 
32 

33 # kq  
34 kq = torch.bmm(q, k.transpose(1, 2)) # B*H x T x T  
35 

36 # if causal 
37 if causal: 
38 mask = torch.triu_indices(T, T, offset=1) 
39 kq[..., mask[0], mask[1]] = float(’-inf’) 
40 

41 # softmax 
42 skq = F.softmax(kq, dim=2) 
43 

44 # self-attention 
45 sa = torch.bmm(skq, v) # B*H x T x D  
46 sa = sa.view(B, self.H, T, D) # B x H x T x D  
47 sa = sa.transpose(1, 2) # B x T x H x D  
48 sa = sa.contiguous().view(B, T, D * self.H) # B x T x D*H  
49 

50 

51 out = self.w_c(sa) # B x T x D
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52 

53 return out 
Listing 3.4 Multi-head self-attention. 

Causality 

Is everything clear? It should be! But wait, what is this flag causal? Yes, you are 
right, my careful reader; we did not discuss it at all, but after all, we want to use self-
attention as a replacement for causal convolutional layers! To be able to parameterize 
ARMs with self-attention, we need to ensure that we do not look into the future. 
Fortunately, it is relatively simple to achieve self-attention, namely, we need to 
mask out the multiplication of keys and queries to ensure causal calculations. For 
instance, assuming that the first token is dummy (i.e., it corresponds to the Beginning 
Of Sequence, BOS), we mask values above the diagonal of the product of keys and 
queries. Then we ensure that there is no leakage of future tokens in the attention 
weights. 

Positional Encodings 

Another point that you probably noticed, my bright reader, is that if we want to apply 
self-attention to sequences, we must ensure that we are not permutation equivariant. 
Yes, self-attention is permutation equivariant which means that permuting input 
tokens results in permuting (in the same way) output tokens. To prevent this, typically 
position information is added to . X. The simplest approach is to encode absolute 
positions using an embedding layer (i.e., each integer is represented by a real-valued 
vector). This positional encoding, . P, is then added to inputs, namely, .X + P. Now,  
by adding . P, we destroy permutation equivariance. 

A Transformer Block: Putting It All Together 

As we can imagine, transformers like any other deep learning architectures consist 
of simpler building components called transformer blocks. A single transformer 
block consists of the following operations:
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Transformer Block 

• A multi-head self-attention: . fmhsa(X) = Y⊗Wc , where . Y = Y1 ⊕ . . .⊕
YH and .Yh = Vh ⊗ softmax

⎛Qh ⊗KT
h√

D

⎞
. 

• Layer Normalization: . fln(X) = γ X−m
s+ϵ + δ, where all parameters, i.e., 

.m, s, γ, δ are calculated per layer (not batch!), and .ϵ > 0 is to ensure 
numerical stability. 

• MLP (an example architecture we used in the code later on): . fmlp(X) =
linear(GELU(linear(X))). 

A single transformer block calculates output tokens in the following manner: 

.1.M = fmhsa(X) (3.20) 
2. U = fln1(X +M) (3.21) 
3. Z = fmlp(U) (3.22) 
4. X = fln2(Z + U) (3.23) 

The code for an example of a transformer block is presented in Listing 3.5. 
1 class TransformerBlock(nn.Module): 
2 def __init__(self, num_emb, num_neurons , num_heads=4): 
3 super().__init__() 
4 

5 # hyperparams 
6 self.D = num_emb 
7 self.H = num_heads 
8 self.neurons = num_neurons 
9 

10 # components 
11 self.msha = MultiHeadSelfAttention(num_emb=self.D, 

num_heads=self.H) 
12 self.layer_norm1 = nn.LayerNorm(self.D) 
13 self.layer_norm2 = nn.LayerNorm(self.D) 
14 

15 self.mlp = nn.Sequential(nn.Linear(self.D, self.neurons * 
self.D), 

16 nn.GELU(), 
17 nn.Linear(self.neurons * self.D, 

self.D)) 
18 

19 def forward(self, x, causal=True): 
20 # Multi-Head Self-Attention 
21 x_attn = self.msha(x, causal) 
22 # LayerNorm 
23 x = self.layer_norm1(x_attn + x) 
24 # MLP 
25 x_mlp = self.mlp(x) 
26 # LayerNorm
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27 x = self.layer_norm2(x_mlp + x) 
28 

29 return x 
Listing 3.5 Transformer block. 

The rationale behind using Layer Normalization is twofold. First, it parallelizes 
better than batch normalization, and it is typically preferred in NLP applications. 
Second, as discussed in-depth in [26], using layer normalization plays a crucial role 
in controlling gradient scales. As a result, layer normalization is essential for proper 
training of transformers. 

3.3.2.3 Implementing ARMs with Transformers 

Initial Remarks 

Now, having a piece of code for the transformer block, we are ready to put all the 
pieces together and define a transformer architecture. In the code below, we use the 
following: 

• We assume that inputs (i.e., tokens) are integers (but the order plays no role), and 
the first token is “dummy” (i.e., it only indicates the beginning of a sequence). 

• We use an embedding layer to turn input integers into real-valued vectors. We 
use another embedding layer for positional encoding. Both embedding layers are 
learnable. 

• Before applying transformer blocks, we use a dropout layer with the dropping 
probability equal to . 0.1. This forces the model to cope with missing tokens. In 
many transformer architectures, dropout is used in all transformer blocks. To keep 
our code simple, we do not follow this trend. 

• We assume that tokens are represented by integers, but please keep in mind that 
the order is not important. As a result, we use categorical distribution to model 
all conditionals .p(xt |x<t ). As a result, our objective is a sum of conditional 
likelihoods defined by categorical distributions. 

• Since the first token is “dummy,” we need to remember to shift the outputs of the 
transformer and disregard the first input for calculating the loss function. 

Sampling 

We must remember that we use transformers here to parameterize ARMs. As a result, 
the sampling procedure is very similar to ARMs with causal convolutions, namely, 
we have a for-loop that starts with a sequence with the “dummy” token and samples 
one token at a time.
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Transformer ARM 

You can find the full code for a transformer-based ARM in Listing 3.6. 
1 class Transformer(nn.Module): 
2 def __init__(self, num_tokens , num_token_vals , num_emb, 

num_neurons , num_heads=2, dropout_prob=0.1, num_blocks=10, 
device=’cpu’): 

3 super().__init__() 
4 

5 # Remember , always credit the author, even if it’s you ;) 
6 print(’Transformer by JT.’) 
7 

8 # hyperparams 
9 self.device = device 

10 self.num_tokens = num_tokens 
11 self.num_token_vals = num_token_vals 
12 self.num_emb = num_emb 
13 self.num_blocks = num_blocks 
14 

15 # embedding layer 
16 self.embedding = torch.nn.Embedding(num_token_vals , 

num_emb) 
17 

18 # positional embedding 
19 self.positional_embedding = nn.Embedding(num_tokens , 

num_emb) 
20 

21 # transformer blocks 
22 self.transformer_blocks = nn.ModuleList() 
23 for _ in range(num_blocks): 
24 self.transformer_blocks.append(TransformerBlock( 

num_emb=num_emb, num_neurons=num_neurons , num_heads=num_heads 
)) 

25 

26 # output layer (logits + softmax) 
27 self.logits = nn.Sequential(nn.Linear(num_emb, 

num_token_vals)) 
28 

29 # dropout layer 
30 self.dropout = nn.Dropout(dropout_prob) 
31 

32 # loss function 
33 self.loss_fun = LossFun() 
34 

35 def transformer_forward(self, x, causal=True, temperature 
=1.0): 

36 # x: B(atch) x T(okens) 
37 # embedding of tokens 
38 x = self.embedding(x) # B x T x D  
39 # embedding of positions 
40 pos = torch.arange(0, x.shape[1], dtype=torch.long). 

unsqueeze(0).to(self.device) 
41 pos_emb = self.positional_embedding(pos)
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42 # dropout of embedding of inputs 
43 x = self.dropout(x + pos_emb) 
44 

45 # transformer blocks 
46 for i in range(self.num_blocks): 
47 x = self.transformer_blocks[i](x) 
48 

49 # output logits 
50 out = self.logits(x) 
51 

52 return F.log_softmax(out/temperature , 2) 
53 

54 @torch.no_grad() 
55 def sample(self, batch_size=4, temperature=1.0): 
56 x_seq = np.asarray([[self.num_token_vals - 1] for i in 

range(batch_size)]) 
57 

58 # sample next tokens 
59 for i in range(self.num_tokens -1): 
60 xx = torch.tensor(x_seq, dtype=torch.long, device= 

self.device) 
61 # process x and calculate log_softmax 
62 x_log_probs = self.transformer_forward(xx, 

temperature=temperature) 
63 # sample i-th tokens 
64 x_i_sample = torch.multinomial(torch.exp(x_log_probs 

[:,i]), 1).to(self.device) 
65 # update the batch with new samples 
66 x_seq = np.concatenate((x_seq, x_i_sample.to(’cpu’). 

detach().numpy()), 1) 
67 

68 return x_seq 
69 

70 @torch.no_grad() 
71 def top1_rec(self, x, causal=True): 
72 x_prob = torch.exp(self.transformer_forward(x, causal= 

True))[:,:-1,:].contiguous() 
73 _, x_rec_max = torch.max(x_prob, dim=2) 
74 return torch.sum(torch.mean((x_rec_max.float() == x 

[:,1:].float().to(device)).float(), 1).float()) 
75 

76 def forward(self, x, causal=True, temperature=1.0, reduction= 
’mean’): 

77 # get log-probabilities 
78 log_prob = self.transformer_forward(x, causal=causal, 

temperature=temperature) 
79 

80 return self.loss_fun(log_prob[:,:-1].contiguous(), x 
[:,1:].contiguous(), reduction=reduction) 

Listing 3.6 Transformer-based ARM.
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CBA 

Fig. 3.8 Examples of results after running the code: (a) An example of a sample from a trained 
transformer. (b) The negative log-likelihood. (c) The reconstruction accuracy. 

Results 

In the experiments, we consider the task of learning a generative model for molecules. 
Interestingly, molecules could be represented as strings (a sequence of atoms and 
additional characters like brackets, among others) called SMILES [27]. After using 
a specialized tokenizer (e.g., see DeepChem [28]), we can represent molecules as 
a sequence of integers, where each integer encodes either an atom or a character 
needed to represent a structure. The process of representing molecules as SMILES 
is reversible (i.e., for given SMILEs, we can recover a graphical representation), and, 
similarly, encoding SMILES using integers is also invertible. Moreover, we used a 
simple dataset of about 7.4K molecules called Tox21 that we divided into a training 
set (6.6k molecules), a validation set (400 molecules), and a test set (a bit more than 
400 molecules). We can monitor multiple metrics, but here we focused on two: the 
value of the negative log-likelihood (nll) and the reconstruction accuracy calculated 
by taking the most probable outputs of the transformer instead of a sample (rec). 

After running a relatively simple transformer architecture (about 1M weights), you 
can expect generations similar to those in Fig. 3.8a, and validation nll and validation 
rec in Fig. 3.8b and c, respectively. 

3.3.2.4 Transformers Constitute Their Own Field (Almost) 

Nowadays, transformers are behind many, many successes of generative AI! Prob-
ably you heard about GPT (generative pre-trained transformer) [29] and ChatGPT; 
yes, they all use transformers. I think it is safe to say that the boom for generative 
AI is due to GPT-based models (among others, but they contributed a lot to that!). 
Since the success of transformers, many researchers have used a single term for 
deep neural networks (mainly transformer-based architectures) in NLP: Large Lan-
guage Models (LLMs). Since LLMs (or other big transformers) are typically first 
pretrained, and then fine-tuned on a downstream task or specific data, they are called 
foundation models. 

Let me indicate only a few, really a tiny fraction of interesting reads, because 
otherwise the list could be almost endless:
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• I highly recommend reading a chapter on transformers in [30]. This fantastic 
book has an amazing introduction to transformers. You can find a plethora of 
extensions and applications of transformers therein. 

• Here, we focused on ARMs; however, transformers could be used for processing 
sequences and then for a downstream task (e.g., a property prediction or classifi-
cation). One of the most famous LLMs is Bidirectional Encoder Representations 
from Transformers or BERT for short [31]. It does not use causal masks and 
learns a conditional distribution .p(x' |x). It corresponds to an auto-encoding kind 
of learning in which given tokens are reconstructed first (pretraining phase), and 
then, using the first output token corresponding to the “dummy” input token, a 
predictor is trained (finetuning phase). To avoid potential overfitting, dropout is 
applied to input tokens. 

• There are three general groups of transformers: (i) Decoders, they are ARMs that 
use causal masks, e.g., GPT; (ii) Encoders, they do not use causal masks, e.g., 
BERT; and (iii) Encoder-decoder, a conditional ARM that uses cross-attention 
instead of self-attention in which queries come from conditioning processed by an 
encoder-transformer. Encoder-decoders are widely used in machine translation. 

• Interestingly, in the NLP task, it is possible to play with prompts (i.e., input texts) 
to obtain specific outputs. For instance, as discussed in [32], LLMs are capable 
of zero-shot learning by presenting new examples in a prompt. This leads to an 
interesting research direction that focuses on modifying prompts for controlling 
LLMs behavior to get a specific outcome without updating the model weights. 
You can read a great overview provided by [33]. 

• For people interested in molecule generation, I highly suggest getting familiar with 
the following paper (and code) on drug discovery [34]. Then, you can look up 
some papers that use transformers for molecule generation [35] and downstream 
tasks including property prediction and de novo drug design [36]. 

• Transformers are also used for image processing. In a nutshell, an image is divided 
into small patches (e.g., 16-by-16 pixels) and then processed in a similar manner 
to processing sequences. The resulting approach is dubbed visual transformer or 
ViT for short [37]. 

As promised, I keep the list very short on purpose, my curious reader. I hope 
you got excited about transformers and their capabilities (here, using less than a 
thousand lines of code, we were able to generate new molecules!), and with only 
these pointers, you are ready to delve into a fantastic world of transformers! 
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Chapter 4 
Flow-Based Models 

4.1 Flows for Continuous Random Variables 

4.1.1 Introduction 

So far, we have discussed a class of deep generative models that model the distribution 
. p(x) directly in an autoregressive manner. The main advantage of ARMs is that they 
can learn long-range statistics and, as a consequence, powerful density estimators. 
However, their drawback is that they are parameterized in an autoregressive manner; 
hence, sampling is rather a slow process. Moreover, they lack a latent representation; 
therefore, it is not obvious how to manipulate their internal data representation which 
makes it less appealing for tasks like compression or metric learning. In this chapter, 
we present a different approach to direct modeling of . p(x). However, before we start 
our considerations, we will discuss a simple example. 

Example 

Let us take a random variable .z ∈ R with .π(z) = N(z |0, 1). Now, we  
consider a new random variable after applying some linear transformation 
to z, namely, .x = 0.75z + 1. Now the question is the following: 

What is the distribution of x, . p(x)? 

We can guess the solution by using properties of Gaussians, or dig in our 
memory about the change of variables formula to calculate this distribution, 
that is: 

.p(x) = π
⎛
z = f −1(x)

⎞ ||||
∂ f −1(x)
∂x

|||| , (4.1) 

where f is an invertible function (a bijection). What does it mean? It means 
that the function maps one point to another, distinctive point, and we can 
always invert the function to obtain the original point. 
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In Fig. 4.1, we have an example of a bijection. Notice that the volumes of the 
domains do not need to be the same! Keep it in mind and think about it in 
the context of .

||| ∂ f −1(x)
∂x

|||. 
Coming back to our example, we have: 

. f (z) = 0.75z + 1, (4.2) 

and the inverse of f is: 
. f −1(x) = x − 1

0.75
. (4.3) 

Then, the derivative of the change of volume is: 

.

||||
∂ f −1(x)
∂x

|||| =
4
3
. (4.4) 

Putting all information so far together yields: 

.p(x) = π
⎛
z =

x − 1
0.75

⎞
4
3
=

1
√

2π 0.752
exp

{
−(x − 1)2/0.752} . (4.5) 

We immediately realize that we end up with the Gaussian distribution again: 

.p(x) = N(x |1, 0.75). (4.6) 

Moreover, we see that the part .
||| ∂ f −1(x)

∂x

||| is responsible to normalize the 

distribution . π(z) after applying the transformation f . In other words, . 
||| ∂ f −1(x)

∂x

|||
counteracts a possible change of volume caused by f . 

Fig. 4.1 An example of a bijection where for each point in the blue set there is precisely one 
corresponding point in the purple set (and vice versa).
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First of all, this example indicates that we can calculate a new distribution of a 
continuous random variable by applying a known bijective transformation f to a 
random variable with a known distribution, .z ∼ p(z). The same holds for multiple 
variables .x, z ∈ RD: 

.p(x) = p
⎛
z = f −1(x)

⎞ ||||
∂ f −1(x)
∂x

|||| , (4.7) 

where: 
.

||||
∂ f −1(x)
∂x

|||| =
||det J f −1 (x)

|| (4.8) 

is the Jacobian matrix . J f −1 that is defined as follows: 

.J f −1 =

⎡⎢⎢⎢⎢⎢⎢⎣

∂ f −1
1

∂x1
· · · ∂ f −1

1
∂xD

...
. . .

...
∂ f −1

D

∂x1
· · · ∂ f −1

D

∂xD

⎤⎥⎥⎥⎥⎥⎥⎦
. (4.9) 

Moreover, we can also use the inverse function theorem that yields: 

.
||J f −1 (x)

|| = ||J f (z)
||−1
. (4.10) 

Since f is invertible, we can use the inverse function theorem to rewrite (4.7) as  
follows: 

.p(x) = p
⎛
z = f −1(x)

⎞ ||J f (z)
||−1
. (4.11) 

To get some insight into the role of the Jacobian-determinant, take a look at 
Fig. 4.2. Here, there are three cases of invertible transformations that play around 
with a uniform distribution defined over a square. 

In the case on top, the transformation turns a square into a rhombus without 
changing its volume. As a result, the Jacobian-determinant of this transformation 
is 1. Such transformations are called volume-preserving. Notice that the resulting 
distribution is still uniform and since there is no change of volume, it is defined over 
the same volume as the original one, thus, the color is the same. 

In the middle, the transformation shrinks the volume, therefore, the resulting uni-
form distribution is “denser” (a darker color in Fig. 4.2). Additionally, the Jacobian-
determinant is smaller than 1. 

In the last situation, the transformation enlarges the volume, hence, the uniform 
distribution is defined over a larger area (a lighter color in Fig. 4.2). Since the volume 
is larger, the Jacobian-determinant is larger than 1. 

Notice that the shifting operator is volume-preserving. To see that imagine adding 
an arbitrary value (e.g., 5) to all points of the square. Does it change the volume? 
Not at all! Thus, the Jacobian-determinant equals 1.
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Fig. 4.2 Three examples of invertible transformations: (top) a volume-preserving bijection, (middle) 
a bijection that shrinks the original area, (bottom) a bijection that enlarges the original area. 

4.1.2 Change of Variables for Deep Generative Modeling 

A natural question is whether we can utilize the idea of the change of variables to 
model a complex and high-dimensional distribution over images, audio, or other 
data sources. Let us consider a hierarchical model, or, equivalently, a sequence of 
invertible transformations, . fk : RD → R

D . We start with a known distribution 
.π(z0) = N(z0 |0, I). Then, we can sequentially apply the invertible transformations 
to obtain a flexible distribution [1, 2]: 

.p(x) = π
⎛
z0 = f −1(x)

⎞ K∏
i=1

||||det
∂ fi (zi−1)
∂zi−1

||||
−1
, (4.12) 

or by using the notation of a Jacobian for the i-th transformation: 

.p(x) = π
⎛
z0 = f −1(x)

⎞ K∏
i=1

||J fi (zi−1)
||−1
. (4.13) 

An example of transforming a unimodal base distribution like Gaussian into a 
multimodal distribution through invertible transformations is presented in Fig. 4.3. 
In principle, we should be able to get almost any arbitrarily complex distribution and 
revert to a simple one. 

Let .π(z0) be .N(z0 |0, I). Then, the logarithm of . p(x) is the following:
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Fig. 4.3 An example of transforming a unimodal distribution (the latent space) to a multimodal 
distribution (the data space, e.g., the pixel space) through a series of invertible transformations . fi . 

. ln p(x) = lnN
⎛
z0 = f −1(x)|0, I

⎞
−

K⎲
i=1

ln
||J fi (zi−1)

|| . (4.14) 

Interestingly, we see that the first part, namely, .lnN
(
z0 = f −1(x)|0, I

)
corre-

sponds to the Mean Square Error loss function between 0 and . f −1(x) plus a constant. 
The second part, .

∑K
i=1 ln

||J fi (zi−1)
||, as in our example, ensures that the distribution is 

properly normalized. However, since it penalizes the change of volume (take a look 
again at the example above!), we can think of it as a kind of a regularizer for the 
invertible transformations . { fi}. 

Once we have laid down the foundations of the change of variables for expressing 
density functions, now we must face two questions: 

• How to model the invertible transformations? 
• What is the difficulty here? 

The answer to the first question could be neural networks, because they are 
flexible and easy to train. However, we cannot take any neural network because 
of two reasons. First, the transformation must be invertible; thus, we must pick an 
invertible neural network. Second, even if a neural network is invertible, we face 
the problem of calculating the second part of (4.14), i.e., .

∑K
i=1 ln

||J fi (zi−1)
||, that 

is nontrivial and computationally intractable for an arbitrary sequence of invertible 
transformations. As a result, we seek for such neural networks that are both invertible, 
and the logarithm of a Jacobian determinant is (relatively) easy to calculate. The 
resulting model that consists of invertible transformations (neural networks) with 
tractable Jacobian determinants is referred to as normalizing flows or flow-based 
models. 

There are various possible invertible neural networks with tractable Jacobian 
determinants, e.g., planar normalizing flows [1], Sylvester normalizing flows [3], 
residual flows [4, 5], and invertible DenseNets [6]. However, here we focus on a very 
important class of models: RealNVP, Real-valued Non-Volume Preserving flows 
[7] that serve as a starting point for many other flow-based generative models (e.g., 
GLOW [8]).
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4.1.3 Building Blocks of RealNVP 

4.1.3.1 Coupling Layers 

The main component of RealNVP is a coupling layer. The idea behind this trans-
formation is the following. Let us consider an input to the layer that is divided into 
two parts: .x = [xa, xb]. The division into two parts could be done by dividing the 
vector . x into . x1:d and .xd+1:D or according to a more sophisticated manner, e.g., a 
checkerboard pattern [7]. Then, the transformation is defined as follows: 

.ya = xa (4.15) 
yb = exp (s (xa)) ⊙ xb + t (xa) , (4.16) 

where . s(·) and . t(·) are arbitrary neural networks called scaling and translation, 
respectively. 

This transformation is invertible by design, namely: 

.xb = (yb − t(ya)) ⊙ exp (−s(ya)) (4.17) 
xa = ya . (4.18) 

Importantly, the logarithm of the Jacobian determinant is easy to calculate, be-
cause: 

.J =
⎾ Id×d 0d×(D−d)

∂yb
∂xa

diag (exp (s (xa)))

⏋
(4.19) 

that yields: 

. det(J) =
D−d∏
j=1

exp (s (xa))j = exp ⎛|
⎩

D−d⎲
j=1

s (xa)j
⎞|
⎭
. (4.20) 

Eventually, coupling layers seem to be flexible and powerful transformations 
with tractable Jacobian determinants! However, we process only half of the input; 
therefore, we must think of an appropriate additional transformation a coupling layer 
could be combined with. 

4.1.3.2 Permutation Layers 

A simple yet effective transformation that could be combined with a coupling layer 
is a permutation layer. Since permutation is volume-preserving, i.e., its Jacobian 
determinant is equal to 1, we can apply it each time after the coupling layer. For 
instance, we can reverse the order of variables. 

An example of an invertible block, i.e., a combination of a coupling layer with a 
permutation layer, is schematically presented in Fig. 4.4.



4.1 Flows for Continuous Random Variables 69

xa 

xb f yb 

ya za 

zb 

xa 

xb f -1 yb 

ya za 

zb 

Coupling layer Permutation layer Coupling layer Permutation layer 

A B  

Fig. 4.4 A combination of a coupling layer and a permutation layer that transforms .[xa, xb ] to 
.[za, zb ]. (a) A forward pass through the block. (b) An inverse pass through the block. 

4.1.3.3 Dequantization 

As discussed so far, flow-based models assume that . x is a vector of real-valued 
random variables. However, in practice, many objects are discrete. For instance, 
images are typically represented as integers taking values in .{0, 1, . . . , 255}D . In [9], 
it has been outlined that adding a uniform noise, .u ∈ [−0.5, 0.5]D , to original data, 
.y ∈ {0, 1, . . . , 255}D , allows applying density estimation to .x = y + u. This proce-
dure is known as uniform dequantization. Recently, there were different schemas of 
dequantization proposed; you can read more on that in [10]. 

An example of two binary random variables and the uniform dequantization is 
depicted in Fig. 4.5. After adding .u ∈ [−0.5, 0.5]2 to each discrete value, we obtain a 
continuous space, and now probabilities originally associated with volumeless points 
are “spread” across small square regions. 

4.1.4 Flows in Action! 

Let us turn math into code! We will first discuss the log-likelihood function (i.e., the 
learning objective) and how mathematical formulas correspond to the code. First, it 
is extremely important to know what is our learning objective, i.e., the log-likelihood 

Fig. 4.5 A schematic representation of the uniform dequantization for two binary random variables: 
(left) the probability mass is assigned to points, (right) after the uniform dequantization, the 
probability mass is assigned to square areas. Colors correspond to probability values.
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function. In the example, we use coupling layers as described earlier, together with 
permutation layers. Then, we can plug the logarithm of the Jacobian determinant 
for the coupling layers (for the permutation layers, it is equal to 1, so .ln(1) = 0) in  
Eq. 4.14 that yields: 

. ln p(x) = lnN
⎛
z0 = f −1(x)|0, I

⎞
−

K⎲
i=1

⎛|
⎩

D−d⎲
j=1

sk
⎛
xka

⎞
j

⎞|
⎭
, (4.21) 

where . sk is the scale network in the k-th coupling layer and . xka denotes the input to 
the k-th coupling layer. Notice that . exp in the log-Jacobian determinant is canceled 
by applying the logarithm. 

Let us think again about the learning objective from the implementation perspec-
tive. First, we definitely need to obtain . z by calculating . f −1(x), and then we can 
calculate .lnN

(
z0 = f −1(x)|0, I

)
. That is actually easy, and we get: 

. lnN
⎛
z0 = f −1(x)|0, I

⎞
= −const − 1

2
‖ f −1(x)‖2, (4.22) 

where .const = D
2 ln (2π) is the normalizing constant of the standard Gaussian and 

.
1
2 ‖ f

−1(x)‖2 = MSE(0, f −1(x)). 
Alright, now we should look into the second part of the objective, i.e., the log-

Jacobian determinants. As we can see, we have a sum over transformations, and for 
each coupling layer, we consider only the outputs of the scale nets. Hence, the only 
thing we must remember during implementing the coupling layers is to return not 
only output but also the outcome of the scale layer too. 

4.1.5 Code 

Now, we have all the components to implement our own RealNVP! Below, there is 
a code with a lot of comments that should help to understand every single line of it. 

1 class RealNVP(nn.Module): 
2 def __init__(self, nets, nett, num_flows , prior, D=2, 

dequantization=True): 
3 super(RealNVP, self).__init__() 
4 

5 # Well, it’s always good to brag about yourself. 
6 print(’RealNVP by JT.’) 
7 

8 # We need to dequantize discrete data. This attribute is 
used during training to dequantize integer data. 

9 self.dequantization = dequantization 
10 

11 # An object of a prior (here: torch.distribution of 
multivariate normal distribution) 

12 self.prior = prior
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13 # A module list for translation networks 
14 self.t = torch.nn.ModuleList([nett() for _ in range( 

num_flows)]) 
15 # A module list for scale networks 
16 self.s = torch.nn.ModuleList([nets() for _ in range( 

num_flows)]) 
17 # The number of transformations , in our equations it is 

denoted by K. 
18 self.num_flows = num_flows 
19 

20 # The dimensionality of the input. It is used for 
sampling. 

21 self.D = D 
22 

23 # This is the coupling layer, the core of the RealNVP model. 
24 def coupling(self, x, index, forward=True): 
25 # x: input, either images (for the first transformation) 

or outputs from the previous transformation 
26 # index: it determines the index of the transformation 
27 # forward: whether it is a pass from x to y (forward=True 

), or from y to x (forward=False) 
28 

29 # We chunk the input into two parts: x_a, x_b 
30 (xa, xb) = torch.chunk(x, 2, 1) 
31 

32 # We calculate s(xa), but without exp! 
33 s = self.s[index](xa) 
34 # We calculate t(xa) 
35 t = self.t[index](xa) 
36 

37 # Calculate either the forward pass (x -> z) or the 
inverse pass (z -> x) 

38 # Note that we use the exp here! 
39 if forward: 
40 #yb = f^{-1}(x) 
41 yb = (xb - t) * torch.exp(-s) 
42 else: 
43 #xb = f(y) 
44 yb = torch.exp(s) * xb + t 
45 

46 # We return the output y = [ya, yb], but also s for 
calculating the log-Jacobian -determinant 

47 return torch.cat((xa, yb), 1), s 
48 

49 # An implementation of the permutation layer 
50 def permute(self, x): 
51 # Simply flip the order. 
52 return x.flip(1) 
53 

54 def f(self, x): 
55 # This is a function that calculates the full forward 

pass through the coupling+permutation layers. 
56 # We initialize the log-Jacobian -det 
57 log_det_J , z = x.new_zeros(x.shape[0]), x
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58 # We iterate through all layers 
59 for i in range(self.num_flows): 
60 # First, do coupling layer, 
61 z, s = self.coupling(z, i, forward=True) 
62 # then permute. 
63 z = self.permute(z) 
64 # To calculate the log-Jacobian -determinant of the 

sequence of transformations we sum over all of them. 
65 # As a result, we can simply accumulate individual 

log-Jacobian determinants. 
66 log_det_J = log_det_J - s.sum(dim=1) 
67 # We return both z and the log-Jacobian -determinant , 

because we need z to feed into the logarightm of the Norma; 
68 return z, log_det_J 
69 

70 def f_inv(self, z): 
71 # The inverse path: from z to x. 
72 # We apply all transformations in the reversed order. 
73 x = z  
74 for i in reversed(range(self.num_flows)): 
75 x = self.permute(x) 
76 x, _ = self.coupling(x, i, forward=False) 
77 # Since we use this function for sampling , we don’t need 

to return anything else than x. 
78 return x 
79 

80 def forward(self, x, reduction=’avg’): 
81 # This function is essential for PyTorch. 
82 # First, we calculate the forward part: from x to z, and 

also we need the log-Jacobian -determinant. 
83 z, log_det_J = self.f(x) 
84 # We can use either sum or average as the output. 
85 # Either way, we calculate the learning objective: self. 

prior.log_prob(z) + log_det_J. 
86 # NOTE: Mind the minus sign! We need it, because, by 

default, we consider the minimization problem, 
87 # but normally we look for the maximum likelihood 

estimate. Therefore, we use: 
88 # max F(x) <=> min -F(x) 
89 if reduction == ’sum’: 
90 return -(self.prior.log_prob(z) + log_det_J).sum() 
91 else: 
92 return -(self.prior.log_prob(z) + log_det_J).mean() 
93 

94 def sample(self, batchSize): 
95 # First, we sample from the prior, z ~ p(z) = Normal(z 

|0,1) 
96 z = self.prior.sample((batchSize , self.D)) 
97 z = z[:,  0,  :]  
98 # Second, we go from z to x. 
99 x = self.f_inv(z) 

100 return x.view(-1, self.D) 
Listing 4.1 An example of an implementation of RealNVP.
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1 # The number of flows 
2 num_flows = 8 
3 

4 # Neural networks for a single transformation (a single flow). 
5 nets = lambda: nn.Sequential(nn.Linear(D//2, M), nn.LeakyReLU(), 
6 nn.Linear(M, M), nn.LeakyReLU(), 
7 nn.Linear(M, D//2), nn.Tanh()) 
8 

9 nett = lambda: nn.Sequential(nn.Linear(D//2, M), nn.LeakyReLU(), 
10 nn.Linear(M, M), nn.LeakyReLU(), 
11 nn.Linear(M, D//2)) 
12 

13 # For the prior, we can use the built-in PyTorch distribution. 
14 prior = torch.distributions.MultivariateNormal(torch.zeros(D), 

torch.eye(D)) 
15 

16 # Init of the RealNVP. Please note that we need to dequantize the 
data (i.e., uniform dequantization). 

17 model = RealNVP(nets, nett, num_flows, prior, D=D, dequantization 
=True) 

Listing 4.2 An example of networks. 

Et voila! Now we are ready to run the full code. After training our RealNVP, we 
should obtain results resembling those in Fig. 4.6. 

4.1.6 Is It All? Really? 

Yes and no. Yes in the sense it is the minimalistic example of an implementation 
of the RealNVP. No, because there are many improvements over the instance of the 
RealNVP presented here, namely: 

• Factoring out [7]: During the forward pass (from . x to . z), we can split the variables 
and proceed with processing only a subset of them. This could help to parameterize 
the base distribution by using the outputs of intermediate layers. In other words, 
we can obtain an autoregressive base distribution. 

CBA 

Fig. 4.6 An example of outcomes after the training: (a) Randomly selected real images. (b) 
Unconditional generations from the RealNVP. (c) The validation curve during training.
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• Rezero trick [11]: Introducing additional parameters to the coupling layer, e.g., 
.yb = exp (αs(xa))⊙xb+βt(xa) and . α, β is initialized with 0’s. This helps to ensure 
that the transformations act as identity maps in the beginning. It is shown in [12] 
that this trick helps to learn better transformations by maintaining information 
about the input through all layers in the beginning of the training process. 

• Masking or Checkerboard pattern [7]: We can use a checkerboard pattern in-
stead of dividing an input into two parts like .[x1:D/2, xD/2+1:D]. This encourages 
learning local statistics better. 

• Squeezing [7]: We can also play around with “squeezing” some dimensions. For 
instance, an image consists of C channels, width W, and height H, which could 
be turned into 4C channels, width W/2, and height H/2. 

• Learnable base distributions: instead of using a standard Gaussian base distribu-
tion, we can consider another model for that, e.g., an autoregressive model. 

• Invertible 1x1 convolution [8]: A fixed permutation could be replaced with a 
(learned) invertible 1x1 convolution as in the GLOW model [8]. 

• Variational dequantization [13]: We can also pick a different dequantization 
scheme, e.g., variational dequantization. This allows to obtain much better scores. 
However, it is not for free, because it leads to a lower bound to the log-likelihood 
function. 

Moreover, there are many new fascinating research directions! I will name them 
here and point to papers where you can find more details: 

• Data compression with flows [14]: Flow-based models are perfect candidates for 
compression, since they allow us to calculate the exact likelihood. [14] proposed 
a scheme that allows using flows in the bit-back-like compression scheme. 

• Conditional flows [15–17]: Here, we present the unconditional RealNVP. How-
ever, we can used a flow-based model for conditional distributions. For instance, 
we can use the conditioning as an input to the scale network and the translation 
network. 

• Variational inference with flows [1, 3, 18–21]: Conditional flow-based models 
could be used to form a flexible family of variational posteriors. Then, the lower 
bound to the log-likelihood function could be tighter. We will come back to that 
in Chap. 5, Sect. 5.4.2. 

• Integer discrete flows [12, 22, 23]: Another interesting direction is a version of 
the RealNVP for integer-valued data. We will explain this idea in Sect. 4.2. 

• Flows on manifolds [24]: Typically, flow-based models are considered in the 
Euclidean space. However, they could be considered in non-Euclidean spaces, 
resulting in new properties of (partially) invertible transformations. 

• Flows for ABC [25]: Approximate Bayesian computation (ABC) assumes that 
the posterior over quantities of interest is intractable. One possible approach to 
mitigate this issue is to approximate it using flow-based models, e.g., masked 
autoregressive flows [26], as presented in [25]. 

Much other interesting information on flow-based models could be found in a 
fantastic review by [27].
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4.1.7 ResNet Flows and DenseNet Flows 

4.1.7.1 ResNet Flows [4, 5] 

In the previous sections, we discussed flow-based models with predesigned archi-
tectures (i.e., blocks consisting of coupling layers and permutation layers) that allow 
easy calculation of the Jacobian determinant. However, we can take a different ap-
proach and think of how we can approximate the Jacobian determinant for an almost 
arbitrary architecture. And, additionally, what kind of requirements we must impose 
to make the architecture invertible? 

In [4], the authors consider widely used residual neural networks (ResNets) and 
construct an invertible ResNet layer which is only constrained in Lipschitz continuity. 
A ResNet is defined as .F(x) = x + g(x), where g is modeled by a (convolutional) 
neural network and F represents a ResNet layer which is in general not invertible. 
However, g is constructed in such a way that it satisfies the Lipschitz constant being 
strictly lower than 1, .Lip(g) < 1, by using spectral normalization of [28, 29]: 

.Lip(g) < 1, if | |Wi | |2 < 1, (4.23) 

where .| | · | |2 is the . 𝓁2 matrix norm. Then .Lip(g) = K < 1 and .Lip(F) < 1 +K. Only  
in this specific case, the Banach fixed-point theorem holds and ResNet layer F has a 
unique inverse. As a result, the inverse can be approximated by fixed-point iterations 
[4]. 

Estimating the log determinant is, especially for high-dimensional spaces, com-
putationally intractable due to expensive computations. Since ResNet blocks have a 
constrained Lipschitz constant, the logarithm of the Jacobian determinant is cheaper 
to compute, tractable, and approximated with guaranteed convergence [4]: 

. ln p(x) = ln p( f (x)) + tr

⎛ ∞⎲
k=1

(−1)k+1

k
[Jg(x)]k

⎞
, (4.24) 

where .Jg(x) is the Jacobian of g at . x that satisfies .| |Jg | | < 1. The Skilling-Hutchinson 
trace estimator [30, 31] is used to compute the trace at a lower cost than to fully 
compute the trace of the Jacobian. Residual flows [5] use an improved method to 
estimate the power series at an even lower cost with an unbiased estimator based 
on “Russian roulette” of [32]. Intuitively, the method estimates the infinite sum of 
the power series by evaluating a finite amount of terms. In return, this leads to less 
computation of terms compared to invertible residual networks. To avoid derivative 
saturation, which occurs when the second derivative is zero in large regions, the 
LipSwish activation is proposed [4].
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4.1.7.2 DenseNet Flows [6] 

Since it is possible to formulate a flow for a ResNet architecture, a natural question is 
whether it could be accomplished for densely connected networks (DensNets) [33]. 
In [6], it was shown that indeed it is possible! 

The main component of DenseNet flows is a DenseBlock that is defined as 
a function .F : Rd → R

d with .F(x) = x + g(x), where g consists of dense layers 
.{hi}ni=1. Note that an important modification to make the model invertible is to output 
.x + g(x) whereas a standard DenseBlock would only output . g(x). The function g is 
expressed as follows: 

.g(x) = hn+1 ◦ hn ◦ · · · ◦ h1(x), (4.25) 

where .hn+1 represents a .1× 1 convolution to match the output size of . Rd . A layer . hi
consists of two parts concatenated to each other. The upper part is a copy of the input 
signal. The lower part consists of the transformed input, where the transformation 
is a multiplication of (convolutional) weights . Wi with the input signal, followed by 
a nonlinearity . φ having .Lip(φ) ≤ 1, such as ReLU, ELU, LipSwish, or tanh. As an 
example, a dense layer . h2 can be composed as follows: 

.h1(x) =
⎾

x
φ(W1x)

⏋
, h2(h1(x)) =

⎾
h1(x)

φ(W2h1(x))

⏋
. (4.26) 

The DenseNet flows [6] rely on the same techniques for approximating the Jaco-
bian determinant as in the ResNet flows. The main difference between the DenseNet 
flows and the ResNet flows lies in normalizing weights, so that the Lipschitz constant 
of the transformation is smaller than 1 and, thus, the transformation is invertible. 
Formally, to satisfy .Lip(g) < 1, we need to enforce .Lip(hi) < 1 for all n layers, 
since .Lip(g) ≤ Lip(hn+1) · . . . · Lip(h1). Therefore, we first need to determine the 
Lipschitz constant for a dense layer . hi . We know that a function f is .K-Lipschitz if 
for all points v and w the following holds : 

.dY ( f (v), f (w)) ≤ KdX (v,w), (4.27) 

where we assume that the distance metrics .dX = dY = d are chosen to be the 
.𝓁2-norm. Further, let two functions . f1 and . f2 be concatenated in h: 

.hv =

⎾
f1(v)
f2(v)

⏋
, hw =

⎾
f1(w)
f2(w)

⏋
, (4.28) 

where function . f1 is the upper part and . f2 is the lower part. We can now find an ana-
lytical form to express a limit on . K for the dense layer in the form of Equation (4.27): 

.

d(hv, hw)2 = d( f1(v), f1(w))2 + d( f2(v), f2(w))2,
d(hv, hw)2 ≤ (K2

1 + K2
2)d(v,w)

2,
(4.29) 

where we know that the Lipschitz constant of h consist of two parts, namely, . Lip( f1) =
K1 and .Lip( f2) = K2. Therefore, the Lipschitz constant of layer h can be expressed
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as: 
.Lip(h) =

/
(K2

1 + K2
2). (4.30) 

With spectral normalization of Equation (4.23), we know that we can enforce (convo-
lutional) weights . Wi to be at most 1-Lipschitz. Hence, for all n dense layers, we apply 
the spectral normalization on the lower part which locally enforces .Lip( f2) = K2 < 1. 
Further, since we enforce each layer . hi to be at most 1-Lipschitz and we start with 
. h1, where . f1(x) = x, we know that .Lip( f1) = 1. Therefore, the Lipschitz constant 
of an entire layer can be at most .Lip(h) =

√
12 + 12 =

√
2, thus dividing by this limit 

enforces each layer to be at most 1-Lipschitz. To read more about DenseNet flows 
and further improvements, please see the original paper [6]. 

4.2 Flows for Discrete Random Variables 

4.2.1 Introduction 

While discussing flow-based models in the previous section, we presented them as 
density estimators, namely, models that represent stochastic dependencies among 
continuous random variables. We introduced the change of variables formula that 
helps to express a random variable by transforming it using invertible maps (bijec-
tions) f to a random variable with a known probability density function. Formally, 
it is defined as follows: 

.p(x) = p
⎛
z = f −1(x)

⎞ ||J f (z)
||−1
, (4.31) 

where .J f (z) is the Jacobian of f at . z. 
However, there are potential issues with such an approach. First of all, in many 

problems (e.g., image processing), the considered random variables (objects) are 
discrete. For instance, images typically take values in .{0, 1, . . . , 255} ⊂ Z. In order 
to apply flows, we must apply dequantization [10] that results in a lower bound to 
the original probability distribution. 

A continuous space possesses various potential pitfalls. One of them is that 
if a transformation is a bijection (as in flows), not all continuous deformations are 
possible. It is tightly connected with topology and, more precisely, homeomorphisms, 
i.e., a continuous function between topological spaces that has a continuous inverse 
function, and diffeomorphisms, i.e., invertible functions that map one differentiable 
manifold to another such that both the function and its inverse, are smooth. It is not 
crucial to know topology, but a curious reader may take a detour and read on that; 
it is definitely a fascinating field, and I wish to know more about it! Anyway, let us 
consider three examples. 

Imagine we want to transform a square into a circle (Fig. 4.7a). It is possible 
to find a homeomorphism (i.e., a bijection) that turns the square into a circle and 
back. Imagine you have a hammer and an iron square. If you start hitting the square
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A 

B 

Fig. 4.7 Examples of: (a) homeomorphic spaces, and (b) non-homeomorphic spaces. The red cross 
indicates it is impossible invert the transformation. 

Fig. 4.8 An example of “replacing” a ring (in blue) with a ball (in magenta). 

infinitely many times, you can get an iron circle. Then, you can do it “backward” to 
get the square back. I know, it is unrealistic but hey, we talking about math here! 

However, if we consider a line segment and a circle (Fig. 4.7b), the situation is a 
bit more complicated. It is possible to transform the line segment into a circle, but 
not the other way around. Why? Because while transforming the circle to the line 
segment, it is unclear which point of the circle corresponds to the beginning (or the 
end) of the line segment. That is why we cannot invert the transformation! 

Another example that I really like, and which is closer to the potential issues 
of continuous flows, is transforming a ring into a ball as in Fig. 4.8. The goal is to 
replace the blue ring with the magenta ball. In order to make the transformation 
bijective, while transforming the blue ring in place of the magenta ball, we must 
ensure that the new magenta “ring” is in fact “broken” so that the new blue “ball” 
can get inside! Again, why? If the magenta ring is not broken, then we cannot say 
how the blue ball got inside that destroys bijectivity! In the language of topology, it 
is impossible because the two spaces are non-homeomorphic.
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Fig. 4.9 An example of uniformly dequantized discrete random variables (left) and a flow-based 
model (right). Notice that in these examples, the true distribution assigns equal probability mass 
to the two regions in orange, and zero probability mass to the remaining two regions (in black). 
However, the flow-based model assigns probability mass outside the original nonzero probability 
regions. 

Alright, but how this affects the flow-based models? I hope that some of you 
asked this question, or maybe even imagined possible cases where this might hinder 
learning flows. In general, I would say it is fine, and we should not look for faults 
where there are none or almost none. However, if you work with flows that require 
dequantization, then you can spot cases like the one in Fig. 4.9. In this simple 
example, we have two discrete random variables that after uniform dequantization 
have two regions with equal probability mass and the remaining two regions with 
zero probability mass [10]. After training a flow-based model, we have a density 
estimator that assigns nonzero probability mass where the true distribution has zero 
density! Moreover, the transformation in the flow must be a bijection; therefore, there 
is a continuity between the two squares (see Fig. 4.9, right). Where did we see that? 
Yes, in Fig. 4.8! We must know how to invert the transformation; thus, there must be 
a “trace” of how the probability mass moves between the regions. 

Again, we can ask ourselves if it is bad. Well, I would say not really, but if we think 
of a case with more random variables, and there is always some little error here and 
there, this causes a probability mass leakage that could result in a far-from-perfect 
model. And, overall, the model could err in proper probability assignment. 

4.2.2 Flows in R or Maybe Rather in Z? 

Before we consider any specific cases and discuss discrete flows, first we need to 
answer whether there is a change of variables formula for discrete random variables. 
The answer, fortunately, is yes! Let us consider .x ∈ XD where . X is a discrete space, 
e.g., .X = {0, 1} or .X = Z. Then the change of variables takes the following form:
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.p(x) = π
⎛
z0 = f −1(x)

⎞
, (4.32) 

where f is an invertible transformation and . π(·) is a base distribution. Immediately 
we can spot a “missing” Jacobian determinant. This is correct! Why? Because now 
we live in a discrete world where the probability mass is assigned to points that 
are “shapeless” and the bijection cannot change the volume. Thus, the Jacobian 
determinant is always equal to 1! That seems to be good news, isn’t it? We can take 
any bijective transformations, and we do not need to bother about the Jacobian. That 
is obviously true; however, we need to remember that the output of the transformation 
must be still discrete, i.e., .z ∈ XD . As a result, we cannot use any arbitrary invertible 
neural network. We will discuss it in a minute; however, before we do that, it is worth 
discussing the expressivity of discrete flows. 

Let us assume that we have an invertible transformation . f : XD → XD . Moreover, 
we have .X = {0, 1}. As noted by [27], a discrete flow can only permute probability 
masses. Since there is no Jacobian (or, rather, the Jacobian determinant is equal to 
1), there is no chance to decrease or increase the probability for specific values. 
We depict it in Fig. 4.10. You can easily imagine the situation as the space is the 
Rubik’s cube and your hands are the flows. If you record your moves, you can always 
play the video backward; thus, it is invertible. However, you can only shuffle the 
colors around! As a result, we do not gain anything by applying the discrete flow 
and learning the discrete flow is equivalent to learning the base distribution . π.1 So 
we are back to square one. 

However, as pointed out by [12], the situation looks different if we consider an 
extended space (or infinite space like . Z). The discrete flow can still only shuffle the 
probabilities, but now it can reorganize them in such a way that the probabilities 
can be factorized! In other words, it can help the base distribution to be a product 
of marginals, .π(z) =

∏D
d=1 πd(zd |θd), and the dependencies among variables are 

now encoded in the invertible transformations. An example of this case is presented 
in Fig. 4.11. We refer to [12] for a more thorough discussion with an appropriate 
lemma. 

Fig. 4.10 An example of a discrete flow for two binary random variables. Colors represent various 
probabilities (i.e., the sum of all squares is 1).

1 Well, this is not entirely true; we can still learn some correlations, but it is definitely highly limited. 
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Fig. 4.11 An example of a discrete flow for two binary random variables but in the extended space. 
Colors represent various probabilities (i.e., the sum of all squares is 1). 

This is amazing information! It means that building a flow-based model in the 
discrete space makes sense. Now we can think of how to build an invertible neural 
network in discrete spaces, and we have it! 

4.2.3 Integer Discrete Flows 

We know now that it makes sense to work with discrete flows and that they are 
flexible as long as we use extended spaces or infinite spaces like . Z. However, the 
question is how to formulate an invertible transformation (or rather: an invertible 
neural network) that will output discrete values. 

Hoogeboom et al. [22] proposed to focus on integers, since they can be seen as 
discretized continuous values. As such, we consider coupling layers [7] and modify 
them accordingly. Let us remind ourselves the definition of bipartite coupling layers 
for .x ∈ RD: 

.ya = xa (4.33) 
yb = exp (s (xa)) ⊙ xb + t (xa) , (4.34) 

where . s(·) and . t(·) are arbitrary neural networks called scaling and transition, re-
spectively. 

Considering integer-valued variables, .x ∈ ZD requires modifying this transfor-
mation. First, using scaling might be troublesome, because multiplying by integers 
is still possible, but when we invert the transformation, we divide by integers, and 
dividing an integer by an integer does not necessarily result in an integer. Therefore, 
we must remove scaling just in case. Second, we use an arbitrary neural network for 
the transition. However, this network must return integers! [22] utilize a relatively 
simple trick; namely, they say that we can round the output of . t(·) to the closest 
integer. As a result, we add (in the forward) or subtract (in the inverse) integers from 
integers that is perfectly fine (the outcome is still integer-valued). Eventually, we get 
the following bipartite coupling layer:
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.ya = xa (4.35) 
yb = xb + ⎿t (xa)⏋, (4.36) 

where . ⎿·⏋ is the rounding operator. An inquisitive reader could ask at this point 
whether the rounding operator still allows using the backpropagation algorithm, in 
other words, whether the rounding operator is differentiable. The answer is no, but 
[22] showed that using the straight-through estimator (STE) of a gradient is sufficient. 
As a side note, the STE in this case uses the rounding in the forward pass of the 
network, .⎿t (xa)⏋, but it utilizes .t (xa) in the backward pass (to calculate gradients). 
[12] further indicated that indeed the STE works well and the bias does not hinder 
training too much. The implementation of the rounding operator using the STE is 
presented below. 

1 # We need to turn torch.round (i.e., the rounding operator) into 
a differentiable function. For this purpose, we use the 
rounding in the forward pass, but the original input for the 
backward pass. This is nothing else than the STE. 

2 class RoundStraightThrough(torch.autograd.Function): 
3 

4 def __init__(self): 
5 super().__init__() 
6 

7 @staticmethod 
8 def forward(ctx, input): 
9 rounded = torch.round(input, out=None) 

10 return rounded 
11 

12 @staticmethod 
13 def backward(ctx, grad_output): 
14 grad_input = grad_output.clone() 
15 return grad_input 

Listing 4.3 An implementation of the rounding operator using the STE. 

In [23], it has been shown how to generalize invertible transformations like 
bipartite coupling layers, among others, namely (. Xi:j denotes a subset of . X corre-
sponding to variables from the i-th dimension to the j-th dimension, . xi:j , we assume 
that .X1:0 = ∅ and .Xn+1:n = ∅):
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Proposition [23] 

Proposition 4.1 Let us take .x, y ∈ X. If binary transformations . ◦ and . ⊳ have 
inverses . • and . ◀, respectively, and .g2, . . . , gD and . f1, . . . , fD are arbitrary 
functions, where .gi : X1:i−1 → Xi , . fi : X1:i−1 × Xi+1:n → Xi , then the 
following transformation from . x to . y: 

. y1 = x1 ◦ f1(∅, x2:D)
y2 = (g2(y1) ⊳ x2) ◦ f2(y1, x3:D)
. . .

yd = (gd(y1:d−1) ⊳ xd) ◦ fd(y1:d−1, xd+1:D)
. . .

yD = (gD(y1:D−1) ⊳ xD) ◦ fD(y1:D−1, ∅)

is invertible. 

Proof In order to inverse . y to . x we start from the last element to obtain the 
following: 

. xD = gD(y1:D−1) ◀ (yD • fD(y1:D−1, ∅)) .

Then, we can proceed with the next expressions in the decreasing order (i.e., 
from .D − 1 to 1) to eventually obtain: 

.xD−1 = gD−1(y1:D−2) ◀ (yD−1 • fD−1(y1:D−2, xD))
. . .

xd = gd(y1:d−1) ◀ (yd • fd(y1:d−1, xd+1:D))
. . .

x2 = g2(y1) ◀ (y2 • f2(y1, x3:D))
x1 = y1 • f1(∅, x2:D).

□

For instance, we can divide . x into four parts, .x = [xa, xb, xc, xd], and the following 
transformation (a quadripartite coupling layer) is invertible [23]: 

.ya = xa + ⎿t (xb, xc, xd)⏋ (4.37) 
yb = xb + ⎿t (ya, xc, xd)⏋ (4.38) 
yc = xc + ⎿t (ya, yb, xd)⏋ (4.39) 
yd = xd + ⎿t (ya, yb, yc)⏋ . (4.40) 

This new invertible transformation could be seen as a kind of autoregressive 
processing, since . ya is used to calculate . yb , and then both . ya and . yb are used for
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obtaining . yc and so on. As a result, we get a more powerful transformation than the 
bipartite coupling layer. 

If we stick to a coupling layer, we need to remember to use a permutation layer 
to reverse the order of variables. Otherwise, some inputs would be only partially 
processed. This holds true for any coupling layer, either they are used for continuous 
flows or integer-valued flows. 

The last component we need to think of is the base distribution. Similarly to 
flow-based models, we can use various tricks to boost the performance of the model. 
For instance, we can consider squeezing, factoring out, and a mixture model for the 
base distribution [22]. However, in this section, we try to keep the model as simple 
as possible; therefore, we use the product of marginals as the base distribution. For 
images represented as integers, we use the following: 

.π(z) =
D∏
d=1
πd(zd) (4.41) 

= 
D∏
d=1 

DL(zd |μd, νd), (4.42) 

where .πd(zd) = DL(zd |μd, νd) is the discretized logistic distribution that is defined 
as a difference of CDFs of the logistic distribution as follows [34]: 

.π(z) = sigm ((z + 0.5 − μ)/ν) − sigm ((z − 0.5 − μ)/ν) , (4.43) 

where .μ ∈ R and .ν > 0 denote the mean and the scale, respectively, and .sigm(·) is 
the sigmoid function. Notice that this is equivalent to calculating the probability of 
z falling into a bin of length 1; therefore, we add . 0.5 in the first CDF and subtract 
. 0.5 from the second CDF. An example of the discretized distribution is presented in 
Fig. 4.12, and the implementation follows. Interestingly, we can use this distribution 

Fig. 4.12 An example of the discretized logistic distribution with .μ = 0 and .ν = 1 The magenta 
area on the y-axis corresponds to the probability mass of a bin of size 1.
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to replace the categorical distribution in Chap. 3, as it was done in [18]. We can 
even use a mixture of discretized logistic distribution to further improve the final 
performance [22, 35]. 

1 # This function implements the log of the discretized logistic 
distribution. 

2 def log_integer_probability(x, mean, logscale): 
3 scale = torch.exp(logscale) 
4 

5 logp = log_min_exp( 
6 F.logsigmoid((x + 0.5 - mean) / scale), 
7 F.logsigmoid((x - 0.5 - mean) / scale)) 
8 

9 return logp 
Listing 4.4 The logarithm of the discretized logistic distribution. [34] 

Eventually, our log-likelihood function takes the following form: 

. ln p(x) =
D⎲
d=1

ln DL(zd = f −1(x)|μd, νd) (4.44) 

= 
D⎲
d=1 

ln (sigm ((zd + 0.5 − μd)/νd) − sigm ((zd − 0.5 − μd)/νd)) , (4.45) 

where we make all . μd and . νd learnable parameters. Notice that . νd must be posi-
tive (strictly larger than 0); therefore, in the implementation, we will consider the 
logarithm of the scale, because taking . exp of the log-scale ensures having strictly 
positive values. 

4.2.4 Code 

Now, we have all components to implement our own integer discrete flow (IDF)! 
Below, there is a code with a lot of comments that should help to understand every 
single line of it. 

1 # That’s the class of the Integer Discrete Flows (IDFs). 
2 # There are two options implemented: 
3 # Option 1: The bipartite coupling layers as in (Hoogeboom et al 

., 2019). 
4 # Option 2: A new coupling layer with 4 parts as in (Tomczak, 

2021). 
5 # We implement the second option explicitly , without any loop, so 

that it is very clear how it works. 
6 class IDF(nn.Module): 
7 def __init__(self, netts, num_flows, D=2): 
8 super(IDF, self).__init__() 
9 

10 print(’IDF by JT.’)
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11 

12 # Option 1: 
13 if len(netts) == 1: 
14 self.t = torch.nn.ModuleList([netts[0]() for _ in 

range(num_flows)]) 
15 self.idf_git = 1 
16 

17 # Option 2: 
18 elif len(netts) == 4: 
19 self.t_a = torch.nn.ModuleList([netts[0]() for _ in 

range(num_flows)]) 
20 self.t_b = torch.nn.ModuleList([netts[1]() for _ in 

range(num_flows)]) 
21 self.t_c = torch.nn.ModuleList([netts[2]() for _ in 

range(num_flows)]) 
22 self.t_d = torch.nn.ModuleList([netts[3]() for _ in 

range(num_flows)]) 
23 self.idf_git = 4 
24 

25 else: 
26 raise ValueError(’You can provide either 1 or 4 

translation nets.’) 
27 

28 # The number of flows (i.e., invertible transformations). 
29 self.num_flows = num_flows 
30 

31 # The rounding operator 
32 self.round = RoundStraightThrough.apply 
33 

34 # Initialization of the parameters of the base 
distribution. 

35 # Notice they are parameters , so they are trained 
alongside the weights of neural networks. 

36 self.mean = nn.Parameter(torch.zeros(1, D)) #mean 
37 self.logscale = nn.Parameter(torch.ones(1, D)) #log-scale 
38 

39 # The dimensionality of the problem. 
40 self.D = D 
41 

42 # The coupling layer. 
43 def coupling(self, x, index, forward=True): 
44 

45 # Option 1: 
46 if self.idf_git == 1: 
47 (xa, xb) = torch.chunk(x, 2, 1) 
48 

49 if forward: 
50 yb = xb + self.round(self.t[index](xa)) 
51 else: 
52 yb = xb - self.round(self.t[index](xa)) 
53 

54 return torch.cat((xa, yb), 1) 
55 

56 # Option 2:
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57 elif self.idf_git == 4: 
58 (xa, xb, xc, xd) = torch.chunk(x, 4, 1) 
59 

60 if forward: 
61 ya = xa + self.round(self.t_a[index](torch.cat(( 

xb,  xc,  xd),  1)))  
62 yb = xb + self.round(self.t_b[index](torch.cat(( 

ya,  xc,  xd),  1)))  
63 yc = xc + self.round(self.t_c[index](torch.cat(( 

ya,  yb,  xd),  1)))  
64 yd = xd + self.round(self.t_d[index](torch.cat(( 

ya,  yb,  yc),  1)))  
65 else: 
66 yd = xd - self.round(self.t_d[index](torch.cat(( 

xa,  xb,  xc),  1)))  
67 yc = xc - self.round(self.t_c[index](torch.cat(( 

xa,  xb,  yd),  1)))  
68 yb = xb - self.round(self.t_b[index](torch.cat(( 

xa,  yc,  yd),  1)))  
69 ya = xa - self.round(self.t_a[index](torch.cat(( 

yb,  yc,  yd),  1)))  
70 

71 return torch.cat((ya, yb, yc, yd), 1) 
72 

73 # Similar to RealNVP, we have also the permute layer. 
74 def permute(self, x): 
75 return x.flip(1) 
76 

77 # The main function of the IDF: forward pass from x to z. 
78 def f(self, x): 
79 z = x  
80 for i in range(self.num_flows): 
81 z = self.coupling(z, i, forward=True) 
82 z = self.permute(z) 
83 

84 return z 
85 

86 # The function for inverting z to x. 
87 def f_inv(self, z): 
88 x = z  
89 for i in reversed(range(self.num_flows)): 
90 x = self.permute(x) 
91 x = self.coupling(x, i, forward=False) 
92 

93 return x 
94 

95 # The PyTorch forward function. It returns the log-
probability. 

96 def forward(self, x, reduction=’avg’): 
97 z = self.f(x) 
98 if reduction == ’sum’: 
99 return -self.log_prior(z).sum() 

100 else: 
101 return -self.log_prior(z).mean()
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102 

103 # The function for sampling: 
104 # First we sample from the base distribution. 
105 # Second, we invert z. 
106 def sample(self, batchSize, intMax=100): 
107 # sample z: 
108 z = self.prior_sample(batchSize=batchSize , D=self.D, 

intMax=intMax) 
109 # x = f^-1(z)  
110 x = self.f_inv(z) 
111 return x.view(batchSize , 1, self.D) 
112 

113 # The function for calculating the logarithm of the base 
distribution. 

114 def log_prior(self, x): 
115 log_p = log_integer_probability(x, self.mean, self. 

logscale) 
116 return log_p.sum(1) 
117 

118 # A function for sampling integers from the base distribution 
. 

119 def prior_sample(self, batchSize , D=2): 
120 # Sample from logistic 
121 y = torch.rand(batchSize, self.D) 
122 # Here we use a property of the logistic distribution: 
123 # In order to sample from a logistic distribution , first 

sample y ~ Uniform[0,1]. 
124 # Then, calculate log(y / (1.-y)), scale is with the 

scale, and add the mean. 
125 x = torch.exp(self.logscale) * torch.log(y / (1. - y)) + 

self.mean 
126 # And then round it to an integer. 
127 return torch.round(x) 

Listing 4.5 An example of networks. 

Below, we provide examples of neural networks that could be used to run the 
IDFs. 

1 # The number of invertible transformations 
2 num_flows = 8 
3 

4 # This variable defines whether we use: 
5 # Option 1: 1 - the classic coupling layer proposed in ( 

Hogeboom et al., 2019) 
6 # Option 2: 4 - the general invertible transformation in ( 

Tomczak, 2021) with 4 partitions 
7 idf_git = 1 
8 

9 if idf_git == 1: 
10 nett = lambda: nn.Sequential( 
11 nn.Linear(D//2, M), nn.LeakyReLU(), 
12 nn.Linear(M, M), nn.LeakyReLU(), 
13 nn.Linear(M, D//2)) 
14 netts = [nett]
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15 

16 elif idf_git == 4: 
17 nett_a = lambda: nn.Sequential( 
18 nn.Linear(3 * (D//4), M), nn.LeakyReLU(), 
19 nn.Linear(M, M), nn.LeakyReLU(), 
20 nn.Linear(M, D//4)) 
21 

22 nett_b = lambda: nn.Sequential( 
23 nn.Linear(3 * (D//4), M), nn.LeakyReLU(), 
24 nn.Linear(M, M), nn.LeakyReLU(), 
25 nn.Linear(M, D//4)) 
26 

27 nett_c = lambda: nn.Sequential( 
28 nn.Linear(3 * (D//4), M), nn.LeakyReLU(), 
29 nn.Linear(M, M), nn.LeakyReLU(), 
30 nn.Linear(M, D//4)) 
31 

32 nett_d = lambda: nn.Sequential( 
33 nn.Linear(3 * (D//4), M), nn.LeakyReLU(), 
34 nn.Linear(M, M), nn.LeakyReLU(), 
35 nn.Linear(M, D//4)) 
36 

37 netts = [nett_a, nett_b, nett_c, nett_d] 
38 

39 # Init IDF 
40 model = IDF(netts, num_flows, D=D) 
41 # Print the summary (like in Keras) 
42 print(summary(model, torch.zeros(1, 64), show_input=False, 

show_hierarchical=False)) 
Listing 4.6 An example of networks. 

And we are done; this is all we need to have! After running the code and training 
the IDFs, we should obtain results similar to those in Fig. 4.13. 

Fig. 4.13 An example of outcomes after the training: (a) Randomly selected real images. (b) Un-
conditional generations from the IDF with bipartite coupling layers. (c) Unconditional generations 
from the IDF with quadripartite coupling layers.
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4.2.5 What’s Next? 

Similarly to our example of RealNVP, here we present rather a simplified implemen-
tation of IDFs. We can use many of the tricks presented in the section on RealNVP 
(see Sect. 4.1.6. On recent developments on IDFs, please see also [12]. 

Integer discrete flows have great potential in data compression. Since IDFs learn 
the distribution . p(x) directly on the integer-valued objects, they are excellent candi-
dates for lossless compression. As presented in [22], they are competitive with other 
codecs for lossless compression of images. 

The paper by [12] further shows that the potential bias following from the STE of 
the gradients is not as dramatic as originally thought [22], and they can learn flexible 
distributions. This result suggests that IDFs require special attention, especially for 
real-life applications like data compression. 

It seems that the next step would be to think of more powerful transformations 
for discrete variables, e.g., see [23], and develop powerful architectures. Another 
interesting direction is utilizing alternative learning algorithms in which gradients 
could be better estimated [36] or even replaced [37]. 

References 

1. Danilo Rezende and Shakir Mohamed. Variational inference with normalizing 
flows. In International Conference on Machine Learning, pages 1530–1538. 
PMLR, 2015. 

2. Oren Rippel and Ryan Prescott Adams. High-dimensional probability estimation 
with deep density models. arXiv preprint arXiv:1302.5125, 2013. 

3. Rianne Van Den Berg, Leonard Hasenclever, Jakub M Tomczak, and Max 
Welling. Sylvester normalizing flows for variational inference. In 34th Confer-
ence on Uncertainty in Artificial Intelligence 2018, UAI 2018, pages 393–402. 
Association For Uncertainty in Artificial Intelligence (AUAI), 2018. 

4. Jens Behrmann, Will Grathwohl, Ricky TQ Chen, David Duvenaud, and Jörn-
Henrik Jacobsen. Invertible residual networks. In International Conference on 
Machine Learning, pages 573–582. PMLR, 2019. 

5. Ricky TQ Chen, Jens Behrmann, David Duvenaud, and Jörn-Henrik Ja-
cobsen. Residual flows for invertible generative modeling. arXiv preprint 
arXiv:1906.02735, 2019. 

6. Yura Perugachi-Diaz, Jakub M Tomczak, and Sandjai Bhulai. Invertible 
densenets with concatenated lipswish. Advances in Neural Information Pro-
cessing Systems, 2021. 

7. Laurent Dinh, Jascha Sohl-Dickstein, and Samy Bengio. Density estimation 
using Real NVP. arXiv preprint arXiv:1605.08803, 2016. 

8. Diederik P Kingma and Prafulla Dhariwal. Glow: generative flow with invertible 
1× 1 convolutions. In Proceedings of the 32nd International Conference on 
Neural Information Processing Systems, pages 10236–10245, 2018.



References 91

9. Lucas Theis, Aäron van den Oord, and Matthias Bethge. A note on the evaluation 
of generative models. arXiv preprint arXiv:1511.01844, 2015. 

10. Emiel Hoogeboom, Taco S Cohen, and Jakub M Tomczak. Learning discrete 
distributions by dequantization. arXiv preprint arXiv:2001.11235, 2020. 

11. Thomas Bachlechner, Bodhisattwa Prasad Majumder, Huanru Henry Mao, Gar-
rison W Cottrell, and Julian McAuley. Rezero is all you need: Fast convergence 
at large depth. arXiv preprint arXiv:2003.04887, 2020. 

12. Rianne van den Berg, Alexey A Gritsenko, Mostafa Dehghani, Casper Kaae Søn-
derby, and Tim Salimans. Idf++: Analyzing and improving integer discrete flows 
for lossless compression. arXiv e-prints, pages arXiv–2006, 2020. 

13. Jonathan Ho, Xi Chen, Aravind Srinivas, Yan Duan, and Pieter Abbeel. Flow++: 
Improving flow-based generative models with variational dequantization and 
architecture design. In International Conference on Machine Learning, pages 
2722–2730. PMLR, 2019. 

14. Jonathan Ho, Evan Lohn, and Pieter Abbeel. Compression with flows via local 
bits-back coding. arXiv preprint arXiv:1905.08500, 2019. 

15. Michał Stypułkowski, Kacper Kania, Maciej Zamorski, Maciej Zięba, Tomasz 
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Chapter 5 
Latent Variable Models 

5.1 Introduction 

In the previous sections, we discussed two approaches to learning . p(x): autoregres-
sive models (ARMs) in Chap. 3 and flow-based models (or flows for short) in Chap. 4. 
Both ARMs and flows model the likelihood function directly, that is, either by factor-
izing the distribution and parameterizing conditional distributions .p(xd |x<d) as in 
ARMs or by utilizing invertible transformations (neural networks) for the change of 
variables formula as in flows. Now, we will discuss a third approach that introduces 
latent variables. 

Let us briefly discuss the following scenario. We have a collection of images 
with horses. We want to learn .p(x) for, e.g., generating new images. Before we do 
that, we can ask ourselves how we should generate a horse, or, in other words, if 
we were such a generative model, how we would do that. Maybe we would first 
sketch the general silhouette of a horse, its size and shape; then add hooves; fill 
in details of a head; color it; etc. In the end, we may consider the background. In 
general, we can say that there are some factors in data (e.g., a silhouette, a color, a 
background) that are crucial for generating an object (here, a horse). Once we decide 
about these factors, we can generate them by adding details. I do not want to delve 
into a philosophical/cognitive discourse, but I hope that we all agree that when we 
paint something, this is more or less our procedure of generating a painting. 

We use mathematics now to express this generative process. Namely, we have our 
high-dimensional objects of interest, .x ∈ XD (e.g., for images, .X ∈ {0, 1, . . . , 255}), 
and a low-dimensional latent variables, .z ∈ ZM (e.g., .Z = R), that we can 
call hidden factors in data. In mathematical words, we can refer to .ZM as a low-
dimensional manifold. Then, the generative process could be expressed as follows: 

1. .z ∼ p(z) (Fig. 5.1, in red); 
2. .x ∼ p(x|z) (Fig. 5.1, in blue). 
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Fig. 5.1 A diagram presenting a latent variable model and a generative process. Notice the low-
dimensional manifold (here 2D) embedded in the high-dimensional space (here 3D). 

In plain words, we first sample . z (e.g., we imagine the size, the shape, and the 
color of a horse) and then create an image with all necessary details, i.e., we sample . x
from the conditional distribution .p(x|z). One can ask whether we need probabilities 
here but try to create precisely the same image at least two times. Due to many 
various external factors, it is almost impossible to create two identical images. That 
is why probability theory is so beautiful and allows us to describe reality! 

The idea behind latent variable models is that we introduce the latent variables . z, 
and the joint distribution is factorized as follows: .p(x, z) = p(x|z)p(z). This naturally 
expressed the generative process described above. However, for training, we have 
access only to . x. Therefore, according to probabilistic inference, we should sum out 
(or marginalize out) the unknown, namely, . z. As a result, the (marginal) likelihood 
function is the following: 

.p(x) =
∫

p(x|z)p(z) dz. (5.1) 

A natural question now is how to calculate this integral. In general, it is a difficult 
task. There are two possible directions. First, the integral is tractable. We will 
briefly discuss it before we jump into the second approach that utilizes a specific 
approximate inference, namely, variational inference. 

5.2 Probabilistic Principal Component Analysis 

Let us discuss the following situation: 

• We consider continuous random variables only, i.e., .z ∈ RM and .x ∈ RD . 
• The distribution of . z is the standard Gaussian, i.e., .p(z) = N (z|0, I). 
• The dependency between . z and . x is linear, and we assume a Gaussian additive 

noise:
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.x =Wz + b + ε, (5.2) 

where .ε ∼ N(ε |0, σ2I). The property of the Gaussian distribution yields [1]: 

.p(x|z) = N
⎛
x|Wz + b, σ2I

⎞
. (5.3) 

This model is known as the probabilistic Principal Component Analysis (pPCA) [2]. 
Next, we can take advantage of the properties of a linear combination of two vec-

tors of normally distributed random variables to calculate the integral explicitly [1]: 

.p(x) =
∫

p(x|z) p(z) dz (5.4) 

= 
∫ 

N
⎛
x|Wz + b, σ2I

⎞
N (z|0, I) dz (5.5) 

= N
⎛
x|b, WWT + σ2I

⎞
. (5.6) 

Now, we are able to calculate the logarithm of the (marginal) likelihood function 
.ln p(x)! We refer to [1, 2] for more details on learning the parameters in the pPCA 
model. Moreover, what is interesting about the pPCA is that, due to the properties 
of Gaussians, we can also calculate the true posterior over . z analytically: 

.p(z|x) = N
⎛
M−1WT(x − b), σ−2M

⎞
, (5.7) 

where .M =WTW+σ2I. Once we find . W that maximizes the log-likelihood function, 
and the dimensionality of the matrix . W is computationally tractable, we can calculate 
.p(z|x). This is a big thing! Why? Because for a given observation . x, we can calculate 
the distribution over the latent factors! 

A side note 

In my opinion, the probabilistic PCA is an extremely important latent variable 
model for two reasons. First, we can calculate everything by hand, thus, it 
is a great exercise to develop an intuition about the latent variable models. 
Second, it is a linear model, therefore, a curious reader like you should feel 
tingling in their head already and ask herself the following questions: What 
would happen if we take non-linear dependencies? And what would happen 
if we use other distributions than Gaussians? In both cases, the answer is 
the same: We would not be able to calculate the integral exactly, and some 
sort of approximation would be necessary. Anyhow, pPCA is a model that 
everyone interested in latent variable models should study in depth to create 
an intuition about probabilistic modeling.
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5.3 Variational Auto-encoders: Variational Inference for 
Nonlinear Latent Variable Models 

5.3.1 The Model and the Objective 

Let us take a look at the integral one more time and think of a general case where we 
cannot calculate it analytically. The simplest approach would be to use the Monte 
Carlo approximation: 

.p(x) =
∫

p(x|z) p(z) dz (5.8) 

= Ez∼p(z) [p(x|z)] (5.9) 

≈ 1 
K

⎲
k 

p(x|zk), (5.10) 

where, in the last line, we use samples from the prior over latents, .zk ∼ p(z). Such 
an approach is relatively easy, and since our computational power grows so fast, 
we can sample a lot of points in a reasonably short time. However, as we know 
from statistics, if . z is multidimensional, and M is relatively large, we get into a 
trap of the curse of dimensionality, and to cover the space properly, the number of 
samples grows exponentially with respect to M . If we take too few samples, then the 
approximation is simply very poor. 

We can use more advanced Monte Carlo techniques [3]; however, they still suffer 
from issues associated with the curse of dimensionality. An alternative approach is 
an application of variational inference [4]. Let us consider a family of variational 
distributions parameterized by . φ, .{qφ(z)}φ . For instance, we can consider Gaussians 
with means and variances, .φ = {μ, σ2}. We know the form of these distributions, 
and we assume that they assign nonzero probability mass to all .z ∈ ZM . Then, the 
logarithm of the marginal distribution could be approximated as follows: 

. ln p(x) = ln
∫

p(x|z)p(z) dz (5.11) 

= ln 
∫ 

qφ(z) 
qφ(z)

p(x|z)p(z) dz (5.12) 

= ln Ez∼qφ (z)

⎾
p(x|z)p(z) 
qφ(z)

⏋
(5.13) 

≥ Ez∼qφ (z) ln
⎾
p(x|z)p(z) 
qφ(z)

⏋
(5.14) 

= Ez∼qφ (z)
⎾
ln p(x|z) + ln p(z) − ln qφ(z)

⏋
(5.15) 

= Ez∼qφ (z) [ln p(x|z)] − Ez∼qφ (z)
⎾
ln qφ(z) − ln p(z)

⏋
. (5.16) 

In the fourth line, we used Jensen’s inequality.
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If we consider an amortized variational posterior, namely, .qφ(z|x) instead of 
.qφ(z) for each . x, then we get: 

. ln p(x) ≥ Ez∼qφ (z |x) [ln p(x|z)] − Ez∼qφ (z |x)
⎾
ln qφ(z|x) − ln p(z)

⏋
. (5.17) 

Amortization could be extremely useful, because we train a single model (e.g., 
a neural network with some weights), and it returns the parameters of distribution 
for a given input. From now on, we will assume that we use amortized variational 
posteriors; however, please remember that we do not need to do that! Please take a 
look at [5] where a semi-amortized variational inference is considered. 

As a result, we obtain an auto-encoder-like model, with a stochastic encoder, 
.qφ(z|x), and a stochastic decoder, .p(x|z). We use  stochastic to highlight that the 
encoder and the decoder are probability distributions and to stress out a difference to 
a deterministic auto-encoder. This model, with the amortized variational posterior, 
is called a Variational Auto-Encoder [6, 7]. The lower bound of the log-likelihood 
function is called the evidence lower bound (ELBO). 

The first part of the ELBO, .Ez∼qφ (z |x) [ln p(x|z)], is referred to as the (negative) 
reconstruction error, because . x is encoded to . z and then decoded back. The second 
part of the ELBO, .Ez∼qφ (z |x)

⎾
ln qφ(z|x) − ln p(z)

⏋
, could be seen as a regularizer, 

and it coincides with the Kullback-Leibler divergence (KL). Please keep in mind 
that for more complex models (e.g., hierarchical models), the regularizer(s) may not 
be interpreted as the KL term. Therefore, we prefer to use the term the regularizer, 
because it is more general. 

5.3.2 A Different Perspective on the ELBO 

For completeness, we provide also a different derivation of the ELBO that will help 
us to understand why the lower bound might be tricky sometimes: 

. ln p(x) = Ez∼qφ (z |x) [ln p(x)] (5.18) 

= Ez∼qφ (z |x)

⎾
ln p(z|x)p(x) 

p(z|x)

⏋
(5.19) 

= Ez∼qφ (z |x)

⎾
ln p(x|z)p(z) 

p(z|x)

⏋
(5.20) 

= Ez∼qφ (z |x)

⎾
ln p(x|z)p(z) 

p(z|x) 
qφ(z|x) 
qφ(z|x)

⏋
(5.21) 

= Ez∼qφ (z |x)

⎾
ln p(x|z) p(z) 

qφ(z|x) 
qφ(z|x) 
p(z|x)

⏋
(5.22) 

= Ez∼qφ (z |x)

⎾
ln p(x|z) − ln 

qφ(z|x) 
p(z) + ln 

qφ(z|x) 
p(z|x)

⏋
(5.23) 

= Ez∼qφ (z |x) [ln p(x|z)] − KL
⎾
qφ(z|x)‖p(z)

⏋
+ KL

⎾
qφ(z|x)‖p(z|x)

⏋
. 

(5.24)
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Please note that in the derivation above, we use the sum and the product rules 
together with multiplying by .1 = qφ (z |x)

qφ (z |x) , nothing else, no dirty tricks here! Please 
try to replicate this by yourself, step by step. If you understand this derivation well, it 
would greatly help you to see where potential problems of the VAEs (and the latent 
variable models in general) lie. 

Once you analyzed this derivation, let us take a closer look at it: 

. ln p(x) = Ez∼qφ (z |x) [ln p(x|z)] − KL
⎾
qφ(z|x)‖p(z)

⏋
◟-------------------------------------------------◝◜-------------------------------------------------◞

ELBO

+KL
⎾
qφ(z|x)‖p(z|x)

⏋
◟--------------------◝◜--------------------◞

≥0

.

(5.25) 

The last component, .KL
⎾
qφ(z|x)‖p(z|x)

⏋
, measures the difference between the 

variational posterior and the real posterior, but we do not know what the real posterior 
is! However, we can skip this part, since the Kullback-Leibler divergence is always 
equal or greater than 0 (from its definition); thus, we are left with the ELBO. We can 
think of .KL

⎾
qφ(z|x)‖p(z|x)

⏋
as a gap between the ELBO and the true log-likelihood. 

Beautiful! But ok, why this is so important? Well, if we take .qφ(z|x) that is a 
bad approximation of .p(z|x), then the KL term will be larger, and even if the ELBO 
is optimized well, the gap between the ELBO and the true log-likelihood could be 
huge! In plain words, if we take a too simplistic posterior, we can end up with a bad 
VAE anyway. What is “bad” in this context? Let us take a look at Fig. 5.2. If the  
ELBO is a loose lower bound of the log-likelihood, then the optimal solution of the 
ELBO could be completely different than the solution of the log-likelihood. We will 
comment on how to deal with that later on; for now, it is enough to be aware of that 
issue. 

5.3.3 Components of VAEs 

Let us wrap up what we know right now. First of all, we consider a class of amortized 
variational posteriors .{qφ(z|x)}φ that approximate the true posterior .p(z|x). We can 

Fig. 5.2 The ELBO is a lower bound on the log-likelihood. As a result, . θ̂ maximizing the ELBO 
does not necessarily coincides with . θ∗ that maximizes .ln p(x). The looser the ELBO is, the more 
this can bias maximum likelihood estimates of the model parameters.
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see them as stochastic encoders. Second, the conditional likelihood .p(x|z) could 
be seen as a stochastic decoder. Third, the last component, . p(z), is the  marginal 
distribution, also referred to as a prior. Lastly, the objective is the ELBO, a lower 
bound to the log-likelihood function: 

. ln p(x) ≥ Ez∼qφ (z |x) [ln p(x|z)] − Ez∼qφ (z |x)
⎾
ln qφ(z|x) − ln p(z)

⏋
. (5.26) 

There are two questions left to get the full picture of the VAEs: 

1. How to parameterize the distributions? 
2. How to calculate the expected values? After all, these integrals have not disap-

peared! 

5.3.3.1 Parameterization of Distributions 

As you can probably guess by now, we use neural networks to parameterize the 
encoders and the decoders. But before we use the neural networks, we should know 
what distributions we use! Fortunately, in the VAE framework, we are almost free to 
choose any distribution! However, we must remember that they should make sense 
for a considered problem. So far, we have explained everything through images, so let 
us continue that. If .x ∈ {0, 1, . . . , 255}D , then we cannot use a normal distribution, 
because its support is totally different than the support of discrete-valued images. A 
possible distribution we can use is the categorical distribution, that is: 

.pθ (x|z) = Categorical (x|θ(z)) , (5.27) 

where the probabilities are given by a neural network . NN, namely, . θ(z) =
softmax (NN(z)). The neural network . NN could be an MLP, a convolutional neural 
network, RNNs, etc. 

The choice of a distribution for the latent variables depends on how we want to 
express the latent factors in data. For convenience, typically . z is taken as a vector 
of continuous random variables, .z ∈ RM . Then, we can use Gaussians for both the 
variational posterior and the prior: 

.qφ(z|x) = N
⎛
z|μφ(x), diag

⎾
σ2
φ(x)

⏋ ⎞
(5.28) 

p(z) = N (z|0, I) , (5.29) 

where .μφ(x) and .σ2
φ(x) are outputs of a neural network, similarly to the case of 

the decoder. In practice, we can have a shared neural network .NN(x) that outputs 
2M values that are further split into M values for the mean . μ and M values for 
the variance . σ2. For convenience, we consider a diagonal covariance matrix. We 
could use flexible posteriors (see Sect. 5.4.2). Moreover, here we take the standard 
Gaussian prior. We will comment on that later (see Sect. 5.4.1).
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5.3.3.2 Reparameterization Trick 

So far, we played around with the log-likelihood, and we ended up with the ELBO. 
However, there is still a problem with calculating the expected value, because it 
contains an integral! Therefore, the question is how we can calculate it and why it 
is better than the MC approximation of the log-likelihood without the variational 
posterior. In fact, we will use the MC approximation, but now, instead of sampling 
from the prior . p(z), we will sample from the variational posterior .qφ(z|x). Is it better?  
Yes, because the variational posterior assigns typically more probability mass to a 
smaller region than the prior. If you play around with your code of a VAE and 
examine the variance, you will probably notice that the variational posteriors are 
almost deterministic (whether it is good or bad is rather an open question). As a 
result, we should get a better approximation! However, there is still an issue with the 
variance of the approximation. Simply speaking, if we sample . z from .qφ(z|x), plug  
them into the ELBO, and calculate gradients with respect to the parameters of a neural 
network . φ, the variance of the gradient may still be pretty large! A possible solution to 
that, first noticed by statisticians (e.g., see [8]), is the approach of reparameterizing 
the distribution. The idea is to realize that we can express a random variable as 
a composition of primitive transformations (e.g., arithmetic operations, logarithm, 
etc.) of an independent random variable with a simple distribution. For instance, if 
we consider a Gaussian random variable z with a mean . μ and a variance . σ2, and an 
independent random variable .ϵ ∼ N(ϵ |0, 1), then the following holds (see Fig. 5.3): 

.z = μ + σ · ϵ . (5.30) 

Now, if we start sampling . ϵ from the standard Gaussian, and apply the above 
transformation, then we get a sample from .N(z |μ, σ)! 

If you do not remember this fact from statistics, or you simply do not believe 
me, write a simple code for that and play around with it. In fact, this idea could be 
applied to many more distributions [9]. 

The reparameterization trick could be used in the encoder .qφ(z|x). As observed 
by [6, 7], we can drastically reduce the variance of the gradient by using this repa-

Fig. 5.3 An example of reparameterizing a Gaussian distribution: We scale . ϵ distributed according 
to the standard Gaussian by . σ, and shift it by . μ.
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rameterization of the Gaussian distribution. Why? Because the randomness comes 
from the independent source . p(ϵ), and we calculate gradient with respect to a deter-
ministic function (i.e., a neural network), not random objects. Even better, since we 
learn the VAE using stochastic gradient descent, it is enough to sample . z only once 
during training! 

5.3.4 VAE in Action! 

We went through a lot of theory and discussions, and you might think it is impossible 
to implement a VAE. However, it is actually simpler than it might look. Let us sum 
up what we know so far and focus on very specific distributions and neural networks. 

First of all, we will use the following distributions: 

• .qφ(z|x) = N
⎛
z|μφ(x), σ2

φ(x)
⎞
; 

• .p(z) = N (z|0, I); 
• .pθ (x|z) = Categorical (x|θ(z)). 

We assume that .xd ∈ X = {0, 1, . . . , L − 1}. 
Next, we will use the following networks: 

• The  encoder network: 

. x ∈ XD →Linear(D, 256) → LeakyReLU →
Linear(256, 2 · M) → split → μ ∈ RM, logσ2 ∈ RM

Notice that the last layer outputs 2M values, because we must have M values 
for the mean and M values for the (log-)variance. Moreover, a variance must be 
positive; therefore, instead, we consider the logarithm of the variance, because it 
can take real values then. As a result, we do not need to bother about variances 
being always positive. An alternative is to apply a nonlinearity like softplus. 

• The  decoder network: 

. z ∈ RM →Linear(M, 256) → LeakyReLU →
Linear(256,D · L) → reshape → softmax → θ ∈ [0, 1]D×L

Since we use the categorical distribution for . x, the outputs of the decoder network 
are probabilities. Thus, the last layer must output .D ·L values, where D is the number 
of pixels, and L is the number of possible values of a pixel. Then, we must reshape 
the output to a tensor of the following shape: .(B,D, L), where B is the batch size. 
Afterward, we can apply the softmax activation function to obtain probabilities. 

Finally, for a given dataset .D = {xn}Nn=1, the training objective is the ELBO where 
we use a single sample from the variational posterior .zφ,n = μφ(xn) + σφ(xn) ⊙ ϵ . 
We must remember that in almost any available package, we minimize by default, so 
we must take the negative sign, namely:
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. − ELBO(D; θ, φ) =
N⎲
n=1

−
{
ln Categorical

(
xn |θ

(
zφ,n

) )
+

⎾
lnN

⎛
zφ,n |μφ(xn), σ2

φ(xn)
⎞
− lnN

(
zφ,n |0, I

) ⏋ }
.

(5.31) 

So as you can see, the whole math boils down to a relatively simple learning 
procedure: 

1. Take . xn and apply the encoder network to get .μφ(xn) and .lnσ2
φ(xn). 

2. Calculate . zφ,n by applying the reparameterization trick, . zφ,n = μφ(xn)+σφ(xn)⊙
ϵ , where .ϵ ∼ N(0, I). 

3. Apply the decoder network to . zφ,n to get the probabilities .θ(zφ,n). 
4. Calculate the ELBO by plugging in . xn, . zφ,n, .μφ(xn) and .lnσ2

φ(xn). 

5.3.5 Code 

Now, all components are ready to be turned into a code! Here, we focus only on 
the code for the VAE model. We provide details in the comments. We divide the 
code into four classes: Encoder, Decoder, Prior, and VAE. It might look like overkill, 
but it may help you to think of the VAE as a composition of three parts and better 
comprehend the whole approach. 

1 class Encoder(nn.Module): 
2 def __init__(self, encoder_net): 
3 super(Encoder, self).__init__() 
4 

5 # The init of the encoder network. 
6 self.encoder = encoder_net 
7 

8 # The reparameterization trick for Gaussians. 
9 @staticmethod 

10 def reparameterization(mu, log_var): 
11 # The formula is the following: 
12 # z = mu + std * epsilon 
13 # epsilon ~ Normal(0,1) 
14 

15 # First, we need to get std from log-variance. 
16 std = torch.exp(0.5*log_var) 
17 

18 # Second, we sample epsilon from Normal(0,1). 
19 eps = torch.randn_like(std) 
20 

21 # The final output 
22 return mu + std * eps 
23 

24 # This function implements the output of the encoder network 
(i.e., parameters of a Gaussian).
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25 def encode(self, x): 
26 # First, we calculate the output of the encoder network 

of size 2M. 
27 h_e = self.encoder(x) 
28 # Second, we must divide the output into the mean and the 

log-variance. 
29 mu_e, log_var_e = torch.chunk(h_e, 2, dim=1) 
30 return mu_e, log_var_e 
31 

32 # Sampling procedure. 
33 def sample(self, x=None, mu_e=None, log_var_e=None): 
34 #If we don’t provide a mean and a log-variance , we must 

first calcuate it: 
35 if (mu_e is None) and (log_var_e is None): 
36 mu_e, log_var_e = self.encode(x) 
37 # Or the final sample 
38 else: 
39 # Otherwise, we can simply apply the reparameterization 

trick! 
40 if (mu_e is None) or (log_var_e is None): 
41 raise ValueError(’mu and log-var can‘t be None!’) 
42 z = self.reparameterization(mu_e, log_var_e) 
43 return z 
44 

45 # This function calculates the log-probability that is later 
used for calculating the ELBO. 

46 def log_prob(self, x=None, mu_e=None, log_var_e=None, z=None) 
: 

47 # If we provide x alone, then we can calculate a 
corresponding sample: 

48 if x is not None: 
49 mu_e, log_var_e = self.encode(x) 
50 z = self.sample(mu_e=mu_e, log_var_e=log_var_e) 
51 else: 
52 # Otherwise, we should provide mu, log-var, and z! 
53 if (mu_e is None) or (log_var_e is None) or (z is 

None): 
54 raise ValueError(’mu, log-var, z can‘t be None’) 
55 

56 return log_normal_diag(z, mu_e, log_var_e) 
57 

58 # PyTorch forward pass: it is either log-probability (by 
default) or sampling. 

59 def forward(self, x, type=’log_prob’): 
60 assert type in [’encode’, ’log_prob’], ’Type could be 

either encode or log_prob’ 
61 if type == ’log_prob’: 
62 return self.log_prob(x) 
63 else: 
64 return self.sample(x) 

Listing 5.1 An encoder class.
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1 class Decoder(nn.Module): 
2 def __init__(self, decoder_net , distribution=’categorical’, 

num_vals=None): 
3 super(Decoder, self).__init__() 
4 

5 # The decoder network. 
6 self.decoder = decoder_net 
7 # The distribution used for the decoder (it is 

categorical by default, as discussed above). 
8 self.distribution = distribution 
9 # The number of possible values. This is important for 

the categorical distribution. 
10 self.num_vals=num_vals 
11 

12 # This function calculates parameters of the likelihood 
function p(x|z) 

13 def decode(self, z): 
14 # First, we apply the decoder network. 
15 h_d = self.decoder(z) 
16 

17 # In this example, we use only the categorical 
distribution... 

18 if self.distribution == ’categorical’: 
19 # We save the shapes: batch size 
20 b = h_d.shape[0] 
21 # and the dimensionality of x. 
22 d = h_d.shape[1]//self.num_vals 
23 # Then we reshape to (Batch size, Dimensionality , 

Number of Values). 
24 h_d = h_d.view(b, d, self.num_vals) 
25 # To get probabilities , we apply softmax. 
26 mu_d = torch.softmax(h_d, 2) 
27 return [mu_d] 
28 # ... however, we also present the Bernoulli distribution 

. We are nice, aren’t we? 
29 elif self.distribution == ’bernoulli’: 
30 

Therefore, it is enough to output a single probability , 
31 # because p(x_d=1|z) = \theta and p(x_d=0|z) = 1 - \ 

theta 
32 mu_d = torch.sigmoid(h_d) 
33 return [mu_d] 
34 

35 else: 
36 raise ValueError(’Only: ‘categorical ‘, ‘bernoulli‘’) 
37 

38 # This function implements sampling from the decoder. 
39 def sample(self, z): 
40 outs = self.decode(z) 
41 

42 if self.distribution == ’categorical’: 
43 # We take the output of the decoder 
44 mu_d = outs[0] 
45 # and save shapes (we will need that for reshaping).

# In the Bernoulli case, we have x_d \in {0,1}.



5.3 Variational Auto-encoders: Variational Inference for Nonlinear Latent Variable Models 105

46 b = mu_d.shape[0] 
47 m = mu_d.shape[1] 
48 # Here we use reshaping 
49 mu_d = mu_d.view(mu_d.shape[0], -1, self.num_vals) 
50 p = mu_d.view(-1, self.num_vals) 
51 # Eventually , we sample from the categorical (the 

built-in PyTorch function). 
52 x_new = torch.multinomial(p, num_samples=1).view(b,m) 
53 

54 elif self.distribution == ’bernoulli’: 
55 # In the case of Bernoulli , we don’t need any 

reshaping 
56 mu_d = outs[0] 
57 # and we can use the built-in PyTorch sampler! 
58 x_new = torch.bernoulli(mu_d) 
59 

60 else: 
61 raise ValueError(’Only: ‘categorical ‘, ‘bernoulli‘’) 
62 

63 return x_new 
64 

65 # This function calculates the conditional log-likelihood 
function. 

66 def log_prob(self, x, z): 
67 outs = self.decode(z) 
68 

69 if self.distribution == ’categorical’: 
70 mu_d = outs[0] 
71 log_p = log_categorical(x, mu_d, num_classes=self. 

num_vals , reduction=’sum’, dim=-1).sum(-1) 
72 

73 elif self.distribution == ’bernoulli’: 
74 mu_d = outs[0] 
75 log_p = log_bernoulli(x, mu_d, reduction=’sum’, dim 

=-1) 
76 

77 else: 
78 raise ValueError(’Only: ‘categorical ‘, ‘bernoulli‘’) 
79 

80 return log_p 
81 

82 # The forward pass is either a log-prob or a sample. 
83 def forward(self, z, x=None, type=’log_prob’): 
84 assert type in [’decoder’, ’log_prob’], ’Type could be 

either decode or log_prob’ 
85 if type == ’log_prob’: 
86 return self.log_prob(x, z) 
87 else: 
88 return self.sample(z) 

Listing 5.2 A decoder class.
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1 # The current implementation of the prior is very simple, namely, 
it is a standard Gaussian. 

2 # We could have used a built-in PuTorch distribution. However, we 
didn’t do that for two reasons: 

3 # (i) It is important to think of the prior as a crucial 
component in VAEs. 

4 # (ii) We can implement a learnable prior (e.g., a flow-based 
prior, VampPrior, a muxture of distributions). 

5 class Prior(nn.Module): 
6 def __init__(self, L): 
7 super(Prior, self).__init__() 
8 self.L = L 
9 

10 def sample(self, batch_size): 
11 z = torch.randn((batch_size , self.L)) 
12 return z 
13 

14 def log_prob(self, z): 
15 return log_standard_normal(z) 

Listing 5.3 A prior class. 

1 class VAE(nn.Module): 
2 def __init__(self, encoder_net , decoder_net , num_vals=256, L 

=16, likelihood_type=’categorical’): 
3 super(VAE, self).__init__() 
4 

5 print(’VAE by JT.’) 
6 

7 self.encoder = Encoder(encoder_net=encoder_net) 
8 self.decoder = Decoder(distribution=likelihood_type , 

decoder_net=decoder_net , num_vals=num_vals) 
9 self.prior = Prior(L=L) 

10 

11 self.num_vals = num_vals 
12 

13 self.likelihood_type = likelihood_type 
14 

15 def forward(self, x, reduction=’avg’): 
16 # encoder 
17 mu_e, log_var_e = self.encoder.encode(x) 
18 z = self.encoder.sample(mu_e=mu_e, log_var_e=log_var_e) 
19 

20 # ELBO 
21 RE = self.decoder.log_prob(x, z) 
22 KL = (self.prior.log_prob(z) - self.encoder.log_prob(mu_e 

=mu_e, log_var_e=log_var_e , z=z)).sum(-1) 
23 

24 if reduction == ’sum’: 
25 return -(RE + KL).sum() 
26 else: 
27 return -(RE + KL).mean() 
28 

29 def sample(self, batch_size=64):
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30 z = self.prior.sample(batch_size=batch_size) 
31 return self.decoder.sample(z) 

Listing 5.4 A VAE class. 

1 # Examples of neural networks used for parameterizing the encoder 
and the decoder. 

2 

3 # Remember that the encoder outputs 2 times more values because 
we need L means and L log-variances for a Gaussian. 

4 encoder = nn.Sequential(nn.Linear(D, M), nn.LeakyReLU(), 
5 nn.Linear(M, M), nn.LeakyReLU(), 
6 nn.Linear(M, 2 * L))  
7 

8 # Here we must remember that if we use the categorical 
distribution , we must output num_vals per each pixel. 

9 decoder = nn.Sequential(nn.Linear(L, M), nn.LeakyReLU(), 
10 nn.Linear(M, M), nn.LeakyReLU(), 
11 nn.Linear(M, num_vals * D)) 

Listing 5.5 Examples of networks. 

Perfect! Now we are ready to run the full code, and after training our VAE, we 
should obtain results similar to those in Fig. 5.4. 

5.3.6 Typical Issues with VAEs 

VAEs constitute a very powerful class of models, mainly due to their flexibility. 
Unlike flow-based models, they do not require the invertibility of neural networks; 
thus, we can use any arbitrary architecture for encoders and decoders. In contrast 
to ARMs, they learn a low-dimensional data representation, and we can control the 
bottleneck (i.e., the dimensionality of the latent space). However, they also suffer from 
several issues. Except for the ones mentioned before (i.e., a necessity of an efficient 
integral estimation, a gap between the ELBO and the log-likelihood function for too 
simplistic variational posteriors), the potential problems are the following: 

CBA 

Fig. 5.4 An example of outcomes after the training: (a) Randomly selected real images. (b) 
Unconditional generations from the VAE. (c) The validation curve during training.
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• Let us take a look at the ELBO and the regularization term. For a non-trainable 
prior like the standard Gaussian, the regularization term will be minimized if 
.∀xqφ(z|x) = p(z). This may happen if the decoder is so powerful that it treats . z
as a noise, e.g., a decoder is expressed by an ARM [10]. This issue is known as 
the posterior collapse [11]. 

• Another issue is associated with a mismatch between the aggregated posterior, 
.qφ(z) = 1

N

∑ 
n qφ(z|xn), and the prior . p(z). Imagine that we have the standard 

Gaussian prior and the aggregated posterior (i.e., an average of variational pos-
teriors over all training data). As a result, there are regions where there prior 
assigns a high probability, but the aggregated posterior assigns a low probability, 
or another way around. Then, sampling from these holes provides unrealistic 
latent values, and the decoder produces images of very low quality. This problem 
is referred to as the hole problem [12]. 

• The last problem we want to discuss is more general, and, in fact, it affects all 
deep generative models. As it was noticed in [13], the deep generative models 
(including VAEs) fail to properly detect out-of-distribution examples. Out-of-
distribution datapoints are examples that follow a totally different distribution 
than the one a model was trained on. For instance, let us assume that our model 
is trained on MNIST, and then FashionMNIST examples are out-of-distribution. 
Thus, intuition tells us that a properly trained deep generative model should 
assign a high probability to in-distribution examples and a low probability to 
out-of-distribution points. Unfortunately, as shown in [13], this is not the case. 
The out-of-distribution problem remains one of the main unsolved problems in 
deep generative modeling [14]. 

5.3.7 There Is More! 

There are a plethora of papers that extend VAEs and apply them to many problems. 
Below, we will list out selected papers and only touch upon the vast literature on the 
topic! 

Estimation of the log-likelihood using importance weighting As we indicated 
multiple times, the ELBO is the lower bound to the log-likelihood, and it rather 
should not be used as a good estimate of the log-likelihood. In [7, 15], an importance 
weighting procedure is advocated to better approximate the log-likelihood, namely: 

. ln p(x) ≈ ln
1
K

K⎲
k=1

p(x, zk)
qφ(zk |x)

, (5.32) 

where .zk ∼ qφ(zk |x). Notice that the logarithm is outside the expected value. As 
shown in [15], using importance weighting with sufficiently large K gives a good 
estimate of the log-likelihood. In practice, K is taken to be 512 or more if the 
computational budget allows.
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Enhancing VAEs: Better encoders After introducing the idea of VAEs, many 
papers focused on proposing a flexible family of variational posteriors. The most 
prominent direction is based on utilizing conditional flow-based models [16–21]. 
We discuss this topic more in Sect. 5.4.2. 

Enhancing VAEs: Better decoders VAEs allow using any neural network to 
parameterize the decoder. Therefore, we can use fully connected networks, fully 
convolutional networks, ResNets, or ARMs. For instance, in [22], a PixelCNN-based 
decoder was used utilized in a VAE. 

Enhancing VAEs: Better priors As mentioned before, that could be a serious 
issue if there is a big mismatch between the aggregated posterior and the prior. There 
are many papers that try to alleviate this issue by using a multimodal prior mimicking 
the aggregated posterior (known as the VampPrior) [23], or a flow-based prior (e.g., 
[24, 25]), an ARM-based prior [26] or using an idea of resampling [27]. We present 
various priors in Sect. 5.4.1. 

Extending VAEs Here, we present the unsupervised version of VAEs. However, 
there is no restriction to that, and we can introduce labels or other variables. In 
[28] a semi-supervised VAE was proposed. This idea was further extended to the 
concept of fair representations [29, 30]. In [30], the authors proposed a specific 
latent representation that allows domain generalization in VAEs. In [31] variational 
inference and the reparameterization trick were used for Bayesian Neural Nets. 
Blundell et al. [31] is not necessarily introducing a VAE, but a VAE-like way of 
dealing with Bayesian neural nets. 

VAEs for non-image data So far, we explain everything on images. However, 
there is no restriction on that! In [11], a VAE was proposed to deal with sequential 
data (e.g., text). The encoder and the decoder were parameterized by LSTMs. An 
interesting application of the VAE framework was also presented in [32] where VAEs 
were used for molecular graph generation. In [26], the authors proposed a VAE-like 
for video compression. 

Different latent spaces Typically, the Euclidean latent space is considered. How-
ever, the VAE framework allows us to think of other spaces. For instance, in [33, 34], 
a hyperspherical latent space was used, and in [35], the hyperbolic latent space was 
utilized. More details about hyperspherical VAEs can be found in Sect. 5.4.2.3. In  
[36], hyperspherical latent spaces were used for learning of geometrically meaningful 
representations via equivariant VAEs. 

Discrete latent spaces We discuss the VAE framework with continuous latent 
variables. However, an interesting question is how to deal with discrete latent vari-
ables. The problem here is that we cannot use the reparameterization trick anymore. 
There are two potential solutions to that. First, a relaxation to the discrete variables 
could be used like the Gumbel-Softmax trick [37, 38]. Second, a method for a gradient 
estimation could be used [39]. 

The posterior collapse There were many ideas proposed to deal with the posterior 
collapse. For instance, [40] proposes to update variational posteriors more often than 
the decoder. In [41], a new architecture of the decoder is proposed by introducing 
skip connections to allow a better flow of information (thus, the gradients) in the 
decoder.
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Various perspectives on the objective The core of the VAE is the ELBO. How-
ever, we can consider different objectives. For instance, [42] proposes an upper bound 
to the log-likelihood that is based on the chi-square divergence (CUBO). In [10], 
an information-theoretic perspective on the ELBO is presented. Higgins et al. [43] 
introduced the .β-VAE where the regularization term is weighted by a fudge factor . β. 
The objective does not correspond to the lower bound of the log-likelihood though. 

Deterministic regularized auto-encoders We can take a look at the VAE and 
the objective, as mentioned before, and think of it as a regularized version of an auto-
encoder with a stochastic encoder and a stochastic decoder. Ghosh et al. [44] “peeled 
off” VAEs from all stochasticity and indicated similarities between deterministic 
regularized auto-encoders and VAEs and highlighted potential issues with VAEs. 
Moreover, they brilliantly pointed out that even with deterministic encoders, due to 
the stochasticity of the empirical distribution, we can fit a model to the aggregated 
posterior. As a result, the deterministic (regularized) auto-encoder could be turned 
into a generative model by sampling from a model of the aggregated posterior, .pλ(z), 
and then, deterministically, mapping . z to the space of observable . x. In my opinion, 
this direction should be further explored, and an important question is whether we 
indeed need any stochasticity at all. 

Hierarchical VAEs Very recently, there have been many VAEs with a deep, 
hierarchical structure of latent variables that achieved remarkable results! The most 
important ones are definitely BIVA [45], NVAE [46], and very deep VAEs [47]. 
Another interesting perspective on a deep, hierarchical VAE was presented in [25] 
where, additionally, a series of deterministic functions were used. We delve into that 
topic in Sect. 5.5. 

Adversarial auto-encoders Another interesting perspective on VAEs is presented 
in [48]. Since learning the aggregated posterior as the prior is an important com-
ponent mentioned in some papers (e.g., [23, 49]), a different approach would be to 
train the prior with an adversarial loss. Further, [48] presents various ideas on how 
auto-encoders could benefit from adversarial learning. 

Adversarial attacks It is a well-known fact that VAEs are susceptible to adver-
sarial attacks, i.e., a small change to the latent space results in enormous errors in 
reconstructions. There exist a possible remedy to that by applying MCMC technique 
at the inference time [50]. 

5.4 Improving Variational Auto-encoders 

5.4.1 Priors 

5.4.1.1 Insights from Rewriting the ELBO 

One of the crucial components of VAEs is the marginal distribution over . z’s. Now, 
we will take a closer look at this distribution, also called the prior. Before we start 
thinking about improving it, we inspect the ELBO one more time. We can write
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ELBO as follows: 

. Ex∼pdata (x)[ln p(x)] ≥Ex∼pdata (x)
⎾
Eqφ (z |x)

⎾
ln pθ (x|z) + ln pλ(z) − ln qφ(z|x)

⏋ ⏋
,

(5.33) 

where we explicitly highlight the summation over training data, namely, the expected 
value with respect to . x’s from the empirical distribution .pdata(x) = 1

N

∑ N
n=1 δ(x−xn), 

and . δ(·) is the Dirac delta. 
The ELBO consists of two parts, namely, the reconstruction error: 

.RE
Δ
= Ex∼pdata (x)

⎾
Eqφ (z |x) [ln pθ (x|z)]

⏋
, (5.34) 

and the regularization term between the encoder and the prior: 

.Ω
Δ
= Ex∼pdata (x)

⎾
Eqφ (z |x)

⎾
ln pλ(z) − ln qφ(z|x)

⏋ ⏋
. (5.35) 

Further, let us play a little bit with the regularization term . Ω: 

.Ω = Ex∼pdata (x)
⎾
Eqφ (z |x)

⎾
ln pλ(z) − ln qφ(z|x)

⏋ ⏋
(5.36) 

= 
∫ 

pdata(x) 
∫ 

qφ(z|x)
⎾
ln pλ(z) − ln qφ(z|x)

⏋
dz dx (5.37) 

= 
∬ 

pdata(x)qφ(z|x)
⎾
ln pλ(z) − ln qφ(z|x)

⏋
dz dx (5.38) 

= 
∬ 

1 
N

⎲
n 
δ(x − xn)qφ(z|x)

⎾
ln pλ(z) − ln qφ(z|x)

⏋
dz dx (5.39) 

= 
∫ 

1 
N 

N⎲
n=1 

qφ(z|xn)
⎾
ln pλ(z) − ln qφ(z|xn)

⏋
dz (5.40) 

= 
∫ 

1 
N 

N⎲
n=1 

qφ(z|xn) ln pλ(z)dz − 
∫ 

1 
N 

N⎲
n=1 

qφ(z|xn) ln qφ(z|xn)dz (5.41) 

= 
∫ 

qφ(z) ln pλ(z)dz − 
∫ N⎲

n=1 

1 
N 
qφ(z|xn) ln qφ(z|xn)dz (5.42) 

= −CE
⎾
qφ(z)| |pλ(z)

⏋
+ H

⎾
qφ(z|x)

⏋
, (5.43) 

where we use the property of the Dirac delta: .
∫
δ(a− a') f (a)da = f (a'), and we use 

the notion of the aggregated posterior [48, 49] defined as follows: 

.q(z) = 1
N

N⎲
n=1

qφ (z|xn) . (5.44) 

An example of the aggregated posterior is schematically depicted in Fig. 5.5. 
Eventually, we obtain two terms:
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Fig. 5.5 An example of the aggregated posterior. Individual points are encoded as Gaussians in 
the 2D latent space (magenta) and the mixture of variational posteriors (the aggregated posterior) 
is presented by contours. 

(i) the first one, .CE
⎾
qφ(z)| |pλ(z)

⏋
, is the cross-entropy between the aggregated 

posterior and the prior, 
(ii)the second term, .H

⎾
qφ(z|x)

⏋
, is the conditional entropy of .qφ(z|x) with the 

empirical distribution .pdata(x). 

I highly recommend doing this derivation step by step; it helps a lot in under-
standing what is going on here. Interestingly, there is another possibility to rewrite 
. Ω using three terms, with the total correlation [51]. We will not use it here, so it is 
left as a “homework.” 

Anyway, one may ask why is it useful to rewrite the ELBO? The answer is rather 
straightforward: We can analyze it from a different perspective! In this section, we 
will focus on the prior, an important component in the generative part that is very 
often neglected. Many Bayesianists are stating that a prior should not be learned. 
But VAEs are not Bayesian models; please remember that! Besides, who says we 
cannot learn the prior? As we will see shortly, a non-learnable prior could be pretty 
annoying, especially for the generation process. 

5.4.1.2 What Does the ELBO Tell Us About the Prior? 

Alright, we see that . Ω consists of the cross-entropy and the entropy. Let us start with 
the entropy, since it is easier to be analyzed. While optimizing, we want to maximize 
the ELBO; hence, we maximize the entropy: 

.H
⎾
qφ(z|x)

⏋
= −

∫ N⎲
n=1

1
N
qφ(z|xn) ln qφ(z|xn)dz. (5.45)
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Before we make any conclusions, we should remember that we consider Gaussian 
encoders, .qφ(z|x) = N

(
z|μ(x), σ2(x)

)
. The entropy of a Gaussian distribution with 

a diagonal covariance matrix is equal .
1
2
∑ 

i ln
(
2eπσ2

i

)
. Then, the question is when 

this quantity is maximized. The answer is: .σ2
i → +∞. In other words, the entropy 

terms tries to stretch the encoders as much as possible by enlarging their variances! 
Of course, this does not happen in practice, because we use the encoder together 
with the decoder in the RE term, and the decoder tries to make the encoder as peaky 
as possible (i.e., ideally one . x for one . z, like in the non-stochastic auto-encoder). 

The second term in . Ω is the cross-entropy: 

.CE
⎾
qφ(z)| |pλ(z)

⏋
= −

∫
qφ(z) ln pλ(z)dz. (5.46) 

The cross-entropy term influences the VAE in a different manner. First, we can 
ask the question of how to interpret the cross-entropy between .qφ(z) and .pλ(z). In  
general, the cross-entropy tells us the average number of bits (or rather nats because 
we use the natural logarithm) needed to identify an event drawn from .qφ(z) if a coding 
scheme used for it is .pλ(z). Notice that in . Ω, we have the negative cross-entropy. Since 
we maximize the ELBO, it means we aim for minimizing .CE

⎾
qφ(z)| |pλ(z)

⏋
. This  

makes sense, because we would like .qφ(z) to match .pλ(z). And we have accidentally 
touched upon the most important issue here: What do we really want here? The 
cross-entropy forces the aggregated posterior to match the prior! That is the reason 
why we have this term here. If you think about it, it is a beautiful result that gives 
another connection between VAEs and information theory. 

Alright, so we see what the cross-entropy does, but there are two possibilities 
here. First, the prior is fixed (non-learnable), e.g., the standard Gaussian prior. 
Then, optimizing the cross-entropy pushes the aggregated posterior to match the 
prior. It is schematically depicted in Fig. 5.6. The prior acts like an anchor, and the 
amoeba of the aggregated posterior moves so that to fit the prior. In practice, this 
optimization process is troublesome, because the decoded forces the encoder to be 
peaked and, in the end, it is almost impossible to match a fixed-shaped prior. As 
a result, we obtain holes, namely, regions in the latent space where the aggregated 
posterior assigns low probability, while the prior assigns (relatively) high probability 
(see a dark gray ellipse in Fig. 5.6). This issue is especially apparent in generations, 
because sampling from the prior, from the hole, may result in a sample that is of an 
extremely low quality. You can read more about it in [12]. 

On the other hand, if we consider a learnable prior, the situation looks different. 
The optimization allows changing the aggregated posterior and the prior. As a 
consequence, both distributions try to match each other (see Fig. 5.7). The problem 
of holes is then less apparent, especially if the prior is flexible enough. However, 
we can face other optimization issues when the prior and the aggregated posteriors 
chase each other. In practice, the learnable prior seems to be a better option, but it is 
still an open question whether training all components at once is the best approach. 
Moreover, the learnable prior does not impose any specific constraint on the latent
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Fig. 5.6 An example of the effect of the cross-entropy optimization with a non-learnable prior. The 
aggregated posterior (purple contours) tries to match the non-learnable prior (in blue). The purple 
arrows indicate the change of the aggregated posterior. An example of a hole is presented as a dark 
gray ellipse. 

Fig. 5.7 An example of the effect of the cross-entropy optimization with a learnable prior. The 
aggregated posterior (purple contours) tries to match the learnable prior (blue contours). Notice 
that the aggregated posterior is modified to fit the prior (purple arrows), but also the prior is updated 
to cover the aggregated posterior (orange arrows). 

representation, e.g., sparsity. This could be another problem that would result in 
undesirable problems (e.g., non-smooth encoders). 

Eventually, we can ask the fundamental question: What is the best prior then?! The 
answer is already known and is hidden in the cross-entropy term: It is the aggregated 
posterior. If we take .pλ(z) =

∑ N
n=1

1
N qφ(z|xn), then, theoretically, the cross-entropy 

equals the entropy of .qφ(z), and the regularization term . Ω is smallest. However, in 
practice, this is infeasible because:
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• we cannot sum over tens of thousands of points and backpropagate through them, 
• this result is fine from the theoretical point of view; however, the optimization 

process is stochastic and could cause additional errors, 
• as mentioned earlier, choosing the aggregated posterior as the prior does not 

constrain the latent representation in any obvious manner, and, thus, the encoder 
could behave unpredictably, 

• the aggregated posterior may work well if it gets .N → +∞ points, because then we 
can get any distribution; however, this is not the case in practice, and it contradicts 
also the first bullet. 

As a result, we can keep this theoretical solution in mind and formulate approxima-
tions to it that are computationally tractable. In the next sections, we will discuss a 
few of them. 

5.4.1.3 Standard Gaussian 

The vanilla implementation of the VAE assumes a standard Gaussian marginal 
(prior) over . z, .pλ(z) = N(z|0, I). This prior is simple, non-trainable (i.e., no extra 
parameters to learn), and easy to implement. In other words, it is amazing! However, 
as discussed above, the standard normal distribution could lead to very poor hidden 
representations with holes resulting from the mismatch between the aggregated 
posterior and the prior. 

To strengthen our discussion, we trained a small VAE with the standard Gaussian 
prior and two-dimensional latent space. In Fig. 5.8, we present samples from the 
encoder for the test data (black dots) and the contour plot for the standard prior. We 
can spot holes where the aggregated posterior does not assign any points (i.e., the 
mismatch between the prior and the aggregated posterior). 

The code for the standard Gaussian prior is presented below. 

Fig. 5.8 An example of the standard Gaussian prior (contours) and the samples from the aggregated 
posterior (black dots).
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1 class StandardPrior(nn.Module): 
2 def __init__(self, L=2): 
3 super(StandardPrior , self).__init__() 
4 

5 self.L = L 
6 

7 # params weights 
8 self.means = torch.zeros(1, L) 
9 self.logvars = torch.zeros(1, L) 

10 

11 def get_params(self): 
12 return self.means, self.logvars 
13 

14 def sample(self, batch_size): 
15 return torch.randn(batch_size , self.L) 
16 

17 def log_prob(self, z): 
18 return log_standard_normal(z) 

Listing 5.6 A standard Gaussian prior class. 

5.4.1.4 Mixture of Gaussians 

If we take a closer look at the aggregated posterior, we immediately notice that it is 
a mixture model, and a mixture of Gaussians, to be more precise. Therefore, we can 
use the mixture of Gaussians (MoG) prior with K components: 

.pλ(z) =
K⎲
k=1

wkN(z|μk, σ2
k ), (5.47) 

where .λ =
{
{wk}, {μk}, {σ2

k
}
}

are trainable parameters. 
Similarly to the standard Gaussian prior, we trained a small VAE with the mixture 

of Gaussians prior (with .K = 16) and two-dimensional latent space. In Fig. 5.9, we  
present samples from the encoder for the test data (black dots) and the contour plot 
for the MoG prior. Compared to the standard Gaussian prior, the MoG prior fits 
better the aggregated posterior, allowing to patch holes. 

An example of the code is presented below. 
1 class MoGPrior(nn.Module): 
2 def __init__(self, L, num_components): 
3 super(MoGPrior , self).__init__() 
4 

5 self.L = L 
6 self.num_components = num_components 
7 

8 # params 
9 self.means = nn.Parameter(torch.randn(num_components , 

self.L)*multiplier)
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10 self.logvars = nn.Parameter(torch.randn(num_components , 
self.L)) 

11 

12 # mixing weights 
13 self.w = nn.Parameter(torch.zeros(num_components , 1, 1)) 
14 

15 def get_params(self): 
16 return self.means, self.logvars 
17 

18 def sample(self, batch_size): 
19 # mu, lof_var 
20 means, logvars = self.get_params() 
21 

22 # mixing probabilities 
23 w = F.softmax(self.w, dim=0) 
24 w = w.squeeze() 
25 

26 # pick components 
27 indexes = torch.multinomial(w, batch_size , replacement= 

True) 
28 

29 # means and logvars 
30 eps = torch.randn(batch_size , self.L) 
31 for i in range(batch_size): 
32 indx = indexes[i] 
33 if i ==  0:  
34 z = means[[indx]] + eps[[i]] * torch.exp(logvars 

[[indx]]) 
35 else: 
36 z = torch.cat((z, means[[indx]] + eps[[i]] * 

torch.exp(logvars[[indx]])), 0) 
37 return z 
38 

39 def log_prob(self, z): 
40 # mu, lof_var 
41 means, logvars = self.get_params() 
42 

43 # mixing probabilities 
44 w = F.softmax(self.w, dim=0) 
45 

46 # log-mixture-of-Gaussians 
47 z = z.unsqueeze(0) # 1 x B x L  
48 means = means.unsqueeze(1) # K x 1 x L  
49 logvars = logvars.unsqueeze(1) # K x 1 x L  
50 

51 log_p = log_normal_diag(z, means, logvars) + torch.log(w) 
# K x B x L  

52 log_prob = torch.logsumexp(log_p, dim=0, keepdim=False) # 
B x L  

53 

54 return log_prob 
Listing 5.7 A mixture of Gaussians prior class.
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Fig. 5.9 An example of the MoG prior (contours) and the samples from the aggregated posterior 
(black dots). 

5.4.1.5 VampPrior: Variational Mixture of Posteriors Prior 

In [23], it was noticed that we can improve on the MoG prior and approximate the 
aggregated posterior by introducing pseudo-inputs: 

.pλ(z) =
1
K

K⎲
k=1

qφ(z|uk), (5.48) 

where .λ =
{
φ, {u2

k
}
}

are trainable parameters and .uk ∈ XD is a pseudo-input. Notice 
that . φ is a part of the trainable parameters. The idea of pseudo-input is to randomly 
initialize objects that mimic observable variables (e.g., images) and learn them by 
backpropagation. 

This approximation to the aggregated posterior is called the variational mixture 
of posterior prior, VampPrior for short. In [23], you can find some interesting prop-
erties and further analysis of the Vampprior. The main drawback of the VampPrior 
lies in initializing the pseudo-inputs; however, it serves as a good proxy to the aggre-
gated posterior that improves the generative quality of the VAE, e.g., [10, 52, 53]. 

Alemi et al. [10] presented a nice connection of the VampPrior with the 
information-theoretic perspective on the VAE. They further proposed to introduce 
learnable probabilities of the components: 

.pλ(z) =
K⎲
k=1

wkqφ(z|uk), (5.49) 

to allow the VampPrior to select more relevant components (i.e., pseudo-inputs). 
As in the previous cases, we train a small VAE with the VampPrior (with .K = 16) 

and two-dimensional latent space. In Fig. 5.10, we present samples from the encoder
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Fig. 5.10 An example of the VampPrior (contours) and the samples from the aggregated posterior 
(black dots). 

for the test data (black dots) and the contour plot for the VampPrior. Similar to the 
MoG prior, the VampPrior fits better the aggregated posterior and has fewer holes. 
In this case, we can see that the VampPrior allows the encoders to spread across the 
latent space (notice the values). 

An example of an implementation of the VampPrior is presented below. 
1 class VampPrior(nn.Module): 
2 def __init__(self, L, D, num_vals , encoder, num_components , 

data=None): 
3 super(VampPrior, self).__init__() 
4 

5 self.L = L 
6 self.D = D 
7 self.num_vals = num_vals 
8 

9 self.encoder = encoder 
10 

11 # pseudoinputs 
12 u = torch.rand(num_components , D) * self.num_vals 
13 self.u = nn.Parameter(u) 
14 

15 # mixing weights 
16 self.w = nn.Parameter(torch.zeros(self.u.shape[0], 1, 1)) 

# K x 1 x 1  
17 

18 def get_params(self): 
19 # u->encoder->mu, lof_var 
20 mean_vampprior , logvar_vampprior = self.encoder.encode( 

self.u) #(K x L),  (K x L)  
21 return mean_vampprior , logvar_vampprior 
22 

23 def sample(self, batch_size): 
24 # u->encoder->mu, lof_var 
25 mean_vampprior , logvar_vampprior = self.get_params() 
26 

27 # mixing probabilities 
28 w = F.softmax(self.w, dim=0) # K x 1 x 1  
29 w = w.squeeze() 
30 

31 # pick components 
32 indexes = torch.multinomial(w, batch_size , replacement= 

True)
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33 

34 # means and logvars 
35 eps = torch.randn(batch_size , self.L) 
36 for i in range(batch_size): 
37 indx = indexes[i] 
38 if i ==  0:  
39 z = mean_vampprior[[indx]] + eps[[i]] * torch.exp 

(logvar_vampprior[[indx]]) 
40 else: 
41 z = torch.cat((z, mean_vampprior[[indx]] + eps[[i 

]] * torch.exp(logvar_vampprior[[indx]])), 0) 
42 return z 
43 

44 def log_prob(self, z): 
45 # u->encoder->mu, lof_var 
46 mean_vampprior , logvar_vampprior = self.get_params() # (K  

x L) & (K x L)  
47 

48 # mixing probabilities 
49 w = F.softmax(self.w, dim=0) # K x 1 x 1  
50 

51 # log-mixture-of-Gaussians 
52 z = z.unsqueeze(0) # 1 x B x L  
53 mean_vampprior = mean_vampprior.unsqueeze(1) # K x 1 x L  
54 logvar_vampprior = logvar_vampprior.unsqueeze(1) # K x 1  

x L  
55 

56 log_p = log_normal_diag(z, mean_vampprior , 
logvar_vampprior) + torch.log(w) # K x B x L  

57 log_prob = torch.logsumexp(log_p, dim=0, keepdim=False) # 
B x L  

58 

59 return log_prob 
Listing 5.8 A VampPrior class. 

5.4.1.6 GTM: Generative Topographic Mapping 

In fact, we can use any density estimator to model the prior. In [54] a density estimator 
called generative topographic mapping (GTM) was proposed that defines a grid 
of K points in a low-dimensional space, .u ∈ RC , namely: 

.p(u) =
K⎲
k=1

wkδ(u − uk) (5.50) 

that is further transformed to a higher-dimensional space by a transformation . gγ. 
The transformation . gγ predicts parameters of a distribution, e.g., the Gaussian dis-
tribution, thus, .gγ : RC → R

2×M . Eventually, we can define the distribution as 
follows:
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Fig. 5.11 An example of the GTM-based prior (contours) and the samples from the aggregated 
posterior (black dots). 

.pλ(z) =
∫

p(u)N
⎛
z|μg(u), σ2

g(u)
⎞

du (5.51) 

= 
K⎲
k=1 

wkN
⎛
z|μg(uk), σ2 

g(uk)
⎞
, (5.52) 

where .μg(u) and . σ2
g rare outputs of the transformation .gγ(u). 

For instance, for .C = 2 and .K = 3, we can define the following grid: . u ∈
{[−1,−1], [−1, 0], [−1, 1], [0,−1], [0, 1], [0, 1], [1,−1], [1, 0], [1,−1]}. Notice that the 
grid is fixed and only the transformation (e.g., a neural network) . gγ is trained. 

As in the previous cases, we train a small VAE with the GTM-based prior (with 
.K = 16, i.e., a .4×4 grid) and a two-dimensional latent space. In Fig. 5.11, we present 
samples from the encoder for the test data (black dots) and the contour plot for the 
GTM-based prior. Similar to the MoG prior and the VampPrior, the GTM-based 
prior learns a pretty flexible distribution. 

An example of an implementation of the GTM-based prior is presented below. 
1 class GTMPrior(nn.Module): 
2 def __init__(self, L, gtm_net, num_components , u_min=-1., 

u_max=1.): 
3 super(GTMPrior , self).__init__() 
4 

5 self.L = L 
6 

7 # 2D manifold 
8 self.u = torch.zeros(num_components**2, 2) # K**2 x 2 
9 u1 = torch.linspace(u_min, u_max, steps=num_components) 

10 u2 = torch.linspace(u_min, u_max, steps=num_components) 
11 

12 k = 0  
13 for i in range(num_components): 
14 for j in range(num_components):
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15 self.u[k,0] = u1[i] 
16 self.u[k,1] = u2[j] 
17 k = k + 1  
18 

19 # gtm network: u -> z 
20 self.gtm_net = gtm_net 
21 

22 # mixing weights 
23 self.w = nn.Parameter(torch.zeros(num_components**2, 1, 1)) 
24 

25 def get_params(self): 
26 # u->z 
27 h_gtm = self.gtm_net(self.u) #K**2 x 2L 
28 mean_gtm , logvar_gtm = torch.chunk(h_gtm, 2, dim=1) # K  

**2 x L and K**2 x L 
29 return mean_gtm , logvar_gtm 
30 

31 def sample(self, batch_size): 
32 # u->z 
33 mean_gtm , logvar_gtm = self.get_params() 
34 

35 # mixing probabilities 
36 w = F.softmax(self.w, dim=0) 
37 w = w.squeeze() 
38 

39 # pick components 
40 indexes = torch.multinomial(w, batch_size , replacement= 

True) 
41 

42 # means and logvars 
43 eps = torch.randn(batch_size , self.L) 
44 for i in range(batch_size): 
45 indx = indexes[i] 
46 if i ==  0:  
47 z = mean_gtm[[indx]] + eps[[i]] * torch.exp( 

logvar_gtm[[indx]]) 
48 else: 
49 z = torch.cat((z, mean_gtm[[indx]] + eps[[i]] * 

torch.exp(logvar_gtm[[indx]])), 0) 
50 return z 
51 

52 def log_prob(self, z): 
53 # u->z 
54 mean_gtm , logvar_gtm = self.get_params() 
55 

56 # log-mixture-of-Gaussians 
57 z = z.unsqueeze(0) # 1 x B x L  
58 mean_gtm = mean_gtm.unsqueeze(1) # K**2  x 1 x L  
59 logvar_gtm = logvar_gtm.unsqueeze(1) # K**2  x 1 x L  
60 

61 w = F.softmax(self.w, dim=0) 
62 

63 log_p = log_normal_diag(z, mean_gtm , logvar_gtm) + torch. 
log(w) # K**2  x B x L
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64 log_prob = torch.logsumexp(log_p, dim=0, keepdim=False) # 
B x L  

65 

66 return log_prob 
Listing 5.9 A GTM-based prior class. 

5.4.1.7 GTM-VampPrior 

As mentioned earlier, the main issue with the VampPrior is the initialization of the 
pseudo-inputs. Instead, we can use the idea of the GTM to learn the pseudo-inputs. 
Combining these two approaches, we get the following prior: 

.pλ(z) =
K⎲
k=1

wkqφ
(
z|gγ(uk)

)
, (5.53) 

where we first define a grid in a low-dimensional space, . {uk}, and then transform 
them to . XD using the transformation . gγ. 

Now, we train a small VAE with the GTM-VampPrior (with .K = 16, i.e., a . 4 × 4
grid) and a two-dimensional latent space. In Fig. 5.12, we present samples from the 
encoder for the test data (black dots) and the contour plot for the GTM-VampPrior. 
Again, this mixture-based prior allows wrapping the points (the aggregated posterior) 
and assigning the probability to proper regions. 

An example of an implementation of the GTM-VampPrior is presented below. 
1 class GTMVampPrior(nn.Module): 
2 def __init__(self, L, D, gtm_net, encoder, num_points , u_min 

=-10., u_max=10., num_vals=255): 
3 super(GTMVampPrior , self).__init__() 
4 

5 self.L = L 
6 self.D = D 
7 self.num_vals = num_vals 
8 

9 self.encoder = encoder 
10 

11 # 2D manifold 
12 self.u = torch.zeros(num_points**2, 2) # K**2  x 2  
13 u1 = torch.linspace(u_min, u_max, steps=num_points) 
14 u2 = torch.linspace(u_min, u_max, steps=num_points) 
15 

16 k = 0  
17 for i in range(num_points): 
18 for j in range(num_points): 
19 self.u[k,0] = u1[i] 
20 self.u[k,1] = u2[j] 
21 k = k + 1  
22 

23 # gtm network: u -> x
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24 self.gtm_net = gtm_net 
25 

26 # mixing weights 
27 self.w = nn.Parameter(torch.zeros(num_points**2, 1, 1)) 
28 

29 def get_params(self): 
30 # u->gtm_net->u_x 
31 h_gtm = self.gtm_net(self.u) #K x D 
32 h_gtm = h_gtm * self.num_vals 
33 # u_x->encoder->mu, lof_var 
34 mean_vampprior , logvar_vampprior = self.encoder.encode( 

h_gtm) #(K x L),  (K x L)  
35 return mean_vampprior , logvar_vampprior 
36 

37 def sample(self, batch_size): 
38 # u->encoder->mu, lof_var 
39 mean_vampprior , logvar_vampprior = self.get_params() 
40 

41 # mixing probabilities 
42 w = F.softmax(self.w, dim=0) 
43 w = w.squeeze() 
44 

45 # pick components 
46 indexes = torch.multinomial(w, batch_size , replacement= 

True) 
47 

48 # means and logvars 
49 eps = torch.randn(batch_size , self.L) 
50 for i in range(batch_size): 
51 indx = indexes[i] 
52 if i ==  0:  
53 z = mean_vampprior[[indx]] + eps[[i]] * torch.exp 

(logvar_vampprior[[indx]]) 
54 else: 
55 z = torch.cat((z, mean_vampprior[[indx]] + eps[[i 

]] * torch.exp(logvar_vampprior[[indx]])), 0) 
56 return z 
57 

58 def log_prob(self, z): 
59 # u->encoder->mu, lof_var 
60 mean_vampprior , logvar_vampprior = self.get_params() 
61 

62 # mixing probabilities 
63 w = F.softmax(self.w, dim=0) 
64 

65 # log-mixture-of-Gaussians 
66 z = z.unsqueeze(0) # 1 x B x L  
67 mean_vampprior = mean_vampprior.unsqueeze(1) # K x 1 x L  
68 logvar_vampprior = logvar_vampprior.unsqueeze(1) # K x 1  

x L  
69 

70 log_p = log_normal_diag(z, mean_vampprior , 
logvar_vampprior) + torch.log(w) # K x B x L
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71 log_prob = torch.logsumexp(log_p, dim=0, keepdim=False) # 
B x L  

72 

73 return log_prob 
Listing 5.10 A GTM-VampPrior prior class. 

Fig. 5.12 An example of the GTM-VampPrior (contours) and the samples from the aggregated 
posterior (black dots). 

5.4.1.8 Flow-Based Prior 

The last distribution we want to discuss here is a flow-based prior. Since flow-based 
models can be used to estimate any distribution, it is almost obvious to use them 
for approximating the aggregated posterior. Here, we use the implementation of the 
RealNVP presented before (see Chap. 4 for details).
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Fig. 5.13 An example of the flow-based prior (contours) and the samples from the aggregated 
posterior (black dots). 

As in the previous cases, we train a small VAE with the flow-based prior and 
two-dimensional latent space. In Fig. 5.13, we present samples from the encoder for 
the test data (black dots) and the contour plot for the flow-based prior. Similar to 
the previous mixture-based priors, the flow-based prior allows approximating the 
aggregated posterior very well. This is in line with many papers using flows as the 
prior in the VAE [24, 25]; however, we must remember that the flexibility of the 
flow-based prior comes with the cost of an increased number of parameters and 
potential training issues inherited from the flows. 

An example of an implementation of the flow-based prior is presented below. 
1 class FlowPrior(nn.Module): 
2 def __init__(self, nets, nett, num_flows , D=2): 
3 super(FlowPrior, self).__init__() 
4 

5 self.D = D 
6 

7 self.t = torch.nn.ModuleList([nett() for _ in range( 
num_flows)]) 

8 self.s = torch.nn.ModuleList([nets() for _ in range( 
num_flows)]) 

9 self.num_flows = num_flows 
10 

11 def coupling(self, x, index, forward=True): 
12 (xa, xb) = torch.chunk(x, 2, 1) 
13 

14 s = self.s[index](xa) 
15 t = self.t[index](xa) 
16 

17 if forward: 
18 #yb = f^{-1}(x) 
19 yb = (xb - t) * torch.exp(-s) 
20 else: 
21 #xb = f(y) 
22 yb = torch.exp(s) * xb + t 
23 

24 return torch.cat((xa, yb), 1), s
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25 

26 def permute(self, x): 
27 return x.flip(1) 
28 

29 def f(self, x): 
30 log_det_J , z = x.new_zeros(x.shape[0]), x 
31 for i in range(self.num_flows): 
32 z, s = self.coupling(z, i, forward=True) 
33 z = self.permute(z) 
34 log_det_J = log_det_J - s.sum(dim=1) 
35 

36 return z, log_det_J 
37 

38 def f_inv(self, z): 
39 x = z  
40 for i in reversed(range(self.num_flows)): 
41 x = self.permute(x) 
42 x, _ = self.coupling(x, i, forward=False) 
43 

44 return x 
45 

46 def sample(self, batch_size): 
47 z = torch.randn(batch_size , self.D) 
48 x = self.f_inv(z) 
49 return x.view(-1, self.D) 
50 

51 def log_prob(self, x): 
52 z, log_det_J = self.f(x) 
53 log_p = (log_standard_normal(z) + log_det_J.unsqueeze(1)) 
54 return log_p 

Listing 5.11 A flow-based prior class. 

5.4.1.9 Remarks 

In practice, we can use any density estimator to model .pλ(z). For instance, we can use 
an autoregressive model [26] or more advanced approaches like resampled priors [27] 
or hierarchical priors [53]. Therefore, there are many options! However, there is still 
an open question how to do that and what role the prior (the marginal) should play. 
As I mentioned in the beginning, Bayesianists would say that the marginal should 
impose some constraints on the latent space or, in other words, our prior knowledge 
about it. I am a Bayesiast deep down in my heart, and this way of thinking is very 
appealing to me. However, it is still unclear what is a good latent representation. 
This question is as old as mathematical modeling. I think that it would be interesting 
to look at optimization techniques, maybe applying a gradient-based method to all 
parameters/weights at once is not the best solution. Anyhow, I am pretty sure that 
modeling the prior is more important than many people think and plays a crucial 
role in VAEs.
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5.4.2 Variational Posteriors 

In general, variational inference searches for the best posterior approximation within 
a parametric family of distributions. Hence, recovering the true posterior is possible 
only if it happens to be in the chosen family. In particular, with widely used vari-
ational families such as diagonal covariance Gaussian distributions, the variational 
approximation is likely to be insufficient. Therefore, designing tractable and more 
expressive variational families is an important problem in VAEs. Here, we present 
two families of conditional normalizing flows that can be used for that purpose, 
namely, Householder flows [20] and Sylvester flows [16]. There are other interesting 
families, and we refer the reader to the original papers, e.g., the generalized Sylvester 
flows [17] and the inverse autoregressive flows [18]. 

The general idea about using the normalizing flows to parameterize the variational 
posteriors is to start with a relatively simple distribution like the Gaussian with the 
diagonal covariance matrix and then transform it to a complex distribution through a 
series of invertible transformations [19]. Formally speaking, we start with the latents 
. z(0) distributed according to .N(z(0))|μ(x, σ2(x)) and then, after applying a series 
of invertible transformations . f(t), for  .t = 1, . . . ,T , the last iterate gives a random 
variable . z(T ) that has a more flexible distribution. Once we choose transformations 
. f(t) for which the Jacobian determinant can be computed, we aim at optimizing the 
following objective: 

. ln p(x) ≥ Eq(z(0) |x)
⎾
ln p(x|z(T )) +

T⎲
t=1

ln
|||det

∂f(t)

∂z(t−1)

|||
⏋
− KL

(
q(z(0) |x)| |p(z(T ))

)
.

(5.54) 

In fact, the normalizing flow can be used to enrich the posterior of the VAE with 
small or even no modifications in the architecture of the encoder and the decoder. 

5.4.2.1 Variational Posteriors with Householder Flows [20] 

Motivation 

First, we notice that any full-covariance matrix . Σ can be represented by the eigenvalue 
decomposition using eigenvectors and eigenvalues: 

.Σ = UDUT, (5.55) 

where . U is an orthogonal matrix with eigenvectors in columns and . D is a diagonal 
matrix with eigenvalues. In the case of the vanilla VAE, it would be tempting to 
model the matrix . U to obtain a full-covariance matrix. The procedure would require 
a linear transformation of a random variable using an orthogonal matrix . U. Since 
the absolute value of the Jacobian determinant of an orthogonal matrix is 1, for 
.z(1) = Uz(0), one gets .z(1) ∼ N(Uμ,U diag(σ2) UT). If .diag(σ2) coincides with true
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. D, then it would be possible to resemble the true full-covariance matrix. Hence, the 
main goal would be to model the orthogonal matrix of eigenvectors. 

Generally, the task of modeling an orthogonal matrix in a principled manner 
is rather nontrivial. However, first, we notice that any orthogonal matrix can be 
represented in the following form [55, 56]: 

Theorem 

Theorem 5.1 (The Basis-Kernel Representation of Orthogonal Matri-
ces) For any .M × M orthogonal matrix . U there exist a full-rank . M × K
matrix . Y (the basis) and a nonsingular (triangular) .K × K matrix . S (the 
kernel), .K ≤ M , such that: 

.U = I − YSYT. (5.56) 

The value K is called the degree of the orthogonal matrix. Further, it can be 
shown that any orthogonal matrix of degree K can be expressed using the product 
of Householder transformations [55, 56], namely: 

Theorem 

Theorem 5.2 Any orthogonal matrix with the basis acting on the K-
dimensional subspace can be expressed as a product of exactly K House-
holder matrices: 

.U = HKHK−1 · · ·H1, (5.57) 

where .Hk = I − SkkY·k(Y·k)T, for .k = 1, . . . ,K . 

Theoretically, Theorem 5.2 shows that we can model any orthogonal matrix in 
a principled fashion using K Householder transformations. Moreover, the House-
holder matrix . Hk is orthogonal matrix itself [57]. Therefore, this property and the 
Theorem 5.2 put the Householder transformation as a perfect candidate for formu-
lating a volume-preserving flow that allows to approximate (or even capture) the true 
full-covariance matrix. 

Householder Flows 

The Householder transformation is defined as follows. For a given vector .z(t−1), the  
reflection hyperplane can be defined by a vector (a Householder vector) .vt ∈ RM that 
is orthogonal to the hyperplane, and the reflection of this point about the hyperplane 
is [57]:
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(a) encoder network + Householder Flow (b) one step of the Householder Flow 

NN HF 

x z(0) z(T ) 

v0 

Htz(t−1) 

z(t−1) z(t) 

vt−1 

vt 

Fig. 5.14 A schematic representation of the encoder network with the Householder flow. (a) The  
general architecture of the VAE+HF: The encoder returns means and variances for the posterior 
and the first Householder vector that is further used to formulate the Householder flow. (b) A single  
step of the Householder flow that uses linear Householder transformation. In both figures, solid 
lines correspond to the encoder network, and the dashed lines are additional quantities required by 
the HF. 

.z(t) =
⎛
I − 2

vtvTt
| |vt | |2

⎞
z(t−1) (5.58) 

= Htz(t−1), (5.59) 

where .Ht = I − 2 vtvTt
| |vt | |2

is called the Householder matrix. 
The most important property of . Ht is that it is an orthogonal matrix, and hence 

the absolute value of the Jacobian determinant is equal to 1. This fact significantly 
simplifies the objective (5.54) because .ln

|||det ∂Ht z(t−1)

∂z(t−1)

||| = 0, for .t = 1, . . . ,T . Starting 
from a simple posterior with the diagonal covariance matrix for . z(0), the series of 
T linear transformations given by (5.58) defines a new type of volume-preserving 
flow that we refer to as the Householder flow (HF). The vectors . vt , .t = 1, . . . ,T , are  
produced by the encoder network along with means and variances using a linear layer 
with the input . vt−1, where .v0 = h is the last hidden layer of the encoder network. 
The idea of the Householder flow is schematically presented in Fig. 5.14. Once the 
encoder returns the first Householder vector, the Householder flow requires T linear 
operations to produce a sample from a more flexible posterior with an approximate 
full-covariance matrix. 

5.4.2.2 Variational Posteriors with Sylvester Flows [16] 

Motivation 

The Householder flow can model only full-covariance Gaussians that is still not 
necessarily a rich family of distributions. Now, we will look into a generalization of 
the Householder flows. For this purpose, let us consider the following transformation 
similar to a single-layer MLP with M hidden units and a residual connection: 

.z(t) = z(t−1) + Ah(Bz(t−1) + b), (5.60)
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with .A ∈ RD×M,B ∈ RM×D , .b ∈ RM , and .M ≤ D. The Jacobian determinant of 
this transformation can be obtained using Sylvester’s determinant identity, which  is  
a generalization of the matrix determinant lemma. 

Theorem 

Theorem 5.3 (Sylvester’s determinant identity) For all . A ∈ RD×M,B ∈
R
M×D , 

. det (ID + AB) = det (IM + BA) , (5.61) 

where . IM and . ID are M and D-dimensional identity matrices, respectively. 

When .M < D, the computation of the determinant of a .D × D matrix is thus 
reduced to the computation of the determinant of an .M × M matrix. 

Using Sylvester’s determinant identity, the Jacobian determinant of the transfor-
mation in Eq. (5.60) is given by: 

. det
⎛
∂z(t)

∂z(t−1)

⎞
= det

⎛
IM + diag

⎛
h'(Bz(t−1) + b)

⎞
BA

⎞
. (5.62) 

Since Sylvester’s determinant identity plays a crucial role in the proposed family of 
normalizing flows, we will refer to them as Sylvester normalizing flows. 

Parameterization of A and B 

In general, the transformation in (5.60) will not be invertible. Therefore, we propose 
the following special case of the above transformation: 

.z(t) = z(t−1) +QRh(R̃QT z(t−1) + b), (5.63) 

where . R and . R̃ are upper triangular .M × M matrices, and 

. Q = (q1 . . . qM )

with the columns .qm ∈ RD forming an orthonormal set of vectors. By Theorem 5.3, 
the determinant of the Jacobian . J of this transformation reduces to: 

. det(J) = det
⎛
IM + diag

⎛
h'(R̃QT z(t−1) + b)

⎞
R̃QTQR

⎞

= det
⎛
IM + diag

⎛
h'(R̃QT z(t−1) + b)

⎞
R̃R

⎞
, (5.64) 

which can be computed in .O(M), since . R̃R is also upper triangular. The following 
theorem gives a sufficient condition for this transformation to be invertible.
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Theorem [16] 

Theorem 5.4 Let . R and . R̃ be upper triangular matrices. Let . h : R −→ R

be a smooth function with bounded, positive derivative. Then, if the diag-
onal entries of . R and . R̃ satisfy .rii r̃ii > −1/‖h'‖∞ and . R̃ is invertible, the 
transformation given by (5.63) is invertible. 

The proof of this theorem can be found in [16]. 

Preserving Orthogonality of Q 

Orthogonality is a convenient property, mathematically, but hard to achieve in prac-
tice. In this section, we consider three different flows based on the theorem above 
and various ways to preserve the orthogonality of . Q. The first two use explicit dif-
ferentiable constructions of orthogonal matrices, while the third variant assumes a 
specific fixed permutation matrix as the orthogonal matrix. 

Orthogonal Sylvester flows. First, we consider a Sylvester flow using matrices 
with M orthogonal columns (O-SNF). In this flow, we can choose .M < D and thus 
introduce a flexible bottleneck. Similar to [58], we ensure orthogonality of . Q by 
applying the following differentiable iterative procedure proposed by [59, 60]: 

.Q(k+1) = Q(k)
⎛
I + 1

2

⎛
I − Q(k)TQ(k)

⎞⎞
. (5.65) 

with a sufficient condition for convergence given by .‖Q(0)TQ(0) − I‖2 < 1. Here, the 
2-norm of a matrix . X refers to .‖X‖2 = λmax(X), with .λmax(X) representing the largest 
singular value of . X. In our experimental evaluations, we ran the iterative procedure 
until .‖Q(k)TQ(k)−I‖F ≤ ϵ , with .‖X‖F the Frobenius norm, and . ϵ a small convergence 
threshold. We observed that running this procedure up to 30 steps was sufficient to 
ensure convergence with respect to this threshold. To minimize the computational 
overhead introduced by orthogonalization, we perform this orthogonalization in 
parallel for all flows. 

Since this orthogonalization procedure is differentiable, it allows for the calcula-
tion of gradients with respect to . Q(0) by backpropagation, allowing for any standard 
optimization scheme such as stochastic gradient descent to be used for updating the 
flow parameters. 

Householder Sylvester flows. Second, we study Householder Sylvester flows 
(H-SNF) where the orthogonal matrices are constructed by products of Householder 
reflections. Householder transformations are reflections about hyperplanes. Let . v ∈
R
D , then the reflection about the hyperplane orthogonal to . v is  given by Eq. 5.58. 
It is worth noting that performing a single Householder transformation is very 

cheap to compute, as it only requires D parameters. Chaining together several House-
holder transformations results in more general orthogonal matrices, and Theorem 5.2
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shows that any .M × M orthogonal matrix can be written as the product of . M − 1
Householder transformations. In our Householder Sylvester flow, the number of 
Householder transformations H is a hyperparameter that trades off the number of 
parameters and the generality of the orthogonal transformation. Note that the use of 
Householder transformations forces us to use .M = D, since Householder transfor-
mation results in square matrices. 

Triangular Sylvester flows. Third, we consider a triangular Sylvester flow (T-
SNF), in which all orthogonal matrices . Q alternate per transformation between the 
identity matrix and the permutation matrix corresponding to reversing the order of 
. z. This is equivalent to alternating between lower and upper triangular . R̃ and . R for 
each flow. 

Amortizing Flow Parameters 

When using normalizing flows in an amortized inference setting, the parameters of 
the base distribution as well as the flow parameters can be functions of the data point 
. x [19]. Figure 5.15 (left) shows a diagram of one SNF step and the amortization 
procedure. The inference network takes datapoints . x as input and provides as an 
output the mean and variance of . z(0) such that .z(0) ∼ N(z|μ0, σ0). Several SNF 
transformations are then applied to .z(0) → z(1) → . . . z(T ), producing a flexible 
posterior distribution for . z(T ). All of the flow parameters (. R, . R̃, and . Q for each 
transformation) are produced as an output by the inference network and are thus 
fully amortized. 

A B  

SNF 
transformation 

IAF 
transformation 

Fig. 5.15 Different amortization strategies for Sylvester normalizing flows and inverse autore-
gressive flows (a) Our inference network produces amortized flow parameters. This strategy is 
also employed by planar flows. (b) Inverse autoregressive flow [18] introduces a measure of . x
dependence through a context variable . h(x). This context acts as an additional input for each 
transformation. The flow parameters themselves are independent of . x.
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5.4.2.3 Hyperspherical Latent Space 

Motivation 

In the VAE framework, choosing Gaussian priors and Gaussian posteriors from the 
mathematical convenience leads to Euclidean latent space. However, such a choice 
could be limiting for the following reasons: 
• In low dimensions, the standard Gaussian probability presents a concentrated 

probability mass around the mean, encouraging points to cluster in the center. 
However, this is particularly problematic when the data is divided into multiple 
clusters. Then, a better-suited prior would be uniform. Such a uniform prior, 
however, is not well defined on the hyperplane. 

• It is a well-known phenomenon that the standard Gaussian distribution in high 
dimensions tends to resemble a uniform distribution on the surface of a hyper-
sphere, with the vast majority of its mass concentrated on the hyperspherical shell 
(the so-called soap bubble effect). A natural question is whether it would be better 
to use a distribution defined on the hypersphere. 

A distribution that would allow solving both problems at once is the von-Mises-
Fisher distribution. It was advocated in [33] to use this distribution in the context of 
VAEs. 

von-Mises-Fisher Distribution 

The von Mises-Fisher (vMF) distribution is often described as the normal Gaussian 
distribution on a hypersphere. Analogous to a Gaussian, it is parameterized by 
.μ ∈ Rm indicating the mean direction, and .κ ∈ R≥0 the concentration around . μ. 
For the special case of .κ = 0, the vMF represents a uniform distribution. The 
probability density function of the vMF distribution for a random unit vector . z ∈ Rm
(or .z ∈ Sm−1) is then defined as 

.q(z|μ, κ) = Cm(κ) exp (κμT z) (5.66) 

Cm(κ) = κm/2−1 

(2π)m/2Im/2−1(κ)
, (5.67) 

where .| |μ| |2 = 1, .Cm(κ) is the normalizing constant and . Iv denotes the modified 
Bessel function of the first kind at order v. 

Interestingly, since we define a distribution over a hypersphere, it is possible to 
formulate a uniform prior over the hypersphere. Then it turns out that if we take the 
vMF distribution as the variational posterior, it is possible to calculate the Kullback-
Leiber divergence between the vMF distribution and the uniform defined over . Sm−1

analytically [33]: 

.KL[vMF(μ, κ)| |Unif(Sm−1)] = κ + logCm(κ) − log
⎛
2(πm/2)
Γ(m/2)

⎞−1

. (5.68)
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To sample from the vMF, one can follow the procedure of [61]. Importantly, the 
reparameterization cannot be easily formulated for the vMF distribution. Fortunately, 
[62] allows extending the reparameterization trick to the wide class of distributions 
that can be simulated using rejection sampling. Davidson et al. [33] presents how  
to formulate the acceptance-rejection sampling reparameterization procedure. Being 
equipped with the sampling procedure and the reparameterization trick, and having 
an analytical form of the Kullback-Leibler divergence, we have everything to be able 
to build a hyperspherical VAE. However, please note that all these procedures are 
less trivial than the ones for Gaussians. Therefore, a curious reader is referred to [33] 
for further details. 

5.5 Hierarchical Latent Variable Models 

5.5.1 Introduction 

The main goal of AI is to formulate and implement systems that can interact with an 
environment, process, store, and transmit information. In other words, we wish an 
AI system understands the world around it by identifying and disentangling hidden 
factors in the observed low sensory data [63]. If we think about the problem of 
building such a system, we can formulate it as learning a probabilistic model, i.e., a 
joint distribution over observed data, . x, and hidden factors, . z, namely, .p(x, z). Then 
learning a useful representation is equivalent to finding a posterior distribution over 
the hidden factors, .p(z|x). However, it is rather unclear what we really mean by useful 
in this context. In a beautiful blog post [64], Ferenc Huszar outlines why learning a 
latent variable model by maximizing the likelihood function is not necessarily useful 
from the representation learning perspective. Here, we will use it as a good starting 
point for a discussion of why applying hierarchical latent variable models could be 
beneficial. 

Let us start by defining the setup. We assume the empirical distribution . pdata(x)
and a latent variable model .pθ (x, z). The way we parameterize the latent variable 
model is not constrained in any manner; however, we assume that the distribution 
is parameterized using deep neural networks (DNNs). This is important for two 
reasons: 

1. DNNs are nonlinear transformations, and as such, they are flexible and allow 
parameterizing a wide range of distributions. 

2. We must remember that DNNs will not solve all problems for us! In the end, we 
need to think about the model as a whole, not only about the parameterization. 
What I mean by that is the distribution we choose and how random variables 
interact, etc. DNNs are definitely helpful, but there are many potential pitfalls 
(we will discuss some of them later on) that even the largest and coolest DNN is 
unable to take care of.
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It is worth remembering that the joint distribution could be factorized in two 
ways, namely: 

.pθ (x, z) = pθ (x|z)pθ (z) (5.69) 
= pθ (z|x)pθ (x). (5.70) 

Moreover, the training problem of learning . θ could be defined as an unconstrained 
optimization problem with the following training objective: 

.KL[pdata(x)| |pθ (x)] = −H[pdata(x)] + CE[pdata(x)| |pθ (x)] (5.71) 
= const + CE[pdata(x)| |pθ (x)], (5.72) 

where .pθ (x) =
∫
pθ (x, z) dz, .H[·] denotes the entropy and .CE[·| |·] is the cross 

entropy. Notice that the entropy of the empirical distribution is simply a constant, 
since it does not contain . θ. The cross-entropy could be further rewritten as follows: 

.CE[pdata(x)| |pθ (x)] = −
∫

pdata(x) ln pθ (x) dx (5.73) 

= − 1 
N 

N⎲
n=1 

ln pθ (xn). (5.74) 

Eventually, we obtained the objective function we use all the time, namely, the 
negative log-likelihood function. 

If we think of usefulness of a representation (i.e., hidden factors) . z, we intuitively 
think of some kind of information that is shared between . z and . x. However, the 
unconstrained training problem we consider, i.e., the minimization of the negative 
log-likelihood function, does not necessarily say anything about the latent repre-
sentation. In the end, we optimize the marginal over observable variables, because 
we do not have access to values of latent variables. Even more, typically we do not 
know what these hidden factors are or should be! As a result, our latent variable 
model can learn to. . . disregard the latent variables completely. Let us look into this 
problem in more detail. 

A Potential Problem with Latent Variable Models 

Following the discussion presented in [64], we can visualize two scenarios that are 
pretty common in deep generative modeling with latent variables models. Before 
delving into that, it is beneficial to explain the general picture. We are interested 
in analyzing a class of latent variable models with respect to usefulness of latents 
and the value of the objective function .KL[pdata(x)| |pθ (x)]. In Fig. 5.16, we depict 
a case when all models are possible, namely, a search space where models are 
evaluated according to the training objective (x-axis) and usefulness (y-axis). The 
ideal model is the one in the top left corner that maximizes both criteria. However, 
it is possible to find a model that completely disregards the latents (the bottom left
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Fig. 5.16 A schematic diagram representing a dependency between usefulness and the objective 
function for all possible latent variable models. The darker the color, the better the objective function 
value. (Reproduced based on [64]). 

corner) while maximizing the fit to data. We already can see that there is a potentially 
huge problem! Running a (numerical) optimization procedure could give infinitely 
many models that are equally good with respect to .KL[pdata(x)| |pθ (x)] but with 
completely different posteriors over latents! That puts in question the applicability 
of the latent variable models. However, in practice, we see that learned latent variables 
are useful (or, in other words, they contain information about observables). So how 
is it possible? 

As pointed out by [64], the reason for that is the inductive bias of the chosen 
class of models. By picking a very specific class of DNNs, we implicitly constrain 
the search space. First, the left-most models in Fig. 5.16 are typically unattainable. 
However, using some kind of bottlenecks in our class of models potentially leads 
to a situation that latents must contain some information about observables. As a 
result, they become useful. An example of such a situation is depicted in Fig. 5.17. 
After running a training algorithm, we can end in one of the two “spikes” where 
the training objective is the highest and the usefulness is nonzero. Still, we can 
achieve the same performing models at two different levels of the usefulness, but at 
least the information flows from . x to . z. Obviously, the considered scenario is purely 
hypothetical, but it shows that the inductive bias of a model can greatly help to learn 
representations without being specified by the objective function. Please keep this 
thought in mind, because it will play a crucial role later on! 

The next situation is more tricky. Let us assume that we have a constrained class 
of models; however, the conditional likelihood .p(x|z) is parameterized by a flexible, 
enormous DNN. A potential danger here is that this model could learn to completely 
disregard . z, treating it as a noise. As a result, .p(x|z) becomes an unconditional 
distribution that mimics .pdata(x) almost perfectly. At first glance, this scenario 
sounds unrealistic, but it is a well-known phenomenon in the field. For instance, 
[10] conducted a thorough experiment with variational auto-encoders, and taking a 
PixelCNN++-based decoder resulted in a VAE that was unable to reconstruct images. 
Their conclusion was exactly the same, namely, taking a class of models with too 
flexible .p(x|z) could lead to the model in the bottom left corner in Fig. 5.18.
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Fig. 5.17 A schematic diagram representing a dependency between usefulness and the objective 
function for a constrained class of models. The darker the color, the better the objective function 
value. (Reproduced based on [64]). 

Fig. 5.18 A schematic diagram representing a dependency between usefulness and the objective 
function for a class of models with flexible .p(x |z). The darker the color, the better the objective 
function value. (Reproduced based on [64]). 

How to Define a Proper Class of Models? 

Alright, you are probably a bit confused about what we have discussed so far. The 
general picture is rather pessimistic, because it seems that picking a proper class of 
models, i.e., a class of models that allow achieving useful latent representations, is a 
nontrivial task. Moreover, the whole story sounds like walking in the dark, trying out 
various DNNs architectures, and hoping that we obtain a meaningful representation. 

Fortunately, the problem is not as horrible as it looks at first glance. Some ideas 
formulate a constrained optimization problem [12, 65] or add an auxiliary regularizer 
[66, 67] to (implicitly) define usefulness of the latents. Here, we will discuss one 
of the possible approaches that utilize hierarchical architectures. However, it is 
worth remembering that the issue of learning useful representations remains an open 
question and is a vivid research direction. 

Hierarchical models have a long history in deep generative modeling and deep 
learning and were advocated by many prominent researchers, e.g., [68–70]. The main 
hypothesis is that the concepts describing the world around us could be organized 
hierarchically. In light of our discussion, if a latent variable model takes a hierar-
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chical structure, it may introduce an inductive bias, constrain the class of models, 
and, eventually, force information flow between latents and observables. At least in 
theory. Shortly, we will see that we must be very careful with formulating stochastic 
dependencies in the hierarchy. In the next sections, we will focus on latent variable 
models with variational inference, i.e., hierarchical variational auto-encoders. 

A side note 

One may be tempted to associate hierarchical modeling with Bayesian hier-
archical modeling. These two terms are not necessarily equivalent. Bayesian 
hierarchical modeling is about treating (hyper)parameters as random vari-
ables and formulating distributions over (hyper)parameters [71]. Here, we 
do not take advantage of Bayesian modeling and consider a hierarchy among 
latent variables, not parameters. 

5.5.2 Hierarchical VAEs 

5.5.2.1 Two-Level VAEs 

Let us start with a VAE with two latent variables: . z1 and . z2. The joint distribution 
could be factorized as follows: 

.p(x, z1, z2) = p(x|z1)p(z1 |z2)p(z2). (5.75) 

This model defines a straightforward generative process: First sample . z2, then sample 
. z1 given . z2, and eventually sample . x given . z1. 

Since we know already that even for a single latent variable calculating posteriors 
over latents is intractable (except the linear Gaussian case, it is worth remembering 
that!), we can utilize the variational inference with a family of variational posteriors 
.Q(z1, z2 |x). Now, the main part is how to define the variational posteriors. A rather 
natural approach would be to reverse the dependencies and factorize the posterior in 
the following fashion: 

.Q(z1, z2 |x) = q(z1 |x)q(z2 |z1, x), (5.76) 

or even we can simplify it as follows (dropping the dependency on . x for the second 
latent variable): 

.Q(z1, z2 |x) = q(z1 |x)q(z2 |z1). (5.77) 

If we take the continuous latents, we can use the Gaussian distributions: 

.p(z1 |z2) = N(z1 |μ(z2), σ2(z2)) (5.78) 
p(z2) = N(z2 |0, 1) (5.79) 

q(z1 |x) = N(z1 |μ(x), σ2(x)) (5.80) 
q(z2 |z1) = N(z2 |μ(z1), σ2(z1)), (5.81)
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Fig. 5.19 An example of a two-level VAE. (a) The generative part. (b) The variational part. 

where .μi(v) means that a mean parameter is parameterized by a neural network that 
takes a random variable . v as input, analogously we parameterize variances (i.e., 
diagonal covariance matrices). As we can see, this is a straightforward extension of 
a VAE we discussed before. 

The two-level VAE is depicted in Fig. 5.19. Notice how the stochastic dependen-
cies are defined; namely, there is always a dependency on a single random variable. 

A Potential Pitfall 

Alright, so are we done? Do we have a better class of VAEs? Unfortunately, the answer 
is no. We noticed that this two-level version of a VAE is a rather straightforward 
extension of a one-level VAE. Thus, our discussion about potential problems with 
latent variable models holds true. We get even get extra insight if we look into the 
ELBO for the two-level VAE (if you do not remember how to derive the ELBO, 
please go back to the previous sections on VAEs first): 

.ELBO(x) = EQ(z1,z2 |x)

⎾
ln p(x|z1) − ln

q(z1 |x)
p(z1 |z2)

− KL[q(z2 |z1)| |p(z2)]
⏋
. (5.82) 

To shed some light on the ELBO for the two-level VAE, we notice the following: 

1. All conditions (.z1, z2, x) are either samples from .Q(z1, z2 |x) or .pdata(x). 
2. We obtain the Kullback-Leibler divergence term for the last layer, i.e., . z2. For  

the term the middle, we cannot obtain the Kullback-Leibler, because we need to 
sample . z1 from .q(z1 |x) first, and then we can get . z2 from .q(z2 |z1). As a result, 
we cannot “swap” distributions to obtain the Kullback-Leibler term. You are 
encouraged to derive the ELBO step by step; it is a great exercise to get familiar 
with the variational inference. 

3. It is worth remembering that the Kullback-Leibler divergence is always nonneg-
ative. 

Theoretically, everything should work perfectly fine, but there are a couple of 
potential problems. First, we initialize all DNNs that parameterize the distributions 
randomly. As a result, all Gaussians are basically standard Gaussians. Second, if
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the decoder is powerful and flexible, there is a huge danger that the model will try 
to take advantage of the optimum for the last KL-term, .KL[q(z2 |z1)| |p(z2)]

⏋
, that 

is .q(z2 |z1) ≈ p(z2) ≈ N(0, 1). Then, since .q(z2 |z1) ≈ N(0, 1), the second layer is 
not used at all (it is a Gaussian noise) and we get back to the same issues as in the 
one-level VAE architecture. It turns out that learning the two-level VAE is even more 
problematic than a VAE with a single latents, because even for a relatively simple 
decoder, the second latent variables . z2 are mostly unused [15, 72]. This effect is 
called the posterior collapse. 

5.5.2.2 Top-Down VAEs 

A takeaway from our considerations in the two-level VAE is that adding an extra level 
does not necessarily provide anything compared to the one-level VAE. However, so 
far, we have considered only one class of variational posteriors, namely: 

.Q(z1, z2 |x) = q(z1 |x)q(z2 |z1). (5.83) 

A natural question is whether we can do better. You can already guess the answer, 
but before shouting it out loud, let us think for a second. In the generative part, we 
have top-down dependencies, going from the highest level of abstraction (latents) 
down to the observable variables. Let us repeat it here again: 

.p(x, z1, z2) = p(x|z1)p(z1 |z2)p(z2). (5.84) 

Perhaps, we can mirror such dependencies in the variational posteriors as well. 
Then we get the following: 

.Q(z1, z2 |x) = q(z1 |z2, x)q(z2 |x). (5.85) 

Do you see any resemblance? Yes, the variational posteriors have the extra . x, 
but the dependencies are pointing in the same direction. Why this could be ben-
eficial? Because now we could have a shared top-down path that would make the 
variational posteriors and the generative part tightly connected through a shared 
parameterization. That could be a very useful inductive bias! 

This idea was originally proposed in ResNet VAEs [18] and Ladder VAEs [73], 
and it was further developed in BIVA [45], NVAE [46], and the very deep VAE [47]. 
These approaches differ in their implementations and parameterizations used (i.e., 
architectures of DNNs); however, they all could be categorized as instantiations of 
top-down VAEs. The main idea, as mentioned before, is to share the top-down path 
between the variational posteriors and the generative distributions and use a side, 
a deterministic path going from . x to the last latents. Alright, let us write this idea 
down. 

First, we have the top-down path that defines .p(x|z1), .p(z1 |z2), and .p(z2). Thus, 
we need a DNN that outputs . μ1 and . σ2

1 for given . z2, and another DNN that outputs
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the parameters of .p(x|z1) for given . z1. Since .p(z2) is an unconditional distribution 
(e.g., the standard Gaussian), we do not need a separate DNN here. 

Second, we have a side, deterministic path that gives two deterministic variables: 
.r1 = f1(x) and .r2 = f2(r1). Both transformations, . f1 and . f2, are DNNs. Then, we can 
use additional DNNs that return some modifications of the means and the variances, 
namely, .Δμ1,Δσ

2
1 , and .Δμ2,Δσ

2
2 . These modifications could be defined in many 

ways. Here we follow the way it is done in NVAE [46], namely, the modifications 
are relative location and scales of the values given in the top-down path. If you do 
not fully follow this idea, it should be clear once we define the variational posteriors. 

Finally, we can define the whole procedure. We define various neural networks 
by specifying different indices. For sampling, we use the top-down path: 

Top-down path 

1. . z2 ∼ N(0, 1)
2. . [μ1, σ

2
1 ] = NN1(z2)

3. . z1 ∼ N(μ1, σ
2
1 )

4. . ϑ = NNx(z1)
5. . x ∼ pϑ(x|z1)

Now (please focus!) we calculate samples from the variational posteriors as 
follows: 

Bottom-up path 

1. (Bottom-up deterministic path) .r1 = f1(x) and . r2 = f2(r1)
2. . [Δμ1,Δσ

2
1 ] = NNΔ1(r1)

3. . [Δμ2,Δσ
2
2 ] = NNΔ2(r2)

4. . z2 ∼ N(0 + Δμ2, 1 · Δσ2
2 )

5. . [μ1, σ
2
1 ] = NN1(z2)

6. . z1 ∼ N(μ1 + Δμ1, σ
2
1 · Δσ2

1 )
7. . ϑ = NNx(z1)
8. . x ∼ pϑ(x|z1)

These operations are schematically presented in Fig. 5.20. 
Please note that the deterministic bottom-up path modifies the parameters of the 

top-down path. As advocated by [46], this idea is especially useful because “when 
the prior moves, the approximate posterior moves accordingly, if not changed.” 
Moreover, as noted in [46], the Kullback-Leibler between two Gaussians simplifies 
as follows (we remove some additional dependencies for clarity): 

.KL (q (zi | x) ‖p (zi)) =
1
2

⎛
Δμ2

i

σ2
i

+ Δσ2
i − logΔσ2

i − 1

⎞
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Fig. 5.20 An example of the top-down VAE. Red nodes denote the deterministic path, and blue 
nodes depict random variables. 

Eventually, we implicitly force a close connection between the variational posteri-
ors and the generative part. This inductive bias helps to encode information about the 
observables in the latents. Moreover, there is no need to use overly flexible decoders, 
since the latents take care of distilling the essence from data. I know, it is still a bit 
hand-wavy, since we do not define the magical usefulness, but I hope you get the 
picture. The top-down VAEs entangle the variational posteriors and the generative 
path, and, as a result, the Kullback-Leibler terms will not collapse (i.e., they will be 
greater than zero). Empirical studies strongly back up this hypothesis [45–47, 73]. 

5.5.2.3 Code 

Let us delve into an implementation of a top-down VAE. We stick to the two-
level VAE to match the description provided above. We will use precisely the same 
steps as in the procedures used above. For clarity, we will use a single class to 
the code as similar to the mathematical expressions above as possible. We use the 
reparameterization trick for sampling. There is one difference between the math 
and the code, namely, in the code we use .logΔσ instead of .Δsigma. Then, we use 
.logσ + logΔσ instead of .σ · Δσ because .elog a+log b = elog a · elog b = a · b. 

1 class HierarchicalVAE(nn.Module): 
2 def __init__(self, nn_r_1, nn_r_2, nn_delta_1 , nn_delta_2 , 

nn_z_1, nn_x, num_vals=256, D=64, L=16, likelihood_type=’ 
categorical’): 

3 super(HierarchicalVAE , self).__init__() 
4 

5 print(’Hierachical VAE by JT.’) 
6 

7 # bottom-up path 
8 self.nn_r_1 = nn_r_1 
9 self.nn_r_2 = nn_r_2 

10 

11 self.nn_delta_1 = nn_delta_1 
12 self.nn_delta_2 = nn_delta_2 
13
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14 # top-down path 
15 self.nn_z_1 = nn_z_1 
16 self.nn_x = nn_x 
17 

18 

19 # other params 
20 self.D = D # dim of inputs 
21 

22 self.L = L # dim of the second latent layer 
23 

24 self.num_vals = num_vals # num of values per pixel 
25 

26 self.likelihood_type = likelihood_type # the conditional 
likelihood type (categorical/bernoulli) 

27 

28 # If you don’t remember the reparameterization trick, please 
go back to the section on VAEs. 

29 def reparameterization(self, mu, log_var): 
30 std = torch.exp(0.5*log_var)
31 eps = torch.randn_like(std) 
32 return mu + std * eps 
33 

34 def forward(self, x, reduction=’avg’): 
35 #===== 
36 # First, we need to calculate the bottom-up deterministic 

path. 
37 # Here we use a small trick to keep the delta of variance 

constrained , namely, we apply the hard-tanh nonlinearity. 
38 

39 # bottom-up 
40 # step 1 
41 r_1 = self.nn_r_1(x) 
42 r_2 = self.nn_r_2(r_1) 
43 

44 #step 2 
45 delta_1 = self.nn_delta_1(r_1) 
46 delta_mu_1 , delta_log_var_1 = torch.chunk(delta_1, 2, dim 

=1) 
47 delta_log_var_1 = F.hardtanh(delta_log_var_1 , -7., 2.) 
48 

49 # step 3 
50 delta_2 = self.nn_delta_2(r_2) 
51 delta_mu_2 , delta_log_var_2 = torch.chunk(delta_2, 2, dim 

=1) 
52 delta_log_var_2 = F.hardtanh(delta_log_var_2 , -7., 2.) 
53 

54 

55 # Next, we can do the top-down path. 
56 

57 # top-down 
58 # step 4 
59 z_2 = self.reparameterization(delta_mu_2 , delta_log_var_2 

) 
60 
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61 # step 5 
62 h_1 = self.nn_z_1(z_2) 
63 mu_1, log_var_1 = torch.chunk(h_1, 2, dim=1) 
64 

65 # step 6 
66 z_1 = self.reparameterization(mu_1 + delta_mu_1 , 

log_var_1 + delta_log_var_1) 
67 

68 # step 7 
69 h_d = self.nn_x(z_1) 
70 

71 if self.likelihood_type == ’categorical’: 
72 b = h_d.shape[0] 
73 d = h_d.shape[1]//self.num_vals 
74 h_d = h_d.view(b, d, self.num_vals) 
75 mu_d = torch.softmax(h_d, 2) 
76 

77 elif self.likelihood_type == ’bernoulli’: 
78 mu_d = torch.sigmoid(h_d) 
79 

80 #=====ELBO 
81 # RE  
82 if self.likelihood_type == ’categorical’: 
83 RE = log_categorical(x, mu_d, num_classes=self. 

num_vals , reduction=’sum’, dim=-1).sum(-1) 
84 

85 elif self.likelihood_type == ’bernoulli’: 
86 RE = log_bernoulli(x, mu_d, reduction=’sum’, dim=-1) 
87 

88 # KL  
89 # For the Kullback -Leibler part, we need to calculate two 

divergences: 
90 # 1) KL[q(z_2|z) || p(z_2)] where p(z_2) = N(0,1) 
91 # 2) KL[q(z_1|z_2, x) || p(z_1|z_2)] 
92 # Note: We use the analytical of the KL between two 

Gaussians here. If you use a different distribution , 
93 # please pay attention! You would need to use a different 

expression here. 
94 KL_z_2 = 0.5 * (delta_mu_2**2 + torch.exp(delta_log_var_2 

) - delta_log_var_2 - 1).sum(-1) 
95 KL_z_1 = 0.5 * (delta_mu_1**2 / torch.exp(log_var_1) + 

torch.exp(delta_log_var_1) -\ 
96 delta_log_var_1 - 1).sum(-1) 
97 

98 KL = KL_z_1 + KL_z_2 
99 

100 # Final ELBO 
101 if reduction == ’sum’: 
102 loss = -(RE - KL).sum() 
103 else: 
104 loss = -(RE - KL).mean() 
105 

106 return loss 
107
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108 # Sampling is the top-down path but without calculating delta 
mean and delta variance. 

109 def sample(self, batch_size=64): 
110 # step 1 
111 z_2 = torch.randn(batch_size , self.L) 
112 # step 2 
113 h_1 = self.nn_z_1(z_2) 
114 mu_1, log_var_1 = torch.chunk(h_1, 2, dim=1) 
115 # step 3 
116 z_1 = self.reparameterization(mu_1, log_var_1) 
117 

118 # step 4 
119 h_d = self.nn_x(z_1) 
120 

121 if self.likelihood_type == ’categorical’: 
122 b = batch_size 
123 d = h_d.shape[1]//self.num_vals 
124 h_d = h_d.view(b, d, self.num_vals) 
125 mu_d = torch.softmax(h_d, 2) 
126 # step 5 
127 p = mu_d.view(-1, self.num_vals) 
128 x_new = torch.multinomial(p, num_samples=1).view(b,d) 
129 

130 elif self.likelihood_type == ’bernoulli’: 
131 mu_d = torch.sigmoid(h_d) 
132 # step 5 
133 x_new = torch.bernoulli(mu_d) 
134 return x_new 

Listing 5.12 A top-down VAE class. 

That’s it! Now we are ready to run the full code. After training our top-down 
VAE, we should obtain results like in Fig. 5.21. 

5.5.2.4 Further Reading 

What we have discussed here is just touching upon the topic. Hierarchical models 
in probabilistic modeling seem to be an important research direction and modeling 

CBA 

Fig. 5.21 An example of outcomes after the training of a top-down VAE: (a) Randomly selected 
real images. (b) Unconditional generations from the top-down VAE. (c) The validation curve during 
training.
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paradigm. Moreover, the technical details are also crucial for achieving state-of-
the-art performance. I strongly suggest reading about NVAE [46], ResNet VAE 
[18], Ladder VAE [73], BIVA [45], and very deep VAEs [47] and compare various 
tricks and parameterizations used therein. These models share the same idea, but 
implementations vary significantly. 

The research on hierarchical generative modeling is very up to date and develops 
very quickly. As a result, this is nearly impossible to mention even a fraction of 
interesting papers. I will mention only a few worth noticing papers: 

• Pervez and Gavves [74] provides an insightful analysis of a potential problem 
with hierarchical VAEs; namely, the KL divergence term is closely related to the 
harmonics of the parameterizing function. In other words, using DNNs results 
in high-frequency components of the KL term, and, eventually, it leads to the 
posterior collapse. The authors propose to smooth the VAE by applying Ornstein-
Uhlenbeck (OU) Semigroup. I refer to the original paper for details. 

• Wu  et  al.  [75] proposes greedy layer-wise learning of a hierarchical VAE. The 
authors used this idea in the context of video prediction, so their approach could 
be also motivated by computational constrained. However, the idea of greedy 
layer-wise training has been extensively utilized in the past [68–70]. 

• Gatopoulos and Tomczak [25] discusses incorporating predefined transformations 
like downscaling into the model. The idea is to learn a reversed transformation to, 
e.g., downscaling in a stochastic manner. The resulting VAE has a set of auxiliary 
variables (e.g., downscaled versions of observables) a set of latent variables that 
encode missing information in the auxiliary variables. The hypothesis in such 
an approach is that learning a distribution over smaller or already processed 
observable variables is easier, and, thus, we can decompose the problem into 
multiple problems of learning simpler distributions. A diagram for this approach 
is presented in Fig. 5.22. 

The beauty of the latent-variable modeling paradigm is that we can play with 
stochastic relationships among objects and, eventually, formulate a useful represen-
tation of data. As we will see in the next chapters, there are other interesting classes 
of models that take advantage of diffusion models and energy functions. 

5.5.3 Diffusion-Based Deep Generative Models 

5.5.3.1 Introduction 

In Sect. 5.5, we discussed the issue of learning useful representations in latent vari-
ables models, taking a closer look at hierarchical variational auto-encoders. We 
hypothesize that we can obtain useful data representations by applying a hierarchical 
latent variable model. Moreover, highlighted a real problem in hierarchical VAEs 
of the variational posterior collapsing to the prior, resulting in learning meaningless 
representation. In other words, it seems that architecture with bottom-up variational 
posteriors (i.e., stochastic dependencies going from observables to the last latents)
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z2 

Fig. 5.22 A two-level VAE with an auxiliary set of deterministic variables . y (e.g., downscaled 
images). 

and top-down generative distributions seems to be a mediocre inductive bias and is 
rather troublesome to train. A potential solution is top-down VAEs. However, is there 
nothing we can do about the vanilla structure? As you may imagine, nothing is lost, 
and some approaches take advantage of the bottom-up and the top-down structures. 
Here, we will look into the diffusion-based deep generative models (DDGM) (a.k.a. 
deep diffusion probabilistic models) [76, 77]. 

DDGM could be briefly explained as hierarchical VAEs with the bottom-up path 
(i.e., the variational posteriors) defined by a diffusion process (e.g., a Gaussian 
diffusion) and the top-down path parameterized by DNNs (a reversed diffusion). 
Interestingly, the bottom-up path could be fixed; namely, it necessarily does not have 
any learnable parameters. An example of applying a Gaussian diffusion is presented 
in Fig. 5.23. Since the variational posteriors are fixed, we can think of them as adding 
Gaussian noise at each layer. Then, the final layer resembles Gaussian noise (see . z5 in 
Fig. 5.23). If we recall the discussion about a potential issue of posterior collapse in 
hierarchical VAEs, this should not be a problem anymore. Why? Because we should 
get a standard Gaussian distribution in the last layer by design. Pretty neat, isn’t it? 

DDGMs have become extremely popular these days. They are appealing for at 
least two reasons:
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Fig. 5.23 An example of applying a Gaussian diffusion to an image of a cat, . x. 

1. They give amazing results for image synthesis [76, 78, 79], audio synthesis [80], 
and promising results for text synthesis [81, 82] while being relatively simple to 
implement. 

2. They are closely related to stochastic differential equations, and, thus, their theo-
retical properties seem to be especially of great interest [83–85]. 

There are two potential drawbacks though, namely: 

1. DDGMs are unable (for now at least) to learn a representation. 
2. Similarly to flow-based models, the dimensionality of input is kept across the 

whole model (i.e., there is no bottleneck on the way). 

5.5.3.2 Model Formulation 

Originally, deep diffusion probabilistic models were proposed in [77], and they took 
inspiration from nonequilibrium statistical physics. The main idea is to iteratively 
destroy the structure in data through a forward diffusion process and, afterward, 
to learn a reverse diffusion process to restore the structure in data. In a follow-up 
paper [76], recent developments in deep learning were used to train a powerful and 
flexible diffusion-based deep generative model that achieved SOTA results in the 
task of image synthesis. Here, we will abuse the original notation to make a clear 
connection between hierarchical latent variable models and DDGMs. As previously, 
we are interested in finding a distribution over data, .pθ (x); however, we assume 
an additional set of latent variables .z1:T = [z1, . . . , zT ]. The marginal likelihood is 
defined by integrating out all latents: 

.pθ (x) =
∫

pθ (x, z1:T ) dz1:T . (5.86) 

The joint distribution is modeled as a first-order Markov chain with Gaussian 
transitions, namely: 

.pθ (x, z1:T ) = pθ (x|z1)
⎛
T−1∏
i=1

pθ (zi |zi+1)
⎞
pθ (zT ), (5.87) 

where .x ∈ RD and .zi ∈ RD for .i = 1, . . . ,T . Please note that the latents have the 
same dimensionality as the observables. This is the same situation as in the case of 
flow-based models. We parameterize all distributions using DNNs.
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So far, we have not introduced anything new! This is again a hierarchical latent 
variable model. As in the case of hierarchical VAEs, we can introduce a family of 
variational posteriors as follows: 

.Qφ(z1:T |x) = qφ(z1 |x)
⎛

T∏
i=2

qφ(zi |zi−1)
⎞
. (5.88) 

The key point is how we define these distributions. Before, we used normal 
distributions parameterized by DNNs, but now we formulate them as the following 
Gaussian diffusion process [77]: 

.qφ(zi |zi−1) = N(zi |
√

1 − βizi−1, βiI), (5.89) 

where .z0 = x. Notice that a single step of the difussion, .qφ(zi |zi−1), works in a 
relatively easy way. Namely, it takes the previously generated object . zi−1, scales it 
by .

√
1 − βi , and then adds noise with variance . βi . To be even more explicit, we can 

write it using the reparameterization trick: 

.zi =
√

1 − βizi−1 +
√
βi ⊙ ϵ, (5.90) 

where .ϵ ∼ N(0, I). In principle, . βi could be learned by backpropagation; however, as 
noted by [76, 77], it could be fixed. For instance, [76] suggests to change it linearly 
from .β1 = 10−4 to .βT = 0.02. 

Since we realized that the difference between a DDGM and a hierarchical VAE 
lies in the definition of the variational posteriors and the dimensionality of the latents, 
but the whole construction is basically the same, we can predict what is the learning 
objective. Do you remember? Yes, it is ELBO! We can derive the ELBO as follows: 

. ln pθ (x) = ln
∫

Qφ(z1:T |x)
pθ (x, z1:T )
Qφ(z1:T |x)

dz1:T

≥ EQφ (z1:T |x)

⎾
ln pθ (x|z1) +

T−1⎲
i=1

ln pθ (zi |zi+1) + ln pθ (zT )+

−
T⎲
i=2

ln qφ(zi |zi−1) − ln qφ(z1 |x)
⏋

= EQφ (z1:T |x)

⎾
ln pθ (x|z1) + ln pθ (z1 |z2) +

T−1⎲
i=2

ln pθ (zi |zi+1) + ln pθ (zT )+

−
T−1⎲
i=2

ln qφ(zi |zi−1) − ln qφ(zT |zT−1) − ln qφ(z1 |x)
⏋

= EQφ (z1:T |x)

⎾
ln pθ (x|z1) +

T−1⎲
i=2

(
ln pθ (zi |zi+1) − ln qφ(zi |zi−1)

)
+

+ ln pθ (zT ) − ln qφ(zT |zT−1) +
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+ ln pθ (z1 |z2) − ln qφ(z1 |x)
⏋

(5.91) 
d f  
= L(x; θ, φ). 

We can rewrite the ELBO in terms of Kullback-Leibler divergences (note that we 
use the expected value with respect to .Qφ(z−i |x) to highlight that a proper variational 
posterior is used for the definition of the Kullback-Lebler divergence): 

. L(x; θ, φ) = EQφ (z1:T |x) [ln pθ (x|z1)] +

−
T−1⎲
i=2
EQφ (z−i |x)

⎾
KL

⎾
qφ(zi |zi−1)| |pθ (zi |zi+1)

⏋ ⏋
+

−EQφ (z−T |x)
⎾
KL

⎾
qφ(zT |zT−1)| |pθ (zT )

⏋ ⏋
+

−EQφ (z−1 |x)
⎾
KL

⎾
qφ(z1 |x)| |pθ (z1 |z2)

⏋ ⏋
. (5.92) 

Example 

Let us take .T = 5. This is not much (e.g., [76] uses .T = 1000) but it is easier 
to explain the idea with a very specific model. Moreover, let us use a fixed 
.βt ≡ β. Then we have the following DDGM: 

.pθ (x, z1:5) = pθ (x|z1)pθ (z1 |z2)pθ (z2 |z3)pθ (z3 |z4)pθ (z4 |z5)pθ (z5), (5.93) 

and the variational posteriors: 

.Qφ(z1:5 |x) = qφ(z1 |x)qφ(z2 |z1)qφ(z3 |z2)qφ(z4 |z3)qφ(z5 |z4). (5.94) 

In the considered case, the ELBO takes the following form: 

. L(x; θ, φ) =EQφ (z1:5 |x) [ln pθ (x|z1)]+

−
4⎲
i=2
EQφ (z−i |x)

⎾
KL

⎾
qφ(zi |zi−1)| |pθ (zi |zi+1)

⏋ ⏋
+

− EQφ (z−i |x)
⎾
KL

⎾
qφ(z5 |z4)| |pθ (z5)

⏋ ⏋
+

− EQφ (z−i |x)
⎾
KL

⎾
qφ(z1 |x)| |pθ (z1 |z2)

⏋ ⏋
, (5.95) 

where 
.pθ (z5) = N(z5 |0, I). (5.96) 

The last interesting question is how to model inputs and, eventually, what 
distribution we should use to model .p(x|z1). So far, we used the categorical 
distribution because pixels were integer-valued. However, for the DDGM,
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we assume they are continuous and we will use a simple trick. We normalize 
our inputs to values between . −1 and 1 and apply the Gaussian distribution 
with the unit variance and the mean being constrained to .[−1, 1] using the 
tanh nonlinearity: 

.p(x|z1) = N(x|tanh (NN(z1)) , I), (5.97) 

where .NN(z1) is a neural network. As a result, since the variance is one, 
.ln p(x|z1) = −MSE (x, tanh(NN(z1))) + const, so it is equivalent to the 
(negative) Mean Squared Error! I know, it is not a perfect way to do but it is 
simple and it works. 

That’s it! As you can see, there is no special magic here, and we are ready to 
implement our DDGM. In fact, we can use the code of a hierarchical VAE and modify 
it accordingly. What is convenient about the DDGM is that the forward diffusion 
(i.e., the variational posteriors) is fixed and we need to sample from them, and only 
the reverse diffusion requires applying DDNs. But without any further mumbling, 
let us dive into the code! 

5.5.3.3 Code 

At this point, you might think that it is pretty complicated and a lot of math is 
involved here. However, if you followed our previous discussions on VAEs, it should 
be rather clear what we need to do here. 

1 class DDGM(nn.Module): 
2 def __init__(self, p_dnns, decoder_net , beta, T, D): 
3 super(DDGM, self).__init__() 
4 

5 print(’DDGM by JT.’) 
6 

7 self.p_dnns = p_dnns # a list of sequentials; a single 
Sequential defines a DNN to parameterize a distribution p(z_i 
| z_i+1) 

8 

9 self.decoder_net = decoder_net # the last DNN for p(x|z1) 
10 

11 # other params 
12 self.D = D # the dimensionality of the inputs (necessary 

for sampling!) 
13 

14 self.T = T # the number of steps 
15 

16 self.beta = torch.FloatTensor([beta]) # the fixed 
variance of diffusion 

17 

18 # The reparameterization trick for the Gaussian distribution 
19 @staticmethod
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20 def reparameterization(mu, log_var): 
21 std = torch.exp(0.5*log_var) 
22 eps = torch.randn_like(std) 
23 return mu + std * eps 
24 

25 # The reparameterization trick for the Gaussian forward 
diffusion 

26 def reparameterization_gaussian_diffusion(self, x, i): 
27 return torch.sqrt(1. - self.beta) * x +  torch.sqrt(self. 

beta) * torch.randn_like(x) 
28 

29 def forward(self, x, reduction=’avg’): 
30 # ===== 
31 # Forward Diffussion 
32 # Please note that we just "wander" around in the space 

using Gaussian random walk. 
33 # We save all z’s in a list 
34 zs = [self.reparameterization_gaussian_diffusion(x, 0)] 
35 

36 for i in range(1, self.T): 
37 zs.append(self.reparameterization_gaussian_diffusion( 

zs[-1], i)) 
38 

39 # ===== 
40 # Backward Diffusion 
41 # We start with the last z and proceed to x. 
42 # At each step, we calculate means and variances. 
43 mus = [] 
44 log_vars = [] 
45 

46 for i in range(len(self.p_dnns) - 1, -1, -1): 
47 h = self.p_dnns[i](zs[i+1]) 
48 mu_i, log_var_i = torch.chunk(h, 2, dim=1) 
49 mus.append(mu_i) 
50 log_vars.append(log_var_i) 
51 

52 # The last step: outputting the means for x. 
53 # NOTE: We assume the last distribution is Normal(x | 

tanh(NN(z_1)), 1)! 
54 mu_x = self.decoder_net(zs[0]) 
55 

56 # =====ELBO 
57 # RE  
58 # This is equivalent to - MSE(x, mu_x) + const 
59 RE = log_standard_normal(x - mu_x).sum(-1) 
60 

61 # KL: We need to go through all the levels of latents 
62 KL = (log_normal_diag(zs[-1], torch.sqrt(1. - self.beta) 

* zs[-1], torch.log(self.beta)) - log_standard_normal(zs[-1]) 
).sum(-1) 

63 

64 for i in range(len(mus)):
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65 KL_i = (log_normal_diag(zs[i], torch.sqrt(1. - self. 
beta) * zs[i], torch.log(self.beta)) - log_normal_diag(zs[i], 
mus[i], log_vars[i])).sum(-1) 

66 

67 KL = KL + KL_i 
68 

69 # Final ELBO 
70 if reduction == ’sum’: 
71 loss = -(RE - KL).sum() 
72 else: 
73 loss = -(RE - KL).mean() 
74 

75 return loss 
76 

77 # Sampling is the reverse diffusion with sampling at each 
step. 

78 def sample(self, batch_size=64): 
79 z = torch.randn([batch_size , self.D]) 
80 for i in range(len(self.p_dnns) - 1, -1, -1): 
81 h = self.p_dnns[i](z) 
82 mu_i, log_var_i = torch.chunk(h, 2, dim=1) 
83 z = self.reparameterization(torch.tanh(mu_i), 

log_var_i) 
84 

85 mu_x = self.decoder_net(z) 
86 

87 return mu_x 
88 

89 # For sanity check, we also can sample from the forward 
diffusion. 

90 # The result should resemble a white noise. 
91 def sample_diffusion(self, x): 
92 zs = [self.reparameterization_gaussian_diffusion(x, 0)] 
93 

94 for i in range(1, self.T): 
95 zs.append(self.reparameterization_gaussian_diffusion( 

zs[-1], i)) 
96 

97 return zs[-1] 
Listing 5.13 A DDGM class. 

That’s it! Now we are ready to run the full code. After training our DDGM, we 
should obtain results like in Fig. 5.24. 

5.5.3.4 Discussion 

Extensions 

Currently, DDGMs are very popular deep generative models. What we present here is 
very close to the original formulation of the DDGMs [77]. However, [76] introduced 
many interesting insights and improvements on the original idea, such as:
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BA 

DC 

Fig. 5.24 Outcomes after the training: (a) Randomly selected real images. (b) Unconditional 
generations from the DDGM. (c) A visualization of the last stochastic level after applying the 
forward diffusion. As expected, the resulting images resemble pure noise. (d) An example of a 
validation curve for the ELBO. 

• Since the forward diffusion consists of Gaussian distributions and linear transfor-
mations of means, it is possible to analytically marginalize out intermediate steps 
that yields: 

.q(zt |x) = N(zt |
√
ᾱtx, (1 − ᾱt )I), (5.98) 

where .αt = 1 − βt and .ᾱt =
∏t

s=1 αs . This is an extremely interesting result, 
because we can sample . zt without sampling all intermediate steps! 

• As a follow-up, we can calculate also the following distribution: 

.q(zt−1 |zt, x) = N
(
zt−1 | μ̃t (zt, x) , β̃tI

)
, (5.99) 

where: 
.μ̃t (zt, x) =

√
ᾱt−1βt

1 − ᾱt
x +

√
αt (1 − ᾱt−1)

1 − ᾱt
zt (5.100) 

and 
.β̃t =

1 − ᾱt−1
1 − ᾱt

βt . (5.101)
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Then, we can rewrite the ELBO as follows: 

. L(x; θ, φ) = EQ

⎾
KL [q(zT |x)‖p(zT )]◟-------------------◝◜-------------------◞

LT

+

+
⎲
t>1

KL [q(zt−1 |zt, x)‖pθ (zt−1 |zt )]◟---------------------------------◝◜---------------------------------◞
Lt−1

+

− log pθ (x | z1)◟-------------◝◜-------------◞
L0

⏋
. (5.102) 

Now, instead of differentiating all components of the objective, we can randomly 
pick . Lt and treat it as the objective. Such an approach has a clear advantage: It 
does not require keeping all gradients in the memory! Instead, we update only 
one layer at a time. Since our training is stochastic anyway (remember that we 
typically use stochastic gradient descent), we can introduce this extra stochasticity 
during training. And the benefit is enormous, because we can train extremely deep 
models, even with 1000 layers as in [76]. 

• If you play a little with the code here, you may notice that training the reverse 
diffusion is pretty problematic. Why? Because by adding extra layers of latents, 
we add additional KL-terms. In the case of far-from-perfect models, each KL-
term will be strictly greater than 0, and, thus, we will increase the ELBO with 
each additional step of stochasticity. Therefore, it is so important to be smart 
about formulating reverse diffusion. Ho et al. [76] again provides very interesting 
insight! We skip here the full reasoning, but it turns out that to make the model 
.pθ (zt−1 | zt ) = N

(
zt−1 |μθ (zt ) , σ2

t I
)

more powerful, .μθ (zt ) should be as close 
as possible to .μ̃t (zt, x). Following the derivation in [76], we get: 

. μθ (zt ) =
1

√
αt

⎛
zt −

βt√
1 − ᾱt

ϵθ (zt )
⎞
,

where .ϵθ (zt ) is parameterized by a DNN and it aims to estimate the noise from 
. zt . 

• Even further, each . Lt could be simplified to: 

. Lt,simple = Et,x0,ϵ

⎾‖‖‖ϵ − ϵ θ
⎛√
ᾱtx0 +

√
1 − ᾱtϵ, t

⎞‖‖‖2
⏋
.

Ho et al. [76] provides empirical results that such an objective could be beneficial 
for training and the final quality of synthesized images. 
There were many follow-ups on [76], but we mention only a few of them here: 

• Improving DDGMs: Nichol and Dhariwal [86] introduces further tricks on im-
proving training stability and performance of DDGMs by learning the covariance 
matrices in the reverse diffusion, proposing a different noise schedule, among
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others. Interestingly, the authors of [78] propose to extend the observables (i.e., 
pixels) and latents with Fourier features as additional channels. The rationale be-
hind this is that the high-frequency features allow neural networks to cope better 
with noise. Moreover, they introduce a new noise scheduling and an application 
of certain functions to improve the numerical stability of the forward diffusion 
process. 

• Sampling speed-up: Kong and Ping [87] and Watson et al. [88] focus on speeding 
up the sampling process. 

• Superresolution: Saharia et al. [79] uses DDGMs for the task of superresolution. 
• Connection to score-based generative models: It turns out that score-based gen-

erative models [89] are closely related to DDGMs as indicated by [89, 90]. This 
perspective gives a neat connection between DDGMs and stochastic differential 
equations [83, 85]. 

• Variational perspective on DDGMs: There is a nice variational perspective on 
DDGMs [78, 83] that gives an intuitive interpretation of DDGMs and allows 
achieving astonishing results on the image synthesis task. It is worth studying [78] 
further, because there are a lot of interesting improvements presented therein. 

• Denoising-generative perspective: Diffusion-based models could be seen as de-
noising auto-encoders with a hierarchical prior on top. This division into a de-
noising part and a generative part was proposed in [91]. 

• Discrete DDGMs: So far, DDGMs are mainly focused on continuous spaces. 
Austin et al. [81] and Hoogeboom et al. [82] propose DDGMs on discrete spaces. 

• DDGMs for audio: Kong et al. [80] proposes to use DDGMs for audio synthesis. 
• DDGMs as priors in VAEs: Vahdat et al. [92], Wehenkel and Louppe [93] propose 

to use DDGMs as flexible priors in VAEs. 

DDGMs vs. VAEs vs. Flows 

In the end, it is worth making a comparison of DDGMs with VAEs and flow-based 
models. In Table 5.1, we provide a comparison based on rather arbitrary criteria: 

• whether the training procedure is stable or not; 
• whether the likelihood could be calculated; 
• whether a reconstruction is possible; 
• whether a model is invertible; 
• whether the latent representation could be lower-dimensional than the input space 

(i.e., a bottleneck in a model). 

Table 5.1 A comparison among DDGMs, VAEs, and flows. 
Model Training Likelihood Reconstruction Invertible Bottleneck (latents) 
DDGMs Stable Approximate Difficult No No 
VAEs Stable Approximate Easy No Possible 
Flows Stable Exact Easy Yes No
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The three models share a lot of similarities. Overall, training is rather stable even 
though numerical issues could arise in all models. Hierarchical VAEs could be seen 
as a generalization of DDGMs. There is an open question of whether it is indeed 
more beneficial to use fixed variational posteriors by sacrificing the possibility 
of having a bottleneck. There is also a connection between flows and DDGMs. 
Both classes of models aim to go from data to noise. Flows do that by applying 
invertible transformations, while DDGMs accomplish that by a diffusion process. 
In flow-based models, we know the inverse, but we pay the price of calculating 
the Jacobian determinant, while DDGMs require flexible parameterizations of the 
reverse diffusion, but there are no extra strings attached. Looking into connections 
among these models is definitely an interesting research line. 

5.5.3.5 Further Discussion 

Diffusion-based models have attracted a lot of attention due to their recent successes 
in (conditional) image synthesis [94, 95]. Since their original introduction [77], 
there has been a lot of effort into improving their performance by utilizing powerful 
parameterizations and tweaking with training details, e.g., [76, 78, 86]. 

Interestingly, diffusion-based models could be seen as hierarchical latent variable 
models with T levels of stochastic variables, each . zt belongs to . X, trained with 
variational inference. The family of variational posteriors in these models is peculiar, 
since it is defined by the Gaussian diffusion, namely: 

.qφ(z1:T |x) =
⎾
T−1∏
t=1

qφ(zt |zt−1)
⏋
qφ(zT |zT−1), (5.103) 

<p>where .qφ(zt |zt−1) = N(zt |
√

1 − βtzt−1, βtI) and we define .z0 ≡ x. In the context 
of diffusion-based models, variational posteriors form the forward diffusion. The  
goal of the forward diffusion is to consecutively add (Gaussian) noise such that the 
last . zT follows the standard Gaussian distribution. 

The generative part (a.k.a., the backward diffusion) is defined as follows: 

.pλ(z1:T ) =
⎾
T−1∏
t=1

pλ(zt |zt+1)
⏋
pλ(zT ), (5.104) 

where all distributions are parameterized by neural networks (or a single, shared 
neural network [76]). Contrary to forward diffusion, backward diffusion aims at 
removing noise in such a way that, eventually, it ends up with an object (e.g., an 
image). 

Since diffusion-based models are latent variable models with variational poste-
riors, we can derive the ELBO by using the ELBO for a single-level latent variable 
model as a starting point, that is:
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. Ex∼pdata(x) [ln pmodel(x)] ≥ Ex,z1∼qφ (x,z1) [ln pθ (x|z1)]◟--------------------------◝◜--------------------------◞
d f
= RE(φ,θ)

+

− DKL
⎾
qφ(z1:T )‖pλ(z1:T )

⏋
− Iqφ (x,z1:T ) [x; z1:T ] (5.105) 

≥ RE(φ, θ) −  Ex,z1:T∼qφ (z1:T ,x)

⎾
T−1⎲
t=1 

ln 
qφ(zt |zt−1) 
pλ(zt |zt+1) 

+ ln 
qφ(zT |zT−1) 

pλ(zT )

⏋
+ 

− 
T⎲
t=1 
Iqφ (x,z1:T )[zt ; x|z1:t−1] (5.106) 

= RE(φ, θ) −  Ex,z1:T∼qφ (z1:T ,x)

⎾
T−1⎲
t=1 

ln 
qφ(zt |zt−1) 
pλ(zt |zt+1) 

+ ln 
qφ(zT |zT−1) 

pλ(zT )

⏋
+ 

− 
T⎲
t=2 
Iqφ (x,z1:T ) [x; zt |z1:t−1] − Iqφ (x,z1) [x; z1] (5.107) 

= RE(φ, θ) −  Ex,z1:T∼qφ (z1:T ,x)

⎾
T−1⎲
t=1 

ln 
qφ(zt |zt−1) 
pλ(zt |zt+1) 

+ ln 
qφ(zT |zT−1) 

pλ(zT )

⏋
+ 

− 
T⎲
t=2 
Iqφ (x,z1:T ) [x; zt |zt−1] − Iqφ (x,z1) [x; z1] . (5.108) 

In the equations above, we used the following two facts: 

1. The convexity of the Kullback-Leibler divergence: 

. DKL

⎾⎲
i

πiqi(z)| |
⎲
i

πipi(z)
⏋
≤

⎲
i

πiDKL [qi(z)| |pi(z)] ,

where .
∑ 

i πi = 1. 
2. The chain rule for the mutual information: .I[z1:T ; x] =

∑ T
t=1 I[zt ; x|z1:t−1]. 

3. Since .qφ(zt |z1:t−1) = qφ(zt |zt−1), we get  

. Iqφ (x,z1:T ) [x; zt |z1:t−1] = Iqφ (x,z1:T ) [x; zt |zt−1] .

Mutual information terms are constants! Let us quickly remind our findings 
after analyzing the ELBO for a general class of latent variable models. The main 
puzzling outcome is the negative mutual information that pushes latent variables 
and observable variables to be stochastically independent. However, the situation 
for diffusion-based models is completely different, because the family of variational 
posteriors is fixed (non-trainable). The consequences are twofold. First, the neg-
ative mutual information terms, .

∑ T
t=2 Iqφ (x,z1:T ) [x; zt |zt−1] and .Iqφ (x,z1) [x; z1], are  

constants for given . x in the view of optimization, since the forward diffusion is 
not adaptive (it is just about adding a fixed amount of Gaussian noise). Second,
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.Iqφ (x,z1) [x; z1] is a nonzero, constant component. Interestingly, all other mutual in-
formation terms are actually zero! To see that, we must remember that the assumed 
stochastic dependencies in the variational posteriors are the following: 

.x → z1 → . . .→ zt−1 → zt → . . .→ zT , (5.109) 

thus, once . zt−1 is given, we get .q(zt |z1:t−1, x) = q(zt |zt−1). Then, a single mutual 
information term is the following: 

.Iqφ (x,z1:T ) [x; zt |zt−1] = DKL
⎾
qφ(x, zt |zt−1)‖qφ(zt |zt−1) qφ(x|zt−1)

⏋
(5.110) 

= DKL
⎾
qφ(zt |x, zt−1) qφ(x|zt−1)‖qφ(zt |zt−1) qφ(x|zt−1)

⏋
(5.111) 

= DKL
⎾
qφ(zt |zt−1) qφ(x|zt−1)‖qφ(zt |zt−1) qφ(x|zt−1)

⏋
(5.112) 

= 0, (5.113) 

where we used the property of the stochastic structure, i.e., .q(zt |x, zt−1) = q(zt |zt−1). 
We will look into this result in the next post as well. 

Now, we can look into our hypothesis about latent variable models, namely: 

Hypothesis 

To successfully learn a latent variable model with variational inference, one 
needs to define such a family of variational distributions for which the mutual 
information between latents and observables is not minimized. 

In the case of diffusion-based models, we achieve exactly that! By formulating 
variational posteriors in a very specific manner, i.e., the Gaussian diffusion, the 
mutual information terms are not optimized at all. One may immediately say that it 
is not the only component that matters here and makes these models so successful; 
it is true. However, by not minimizing the mutual information terms, we force the 
optimization procedure to further minimize the reconstruction error and minimize 
the Kullback-Leibler terms. This is precisely what we want to achieve! On one hand, 
the reconstructions should be as good as possible; on the other hand, each Kullback-
Leibler term should be as small as possible (in the case of diffusion-based models, 
this corresponds to removing Gaussian noise). 

The next question is whether fulfilling the hypothesis alone is enough to learn a 
successful latent variable model. Obviously, it is not true either because, trivially, we 
need to optimize the other terms. Thus, another important topic is the parameteriza-
tion of the backward diffusion. The fashion we parameterize the model will result in a 
better or worse performance in the end. However, from the optimization perspective 
though, the objective function is extremely important, and, as mentioned above, now 
the optimizer focuses entirely on the reconstruction error and the Kullback-Leibler 
term. This is the strength of the diffusion-based models!
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It seems that training a latent variable model by applying variational inference 
could be challenging. Moreover, it is rather apparent that treating latent variables 
as a data representation and using variational inference for this purpose makes little 
sense. The mutual information in the ELBO clearly indicates that the goal is the very 
opposite: Make the stochastic dependency between . x and . z as small as possible! 
I think we can all agree that this statement has clearly nothing in common with 
representation learning. 

Self-supervised perspective There is also another interesting perspective that is 
very specific to diffusion-based model. Since it is possible to analytically calculate 
.qφ(zt |x) and .qφ(zt |zt+1, x) due to Gaussianity and linearity (see [76] for details), we 
can express the ELBO as follows: 

. Ex∼pdata(x) [ln pmodel(x)] ≥ RE(φ, θ)+

−
T−1⎲
t=1
Eq(zt,x)

⎾
DKL

⎾
qφ(zt |zt+1, x)‖pλ(zt |zt+1)

⏋ ⏋
+

− Eq(zT ,x)
⎾
DKL

⎾
qφ(zT |x)‖pλ(zT )

⏋ ⏋
. (5.114) 

Now, it is possible to easily sample . zt , because we know the analytical form 
of .qφ(zt |x), which is again Gaussian. Moreover, we can express .qφ(zt |zt+1, x) in 
a closed form, so every .DKL term could be calculated analytically as well (due to 
Gaussianity). As a result, as mentioned by [76], it is possible to sample t and optimize 
the ELBO stochastically, without the necessity of optimizing all T steps. Why this 
is useful? Because it could be seen as self-supervised learning! For given . x, we can 
obtain its noisy version . zt , and then we learn how to remove this noise by optimizing 
.DKL at the .(t − 1)-th level. In other words, we take the original image, select how 
much noise we want to add (this is equivalent to selecting t), and then learn a model 
to remove a bit of this noise (i.e., going from . zt+1 to . zt ). In this setup, noisy pixels at 
the t-th level could be seen as labels for the more noisy pixels at the .(t + 1)-th level. 

The self-supervised learning perspective is not necessarily connected with the 
discussed hypothesis, and it is rather a post factum observation. Besides, there are 
many facets of self-supervised learning; hence, it is arguable whether that is the 
main reason why diffusion-based models work so well. Nevertheless, the choice of 
the family of variational distributions that results in the diffusion-based model is 
definitely important if not essential even. 
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Chapter 6 
Hybrid Modeling 

6.1 Introduction 

In Chap. 1, I tried to convince you that learning the conditional distribution .p(y |x) is 
not enough and, instead, we should focus on the joint distribution .p(x, y) factorized 
as follows: 

.p(x, y) = p(y |x)p(x). (6.1) 

Why? Let me remind you of my reasoning. The conditional .p(y |x) does not allow 
us to say anything about . x, but, instead, it will do its best to provide a decision. As a 
result, I can provide an object that has never been observed so far, and .p(y |x) could 
still be pretty certain about its decision (i.e., assigning high probability to one class). 
On the other hand, once we have trained . p(x), we should be able to, at least in theory, 
access the probability of the given object. And, eventually, determine whether our 
decision is reliable or not. 

In the previous chapters, we completely focused on answering the question of 
how to learn .p(x) alone. Since we had in mind the necessity of using it for eval-
uating the probability, we discussed only the likelihood-based models, namely, the 
autoregressive models (ARMs), the flow-based models (flows), and the variational 
autoencoders (VAEs). Now, the naturally arising question is how to use a deep gener-
ative model together with a classifier (or a regressor). Let us focus on a classification 
task for simplicity and think of possible approaches. 

6.1.1 Approach 1: Let’s Be Naive! 

Let us start with some easy, naive almost approaches. In the most straightforward 
way, we can train .p(y |x) and . p(x) separately. And that is it, we have a classifier and 
a marginal distribution over objects. This approach is schematically presented in 
Fig. 6.1 where we use different colors (purple and blue) to highlight that we use two 
different neural networks to parameterize the two distributions. 
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Neural Net Neural Net 

Fig. 6.1 A naive approach to learning the joint distribution by considering both distributions 
separately. 

Taking the logarithm of the joint distribution yields: 

. ln p(x, y) = ln pα(y |x) + ln pβ(x), (6.2) 

where . α and . β denote parameterizations of both distributions (i.e., neural networks). 
Once we start training and calculate gradients with respect to . α and . β, we clearly 
see that we get: 

.∇α ln p(x, y) = ∇α ln pα(y |x) + ∇α ln pβ(x)
◞.......◝◜.......◞

=0

, (6.3) 

because .ln pβ(x) is not dependent on . α, and 

.∇β ln p(x, y) = ∇β ln pα(y |x)
◞..........◝◜..........◞

=0

+∇β ln pβ(x), (6.4) 

because .ln pα(y |x) does not depend on . β. 
In other words, we can simply first train .pα(y |x) using all data with labels and then 

train .pβ(x) using all available data. So what is a potential pitfall with this approach? 
Intuitively, we can say that there is no guarantee that both distributions treat . x
in the same manner and, thus, could introduce some errors. Moreover, due to the 
stochasticity during training, there is no information flow between random variables 
. x and y, and as a result, the neural networks seek for own (local) minima. To use a 
metaphor, they are like two wings of a bird that move in total separation, completely 
asynchronously. Moreover, training both models separately is also inefficient. We 
must use two different neural networks, with no weight sharing. Since training is 
stochastic, we really could worry about potential bad local optima, and our worries 
are even doubled now.
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Would such an approach fail? Well, there is no simple answer to this question. 
Probably, it could work pretty well even, but it might lead to models far from optimal 
ones. Either way, who does like being unclear about training models? At least not 
me. 

6.1.2 Approach 2: Shared Parameterization! 

Alright, so since I whine about sharing the parameterization, it is obvious that 
the second approach uses (drums here) a shared parameterization! To be more 
precise, a partially shared parameterization assumes that there is a neural network 
that processes . x and then its output is fed to two neural networks: one for the classifier 
and one for the marginal distribution over . xs. An example of this approach is depicted 
in Fig. 6.2 (the shared neural network is shown in purple). 

Now, taking the logarithm of the joint distribution gives: 

. ln p(x, y) = ln pα,γ(y |x) + ln pβ,γ(x), (6.5) 

where it is worth highlighting, that both distributions partially share the parameter-
ization . γ (i.e., the purple neural network in Fig. 6.2). As a result, during training, 
there is a piece of obvious information sharing between . x and y! Intuitively, both dis-
tributions operate on a processed . x in the same manner, and then this representation 
is specialized to give probabilities for classes and objects. 

Again, one might ask what is this all fuzz about?! Well, first of all, now, the two 
distributions are tightly connected. Like in the metaphor of a bird used before, both 
wings can move together, in a synchronized fashion. Second, from the optimiza-
tion perspective, the gradients flow through the . γ network, and, thus, it contains 
information about both . x and y. This may greatly help in finding a better solution. 

Neural Net 

Neural Net 

Neural Net 

Fig. 6.2 An approach to learning the joint distribution by using a partially shared parameterization.
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6.2 Hybrid Modeling 

At first glance, there is nothing wrong with learning using the training objective 
expressed as: 

. ln p(x, y) = ln pα,γ(y |x) + ln pβ,γ(x). (6.6) 

However, let us think about the dimensionalities of y and . x. For instance, if y is 
binary, then we have one single bit representing a class label. For a binary vector of 
. x, we have  D bits. Hence, there is a clear discrepancy in scales! Let us take a look at 
the gradient with respect to . γ first, namely: 

.∇γ ln p(x, y) = ∇γ ln pα,γ(y |x) + ∇γ ln pβ,γ(x). (6.7) 

If we think about it, during training, the . γ network obtains a much stronger 
signal from .ln pβ,γ(x). Following our example of binary variables, let us assume that 
our neural nets return all probabilities equal . 0.5, so for the independent Bernoulli 
variables, we get: 

. ln Bern(y |0.5) = y ln 0.5 + (1 − y) ln 0.5
= − ln 2.

where we use the property of the logarithm (.ln 0.5 = ln 2−1 = − ln 2) and it does not 
matter what is the value of y because the neural network returns . 0.5 for .y = 0 and 
.y = 1. Similarly, for . x, we get:  

. ln
D
Π

d=1
Bern(xd |0.5) =

D
⎲

d=1
ln Bern(xd |0.5)

= −D ln 2.

Therefore, we see that the .ln pβ,γ(x) part is D-times stronger than the . ln pα,γ(y |x)
part! How does it influence the final gradients during training? Try to visualize a bar 
of height . ln 2 and the other that is D-times higher. Now, imagine these bars “flow” 
through . γ. Do you see it? Yes, the . γ neural network will obtain more information 
from the marginal distribution, and this information could cripple the classification 
part. In other words, our final model will be always biased toward the marginal part. 
Can we do something about it? Fortunately, yes! 

In [1], it was proposed to consider the convex combination of .ln p(y |x) and . ln p(x)
as the objective function, namely: 

.L(x, y; λ) = (1 − λ) ln p(y |x) + λ ln p(x), (6.8) 

where .λ ∈ [0, 1]. Unfortunately, this weighting scheme is not derived from a well-
defined distribution, and it breaks the elegance of the likelihood-based approach. 
However, if you do not mind being inelegant, then this approach should work well!



6.2 Hybrid Modeling 173

A different approach is proposed in [2] where only .ln p(x) is weighted: 

.ℓ(x, y; λ) = ln p(y |x) + λ ln p(x), (6.9) 

where .λ ≥ 0. This kind of weighting was proposed in various forms before (e.g., 
see [3, 4]). Still, the fudge factor . λ is not derived from a probabilistic perspective. 
However, [2] argues that we can interpret . λ as a way of encouraging robustness to 
input variations. They also mention that scaling .ln p(x) can be seen as a Jacobian-
based regularization penalty. It is still not a valid distribution (because it is equivalent 
to .p(x)λ), but at least we can provide some interpretations. 

In [2], the hybrid modeling idea has been pursued with .p(x) being modeled by 
flows (in the paper, they used GLOW [5]), and then, the resulting latents . z were used 
as the input to the classifier. In other words, a flow-based model is used for . p(x), 
and the invertible neural network (e.g., consisting of coupling layers) is shared with 
the classifier. Then, the final layers on top of the invertible neural network are used 
to make a decision y. The objective function is .ℓ(x, y; λ) as defined in Eq. 6.9. The  
approach is schematically presented in Fig. 6.3. 

There are a couple of interesting properties of this approach. First, we can use the 
invertible neural network for both generative and discriminative parts of the model. 
Hence, the flow-based model is well-informed about the label. Second, the weighting 
. λ allows controlling whether the model is more discriminative or more generative. 
Third, we can use any flow-based model! GLOW was used in [2]; however, [6] used  
residual flows and [7] applied invertible DenseNets. Fourth, as presented by [2], we 
can use any classifier (or regressor), e.g., Bayesian classifiers. 

A potential drawback of this approach lies in the necessity of determining . λ. This  
is an extra hyperparameter that requires tuning. Moreover, as noticed in previous 
papers [2, 6, 7], the value of . λ drastically changes the performance of the model 
from discriminative to generative. That is an open question of how to deal with that. 

Neural Net 

Invertible 
Neural Net 

Fig. 6.3 Hybrid modeling using invertible neural networks and flow-based models.
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6.3 Let’s Implement It! 

Now, it is time to be more specific and formulate a hybrid model. Let us start with 
the classifier and consider a fully connected neural network to model the conditional 
distribution .p(y |x), namely: 

. z → Linear(D,M) → ReLU → Linear(M,M) → ReLU →
→ Linear(M,K) → Softmax

where D is the dimensionality of . x and K is the number of classes. The softmax gives 
us probabilities for each class. Remember that .z = f −1(x), where f is an invertible 
neural network. 

In our example, we use the classifier, so we should take the categorical distribution 
for the conditional .p(y |x): 

.p(y |x) =
K
Π

k=1
θk(x)[y=k], (6.10) 

where .θk(x) is the softmax value for the k-th class and .[y = k] is the Iverson bracket 
(i.e., .[y = k] = 1 if y equals k and 0 otherwise). 

Next, we focus on modeling . p(x). We can use any marginal model, e.g., we can 
apply flows and the change of variable formula, namely: 

.p(x) = π
⎧

z = f −1(x)
⎫

|J f (x)|−1, (6.11) 

where .J f (x) denotes the Jacobian of the transformation (i.e., neural network) f 
evaluated at . x. In the case of the flow, we typically use .π(z) = N(z|0, 1), i.e., the 
standard Gaussian distribution. 

Plugging these all distributions to the objective of the hybrid modeling .ℓ(x, y; λ), 
we get: 

.ℓ(x, y; λ) =
K
⎲

k=1
[y = k] ln θk,g, f (x) + λ N(z = f −1(x)|0, 1) − ln |J f (x)|. (6.12) 

where we additionally highlight that .θk,g, f is parameterized by two neural networks: 
f from the flow and g for the final classification. 

Now, if we would like to follow [2], we could pick coupling layers as the com-
ponents of f , and eventually, we would model .p(x) using RealNVP or GLOW, for 
instance. However, we want to be fancier, and we will utilize integer discrete flows 
(IDFs) [8, 9]. Why? Because we simply can and also IDFs do not require calculating 
the Jacobian. Besides, we can practice a bit of formulating various hybrid models. 

Let us quickly recall IDFs. First, they operate on . ZD , i.e., integers. Second, we 
need to pick an appropriate . π(z) that in this case could be the discretized logistic 
(DL), .DL(z |μ, ν) with mean . μ and scale . ν. Since the change of variable formula for
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discrete random variables does not require calculating the Jacobian (remember no 
change of volume here!), we can rewrite the hybrid modeling objective as follows: 

.ℓ(x, y; λ) =
K
⎲

k=1
[y = k] ln θk,g, f (x) + λ DL(z = f −1(x)|μ, ν). (6.13) 

That’s it! Congratulations, if you have followed all these steps, you have arrived 
at a new hybrid model that uses IDFs to model the distribution of . x. Notice that the 
classifier takes integers as inputs. 

6.4 Code 

We have all the components to implement our own hybrid integer discrete flow 
(HybridIDF)! Below, there is a code with a lot of comments that should help to 
understand every single line of it. 

1 class HybridIDF(nn.Module): 
2 def __init__(self, netts, classnet , num_flows , alpha=1., D=2) 

: 
3 super(HybridIDF, self).__init__() 
4 

5 print(’HybridIDF by JT.’) 
6 

7 # Here we use the two options discussed previously: a 
coupling layer or a generalized invertible transformation 

8 # These formulate the transformation f. 
9 # NOTE: Please pay attention to a new variable here, 

namely, beta. This is the rezero trick used in (van den Berg 
et~al., 2020). 

10 if len(netts) == 1: 
11 self.t = torch.nn.ModuleList([netts[0]() for _ in 

range(num_flows)]) 
12 self.idf_git = 1 
13 self.beta = nn.Parameter(torch.zeros(len(self.t))) 
14 

15 elif len(netts) == 4: 
16 self.t_a = torch.nn.ModuleList([netts[0]() for _ in 

range(num_flows)]) 
17 self.t_b = torch.nn.ModuleList([netts[1]() for _ in 

range(num_flows)]) 
18 self.t_c = torch.nn.ModuleList([netts[2]() for _ in 

range(num_flows)]) 
19 self.t_d = torch.nn.ModuleList([netts[3]() for _ in 

range(num_flows)]) 
20 self.idf_git = 4 
21 self.beta = nn.Parameter(torch.zeros(len(self.t_a))) 
22 

23 else:
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24 raise ValueError(’You can provide either 1 or 4 
translation nets.’) 

25 

26 # This contains extra layers for classification on top of 
z. 

27 self.classnet = classnet 
28 

29 # The number of flows (i.e., f’s). 
30 self.num_flows = num_flows 
31 

32 # The rounding operator. 
33 self.round = RoundStraightThrough.apply 
34 

35 # The mean and log-scale for the base distribution pi. 
36 self.mean = nn.Parameter(torch.zeros(1, D)) 
37 self.logscale = nn.Parameter(torch.ones(1, D)) 
38 

39 # The dimensionality of the input. 
40 self.D = D 
41 

42 # Since using "lambda" is confusing for Python, we will 
use alpha in the code for lambda in previous equations (not 
confusing at all, right?!) 

43 self.alpha = alpha 
44 

45 # We use the built-in PyTorch loss function. It is for 
educational purposes! Otherwise, we could use the log-
categorical. 

46 self.nll = nn.NLLLoss(reduction=’none’) #it requires log-
softmax as input!! 

47 

48 # The coupling layer as introduced before. 
49 # NOTE: We use the rezero trick! 
50 def coupling(self, x, index, forward=True): 
51 

52 if self.idf_git == 1: 
53 (xa, xb) = torch.chunk(x, 2, 1) 
54 

55 if forward: 
56 yb = xb + self.beta[index] * self.round(self.t[ 

index](xa)) 
57 else: 
58 yb = xb - self.beta[index] * self.round(self.t[ 

index](xa)) 
59 

60 return torch.cat((xa, yb), 1) 
61 

62 elif self.idf_git == 4: 
63 (xa, xb, xc, xd) = torch.chunk(x, 4, 1) 
64 

65 if forward: 
66 ya = xa + self.beta[index] * self.round(self.t_a[ 

index](torch.cat((xb, xc, xd), 1)))
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67 yb = xb + self.beta[index] * self.round(self.t_b[ 
index](torch.cat((ya, xc, xd), 1))) 

68 yc = xc + self.beta[index] * self.round(self.t_c[ 
index](torch.cat((ya, yb, xd), 1))) 

69 yd = xd + self.beta[index] * self.round(self.t_d[ 
index](torch.cat((ya, yb, yc), 1))) 

70 else: 
71 yd = xd - self.beta[index] * self.round(self.t_d[ 

index](torch.cat((xa, xb, xc), 1))) 
72 yc = xc - self.beta[index] * self.round(self.t_c[ 

index](torch.cat((xa, xb, yd), 1))) 
73 yb = xb - self.beta[index] * self.round(self.t_b[ 

index](torch.cat((xa, yc, yd), 1))) 
74 ya = xa - self.beta[index] * self.round(self.t_a[ 

index](torch.cat((yb, yc, yd), 1))) 
75 

76 return torch.cat((ya, yb, yc, yd), 1) 
77 

78 # The permutation layer. 
79 def permute(self, x): 
80 return x.flip(1) 
81

82 # The flow transformation: forward pass... 
83 def f(self, x): 
84 z = x  
85 for i in range(self.num_flows): 
86 z = self.coupling(z, i, forward=True) 
87 z = self.permute(z) 
88 

89 return z 
90 # ... and the inverse pass. 
91 def f_inv(self, z): 
92 x = z  
93 for i in reversed(range(self.num_flows)): 
94 x = self.permute(x) 
95 x = self.coupling(x, i, forward=False) 
96 

97 return x 
98 

99 # A new function: This is used for classification. First, we 
predict probabilities , and then pick the most probable value. 

100 def classify(self, x): 
101 z = self.f(x) 
102 y_pred = self.classnet(z) #output: probabilities (i.e., 

softmax) 
103 return torch.argmax(y_pred, dim=1) 
104 

105 # An auxiliary function: We use it for calculating the 
classification loss, namely, the negative log-likelihood for 
p(y|x). 

106 # NOTE: We first apply the invertible transformation f. 
107 def class_loss(self, x, y): 
108 z = self.f(x) 
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109 y_pred = self.classnet(z) #output: probabilities (i.e., 
softmax) 

110 return self.nll(torch.log(y_pred), y) 
111 

112 def sample(self, batchSize): 
113 # sample z: 
114 z = self.prior_sample(batchSize=batchSize , D=self.D) 
115 # x = f^-1(z)  
116 x = self.f_inv(z) 
117 return x.view(batchSize , 1, self.D) 
118 

119 # The log-probability of the base distribution (a.k.a. prior) 
. 

120 def log_prior(self, x): 
121 log_p = log_integer_probability(x, self.mean, self. 

logscale) 
122 return log_p.sum(1) 
123 

124 # Sampling from the base distribution. 
125 def prior_sample(self, batchSize , D=2): 
126 # Sample from logistic 
127 y = torch.rand(batchSize, self.D) 
128 x = torch.exp(self.logscale) * torch.log(y / (1. - y)) + 

self.mean 
129 # And then round it to an integer. 
130 return torch.round(x) 
131 

132 # The forward pass: Now, we use the hybrid model objective! 
133 def forward(self, x, y, reduction=’avg’): 
134 z = self.f(x) 
135 y_pred = self.classnet(z) #output: probabilities (i.e., 

softmax) 
136 

137 idf_loss = -self.log_prior(z) 
138 class_loss = self.nll(torch.log(y_pred), y) #remember to 

use logarithm on top of softmax! 
139 

140 if reduction == ’sum’: 
141 return (class_loss + self.alpha * idf_loss).sum() 
142 else: 
143 return (class_loss + self.alpha * idf_loss).mean() 

Listing 6.1 A HybridIDF class.
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1 # The number of invertible transformations 
2 num_flows = 2 
3 

4 # Here, we present only for the option 1 IDF. 
5 nett = lambda:nn.Sequential(nn.Linear(D // 2, M), nn.LeakyReLU(), 
6 nn.Linear(M, M), nn.LeakyReLU(), 
7 nn.Linear(M, D // 2)) 
8 netts = [nett] 
9 

10 # And a three-layered classifier. 
11 classnet = nn.Sequential(nn.Linear(D, M), nn.LeakyReLU(), 
12 nn.Linear(M, M), nn.LeakyReLU(), 
13 nn.Linear(M, K), 
14 nn.Softmax(dim=1)) 
15 

16 # Init HybridIDF 
17 model = HybridIDF(netts, classnet , num_flows , D=D, alpha=alpha) 

Listing 6.2 Examples of neural networks. 

And we are done; this is all we need to have! After running the code and training 
the HybridIDFs, we should obtain results similar to those in Fig. 6.4. 

BA 

DC 

Fig. 6.4 An example of outcomes after the training: (a) Randomly selected real images. (b) 
Unconditional generations from the HybridIDF. (c) An example of a validation curve for the 
classification error. (d) An example of a validation curve for the negative log-likelihood, i.e., 
.− ln p(x).
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6.5 What’s Next? 

Hybrid VAE The hybrid modeling idea goes beyond using flows for . p(x). Instead, 
e.g., we can pick VAE, and then, after applying the variational inference, we get a 
lower bound to the hybrid modeling objective: 

.ℓ̃(x, y; λ) = ln p(y |x) + λ Ez∼q(z |x) [ln p(x|z) + ln p(z) − ln q(z|x)] . (6.14) 

where .p(y |x) uses the encoder inside, i.e., .q(z|x). 
Semi-supervised hybrid learning The hybrid modeling perspective is perfectly 
suited to the semi-supervised scenario. For the labeled data, we can use the objective 
.ℓ(x, y; λ) = ln p(y |x) + λ ln p(x). However, for the unlabeled data, we can simply 
consider only the .ln p(x) part. Such an approach was used by, for example, [10] for  
VAEs. 

A very interesting perspective on learning semi-supervised VAE was presented 
in [11]. The authors end up with an objective that resembles the hybrid modeling 
objective but without the cumbersome . λ! 
The factor . λ As mentioned before, the fudge factor . λ could be troublesome. First, 
it does not follow a proper probability distribution. Second, it must be tuned which 
is always extra trouble. But, as mentioned before, [11] showed that we can get rid of 
. λ! 
New parameterizations An interesting open research direction is whether we can 
get rid of . λ by using a different learning algorithm and/or other parameterizations 
(e.g., some peculiar neural networks). It turns out that it is possible. One solution lies 
in a proper connection of a UNet parameterizing a diffusion model and attaching a 
predictive neural net to the encoder part of the UNet [12]. This paper clearly shows 
that it is perfectly fine to train a model with the joint likelihood function as the 
objective. 
Is this a good factorization? I am almost sure that some of you wonder whether this 
factorization of the joint, i.e., .p(x, y) = p(y |x) p(x), is indeed better than . p(x, y) =
p(x|y) p(y). If I were to sample . x from a specific class y, then the latter is better. 
However, if you go back to Chap. 1, you will notice that I do not care about generating. 
I prefer to have a good model that will assign proper probabilities to the world. That 
is why I prefer .p(x, y) = p(y |x) p(x). 
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Chapter 7 
Energy-Based Models 

7.1 Introduction 

So far, we have discussed various deep generative models for modeling the marginal 
distribution over observable variables (e.g., images), . p(x), such as autoregressive 
models (ARMs), flow-based models (flows, for short), variational autoencoders 
(VAEs), and hierarchical models like hierarchical VAEs and diffusion-based deep 
generative models (DDGMs). However, from the very beginning, we advocate for 
using deep generative modeling in the context of finding the joint distribution 
over observables and decision variables that is factorized as .p(x, y) = p(y |x)p(x). 
After taking the logarithm of the joint, we obtain two additive components: 
.ln p(x, y) = ln p(y |x) + ln p(x). We outlined how such a joint model could be for-
mulated and trained in the hybrid modeling setting (see Chap. 6). The drawback 
of hybrid modeling though is the necessity of weighting both distributions, i.e., 
.𝓁(x, yλ) = ln p(y |x) + λ ln p(x), and for .λ ≠ 1, this objective does not correspond 
to the log-likelihood of the joint distribution. The question is whether it is possible 
to formulate a model to learn with .λ = 1. Here, we are going to discuss a potential 
solution to this problem using probabilistic energy-based models (EBMs) [1]. 

The history of EBMs is long and dates back to the 1980s of the previous century 
when models dubbed Boltzmann machines were proposed [2, 3]. Interestingly, the 
idea behind Boltzmann machines is taken from statistical physics and was formulated 
by cognitive scientists. A nice mix-up, isn’t it? In a nutshell, instead of proposing a 
specific distribution like Gaussian or Bernoulli, we can define an energy function, 
. E(x), that assigns a value (energy) to a given state. There are no restrictions on the 
energy function, so you can already think of parameterizing it with neural networks. 
Then, the probability distribution could be obtained by transforming the energy to 
the unnormalized probability .e−E(x) and normalizing it by .Z =

∑
x e

−E(x) (a.k.a. a 
partition function), which yields the Boltzmann (also called Gibbs) distribution: 

.p(x) = e−E(x)

Z
. (7.1) 
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If we consider continuous random variables, then the sum sign should be replaced 
by the integral. In physics, the energy is scaled by an inverse of temperature [4]; how-
ever, we skip it to keep the notation uncluttered. Understanding how the Boltzmann 
distribution works is relatively simple. Imagine a grid 5 by 5. Then, assign some 
value (energy) to each of the 25 points where a larger value means that a point has 
higher energy. Exponentiating the energy ensures that we do not obtain negative val-
ues. To calculate the probability for each point, we need to divide all exponentiated 
energies by their sum, in the same way how we do it for calculating softmax. In the 
case of continuous random variables, we must normalize by calculating an integral 
(i.e., a sum over all infinitesimal regions). For instance, the Gaussian distribution 
could be also expressed as the Boltzmann distribution with an analytically tractable 
partition function and the energy function of the following form: 

.E(x; μ, σ2) = 1
2σ2 (x − μ)

2, (7.2) 

which yields: 

.p(x) = e−E(x)
∫
e−E(x)dx

(7.3) 

= e 
1 

2σ2 (x−μ)
2 

√ 
2πσ2 

. (7.4) 

In practice, most energy functions do not result in a nicely computable partition 
function. And, typically, the partition function is the key element that is problematic 
in learning energy-based models. The second problem is that, in general, it is hard 
to sample from such models. Why? Well, we know the probability for each point, 
but there is no generative process like in ARMs, flows, or VAEs. It is unclear how to 
start and what is the graphical model for an EBM. We can think of the EBM as a box 
that for a given . x can tell us the (unnormalized) probability of that point. Notice that 
the energy function does not distinguish variables in any way; it does not care about 
any structure in . x. It says give me  . x and I will return the value. That’s it! In other 
words, the energy function defines mountains and valleys over the space of random 
variables. 

A curious reader (yes, I am referring to you!) may ask why we want to bother with 
EBMs. Previously discussed models are at least tractable and comprehensible in the 
sense that some stochastic dependencies are defined. Now, we suddenly invert the 
logic and say that we do not care about modeling the structure and, instead, we want 
to model an energy function that returns unnormalized probabilities. Is it beneficial? 
Yes, for at least three reasons: First, in principle, the energy function is unconstrained; 
it could be any function! Yes, you have probably guessed already; it could be a neural 
network! Second, notice that the energy function could be multimodal without being 
defined as such (i.e., opposing a mixture distribution). Third, there is no difference 
if we define it over discrete or continuous variables. I hope you see now that EBMs
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have a lot of advantages! They possess a lot of deficiencies too, but, hey, let us stick 
to the positive aspects before we start, ok? 

7.2 Model Formulation 

As mentioned earlier, we formulate an energy function with some parameters . θ over 
observable and decision random variables, .E(x, y; θ), that assigns a value (energy) to  
a pair .(x, y) where .x ∈ RD and .y ∈ {0, 1, . . . ,K −1}. Let .E(x, y; θ) be parameterized 
by a neural network .NNθ (x) that returns K values: .NNθ : RD → RK . In other words, 
we can define the energy as follows: 

.E(x, y; θ) = −NNθ (x)[y] (7.5) 

where we indicate by . [y] the specific output of the neural net .NNθ (x). Then, the joint 
probability distribution is defined as the Boltzmann distribution: 

.pθ (x, y) =
exp{NNθ (x)[y]}

∑
x,y exp{NNθ (x)[y]}

(7.6) 

= exp{NNθ (x)[y]} 
Zθ 

, (7.7) 

where we define the partition function as .Zθ =
∑

x,y exp{NNθ (x)[y]}. 
Since we have the joint distribution, we can calculate the marginal distribution and 

the conditional distribution. First, let us take a look at the marginal . p(x). Applying 
the sum rule to the joint distribution yields: 

.pθ (x) =
⎲

y

pθ (x, y) (7.8) 

=

∑
y exp{NNθ (x)[y]}

∑
x,y exp{NNθ (x)}[y]

(7.9) 

=

∑
y exp{NNθ (x)[y]} 

Zθ 
. (7.10) 

Let us notice that we can express this distribution differently. First, we can rewrite 
the numerator in the following manner: 

.

⎲

y

exp{NNθ (x)[y]} = exp

⎧

log

⎛
⎲

y

exp{NNθ (x)[y]}
⎞⎫

(7.11) 

= exp
{
LogSumExpy{NNθ (x)[y]}

}
(7.12) 

where we define .LogSumExpy{ f (y)} = ln
∑

y exp{ f (y)}. In other words, we 
can say that the energy function of the marginal distribution is expressed as
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.−LogSumExpy{NNθ (x)[y]}. Then, the marginal distribution could be defined as 
follows: 

.pθ (x) =
exp

{
LogSumExpy{NNθ (x)[y]}

}

Zθ
. (7.13) 

Now, we can calculate the conditional distribution .pθ (y |x). We know that 
.pθ (x, y) = pθ (y |x) pθ (x); thus: 

.pθ (y |x) =
pθ (x, y)
pθ (x)

(7.14) 

= 
exp{NNθ (x)[y]}  

Zθ
∑

y exp{NNθ (x)[y]}  
Zθ 

(7.15) 

= exp{NNθ (x)[y]}
∑

y exp{NNθ (x)[y]}
. (7.16) 

The last line should resemble something; do you see it? Yes, you are right; it is 
the softmax function! We have shown that the energy-based model could be used 
either as a classifier or as a marginal distribution. And it is enough to define a single 
neural network for that! Isn’t it beautiful? The same observations were made in [5] 
that any classifier could be seen as an energy-based model. 

Interestingly, the logarithm of the joint distribution is the following: 

. ln pθ (x, y) = ln pθ (y |x) + ln pθ (x) (7.17) 

= ln exp{NNθ (x)[y]}
∑

y exp{NNθ (x)[y]} 
+ ln

∑
y exp{NNθ (x)[y]} 

Zθ 
(7.18) 

= ln softmax{NNθ (x)[y]} +
⎛

LogSumExpy{NNθ (x)[y]} − ln Zθ
⎞

, 
(7.19) 

where we define .LogSumExpy{ f (y)} = ln
∑

y exp{ f (y)}. We clearly see that the 
model requires a shared neural network that is used for calculating both distributions. 
To obtain a specific distribution, we pick the final activation function. The model is 
schematically presented in Fig. 7.1. 

7.3 Training 

We have a single neural network to train, and the training objective is the logarithm 
of the joint distribution. Since the training objective is a sum of the logarithm of the 
conditional .pθ (y |x) and the logarithm the marginal .pθ (x), calculating the gradient 
with respect to the parameters . θ requires taking the gradient of each of the component
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Fig. 7.1 A schematic representation of an EBM. We denote the output of .LogSumExpy by . p̃θ (x)
to highlight that it is the unnormalized distribution since calculating the partition function is 
troublesome. 

separately. We know that there is no problem with learning a classifier so let us take 
a closer look at the second component, namely: 

.∇θ ln pθ (x) =∇θLogSumExpy{NNθ (x)[y]} − ∇θ ln Zθ (7.20) 

=∇θLogSumExpy{NNθ (x)[y]}+ 

− ∇θ ln
⎲

x 
exp

{
LogSumExpy{NNθ (x)[y]}

}
(7.21) 

=∇θLogSumExpy{NNθ (x)[y]}+ 

−
⎲

x'

exp
{
LogSumExpy{NNθ (x')[y]}

}

∑
x'',y'' exp{NNθ (x'')[y'']} ∇θLogSumExpy{NNθ (x')[y]} 

(7.22) 

=∇θLogSumExpy{NNθ (x)[y]}+ 

− Ex'∼pθ (x)
⎾
∇θLogSumExpy{NNθ (x')[y]}

⏋
. (7.23) 

We can decipher what has just happened here. The gradient of the first part, 
.∇θLogSumExpy{NNθ (x)[y]}, is calculated for a given data point . x. The log-sum-
exp function is differentiable, so we can apply autograd tools. However, the second 
part, .Ex'∼pθ (x)

⎾
∇θLogSumExpy{NNθ (x')[y]}

⏋
, is a totally different story for two 

reasons: 

• First, the gradient of the logarithm of the partition function turns into the ex-
pected value over . x distributed according to the model! That is really a problem 
because the expected value cannot be analytically calculated and sampling from 
the marginal distribution .pθ (x) is nontrivial.
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• Second, we need to calculate the expected value of the log-sum-exp of .NNθ (x). 
That is good news because we can do it using automatic differentiation tools. 

Thus, the only problem lies in the expected value. Typically, it is approximated by 
Monte Carlo samples; however, it is not clear how to sample effectively and efficiently 
from an EBM. Grathwohl et al. [5] proposes to use the Langevin dynamics [6] that 
is an MCMC method. The Langevin dynamics in our case starts with a randomly 
initialized . x0 and then uses the information about the landscape of the energy function 
(i.e., the gradient) to seek for new . x, that is: 

.xt+1 = xt + α∇xt LogSumExpy {NNθ (x)[y]} + σ · ϵ, (7.24) 

where .α > 0, .σ > 0, and .ϵ ∼ N(0, I). The Langevin dynamics could be seen as 
the stochastic gradient descent in the observable space with a small Gaussian noise 
added at each step. Once we apply this procedure for . η steps, we can approximate 
the gradient as follows: 

. ∇θ ln pθ (x) ≈ ∇θLogSumExpy{NNθ (x)[y]} − ∇θLogSumExpy{NNθ (xη)[y]},
(7.25) 

where . xη denotes the last step of the Langevin dynamics procedure. 
We are ready to put it all together! Please remember that our training objective is 

the following: 

. ln pθ (x, y) = ln softmax{NNθ (x)[y]} +
⎛

LogSumExpy{NNθ (x)[y]} − ln Zθ
⎞

,

(7.26) 

where the first part is for learning a classifier and the second part is for learning a 
generator (so to speak). As a result, we can say we have a sum of two objectives for 
a fully shared model. The gradient with respect to the parameters is the following: 

. ∇θ ln pθ (x, y) =∇θ ln softmax{NNθ (x)[y]}+

+ ∇θLogSumExpy{NNθ (x)[y]}+

− Ex'∼pθ (x)
⎾
∇θLogSumExpy{NNθ (x')[y]}

⏋
. (7.27) 

The last two components come from calculating the gradient of the marginal 
distribution. Remember that the problematic part is only the last component! We 
will approximate this part using the Langevin dynamics (i.e., a sampling procedure) 
and a single sample. The final training procedure is the following:
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Training of EMBs 

1. Sample . xn and . yn from a dataset. 
2. Calculate .NNθ (xn)[y]. 
3. Initialize . x0 using, for example, a uniform distribution. 
4. Run the Langevin dynamics for . η steps: 

.xt+1 = xt + α∇xt LogSumExpy {NNθ (x)[y]} + σ · ϵ . (7.28) 

5. Calculate the objective: 

.Lcl f (θ) =
⎲

y

1[y = yn] θy ln {NNθ (xn)[y]} (7.29) 

Lgen(θ) = LogSumExpy{NNθ (x)[y]} − LogSumExpy{NNθ (xη)[y]} 
(7.30) 

L(θ) = Lcl f (θ) + Lgen(θ). (7.31) 

6. Apply the autograd tool to calculate gradients .∇θL(θ), and update the 
neural network. 

Notice that .Lcl f (θ) is nothing else than the cross-entropy loss and .Lgen(θ) is a 
(crude) approximation to the log-marginal distribution over . xs. 

7.4 Code 

What do we need to code then? First, we must specify the neural network that defines 
the energy function (let us call it the energy net). Classifying using the energy net is 
rather straightforward. The main problematic part is a sampling from the model using 
the Langevin dynamics. Fortunately, the autograd tools allow us to easily access the 
gradient with respect to . x! In fact, it is a single line in the code below. Then we 
require writing a loop to run the Langevin dynamics for . η iterations with the steps 
size . α and the noise level equal . σ. In the code, we assume the data are normalized 
and scaled to .[−1, 1] similar to [5]. 

1 class EBM(nn.Module): 
2 def __init__(self, energy_net , alpha, sigma, ld_steps , D): 
3 super(EBM, self).__init__() 
4 

5 print(’EBM by JT.’) 
6 

7 # the neural net used by the EBM 
8 self.energy_net = energy_net 
9 

10 # the loss for classification 
11 self.nll = nn.NLLLoss(reduction=’none’) # it requires 

log-softmax as input!!
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12 

13 # hyperparams 
14 self.D = D 
15 

16 self.sigma = sigma 
17 

18 self.alpha = torch.FloatTensor([alpha]) 
19 

20 self.ld_steps = ld_steps 
21 

22 def classify(self, x): 
23 f_xy = self.energy_net(x) 
24 y_pred = torch.softmax(f_xy, 1) 
25 return torch.argmax(y_pred, dim=1) 
26 

27 def class_loss(self, f_xy, y): 
28 # - calculate logits (for classification) 
29 y_pred = torch.softmax(f_xy, 1) 
30 

31 return self.nll(torch.log(y_pred), y) 
32 

33 def gen_loss(self, x, f_xy): 
34 # - sample using Langevin dynamics 
35 x_sample = self.sample(x=None, batch_size=x.shape[0]) 
36 

37 # - calculate f(x_sample)[y] 
38 f_x_sample_y = self.energy_net(x_sample) 
39 

40 return -(torch.logsumexp(f_xy, 1) - torch.logsumexp( 
f_x_sample_y , 1)) 

41 

42 def forward(self, x, y, reduction=’avg’): 
43 # ===== 
44 # forward pass through the network 
45 # - calculate f(x)[y] 
46 f_xy = self.energy_net(x) 
47 

48 # ===== 
49 # discriminative part 
50 # - calculate the discriminative loss: the cross-entropy 
51 L_clf = self.class_loss(f_xy, y) 
52 

53 # ===== 
54 # generative part 
55 # - calculate the generative loss: E(x) - E(x_sample) 
56 L_gen = self.gen_loss(x, f_xy) 
57 

58 # ===== 
59 # Final objective 
60 if reduction == ’sum’: 
61 loss = (L_clf + L_gen).sum() 
62 else: 
63 loss = (L_clf + L_gen).mean() 
64
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65 return loss 
66 

67 def energy_gradient(self, x): 
68 self.energy_net.eval() 
69 

70 # copy original data that doesn’t require grads! 
71 x_i = torch.FloatTensor(x.data) 
72 x_i.requires_grad = True # WE MUST ADD IT, otherwise 

autograd won’t work 
73 

74 # calculate the gradient 
75 x_i_grad = torch.autograd.grad(torch.logsumexp(self. 

energy_net(x_i), 1).sum(), [x_i], retain_graph=True)[0] 
76 

77 self.energy_net.train() 
78 

79 return x_i_grad 
80 

81 def langevin_dynamics_step(self, x_old, alpha): 
82 # Calculate gradient wrt x_old 
83 grad_energy = self.energy_gradient(x_old) 
84 # Sample eta ~ Normal(0, alpha) 
85 epsilon = torch.randn_like(grad_energy) * self.sigma 
86 

87 # New sample 
88 x_new = x_old + alpha * grad_energy + epsilon 
89 

90 return x_new 
91 

92 def sample(self, batch_size=64, x=None): 
93 # - 1) Sample from uniform 
94 x_sample = 2. * torch.rand([batch_size , self.D]) - 1. 
95 

96 # - 2) run Langevin Dynamics 
97 for i in range(self.ld_steps): 
98 x_sample = self.langevin_dynamics_step(x_sample , 

alpha=self.alpha) 
99 

100 return x_sample 
Listing 7.1 An EBM class. 

And we are done; this is all we need to have! After running the code and training 
the EBM, we should obtain results similar to those in Fig. 7.2. 

7.5 Restricted Boltzmann Machines 

The idea of defining a model through the energy function is the foundation of a 
broad family of Boltzmann machines (BMs) [2, 7]. The Boltzmann machines define 
an energy function as follows:
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BA 

DC 

Fig. 7.2 An example of outcomes after the training: (a) Randomly selected real images. (b) 
Unconditional generations from the EBM after applying .η = 20 steps of the Langevin dynamics. 
(c) An example of a validation curve of the objective (.Lcl f +Lgen). (d) An example of a validation 
curve of the generative objective .Lgen . 

.E(x; θ) = −
(
xTWx + bTx

)
, (7.32) 

where .θ = {W, b} and . W is the weight matrix and . b is the bias vector (bias weights), 
which is the same as that in Hopfield networks and Ising models. The problem 
with BM is that they are hard to train (due to the partition function). However, we 
can alleviate the problem by introducing latent variables and restricting connections 
among observables. 

7.5.1 Restricting BMs 

Let us consider a BM that consists of binary observable variables .x ∈ {0, 1}D and 
binary latent (hidden) variables .z ∈ {0, 1}M . The relationships among variables are 
specified through the following energy function: 

.E(x, z; θ) = −xTWz − bTx − cTz, (7.33) 

where .θ = {W, b, c} is a set of parameters and .W ∈ RD×M , .b ∈ RD , and .c ∈ RM are, 
respectively, weights, observable biases, and hidden biases. For the energy function 
in Eq. 7.33, RBM is defined by the Gibbs distribution: 

.p(x, z|θ) = 1
Zθ

exp
(
− E(x, z; θ)

)
, (7.34) 

where
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.Zθ =
⎲

x

⎲

z
exp

(
− E(x, z; θ)

)
(7.35) 

is the partition function. The marginal probability over observables (the likelihood 
of observation) is: 

.p(x|θ) = 1
Zθ

exp
(
− F(x; θ)

)
, (7.36) 

where . F(·) is the free energy:1 

.F(x; θ) = −bTx −
⎲

j

log
⎛

1 + exp
(
cj + (W· j)Tx

) ⎞

. (7.37) 

The presented model is called a restricted Boltzmann machine (RBM). It pos-
sesses the very useful property that the conditional distribution over the hidden 
variables factorizes given the observable variables and vice versa, which yields the 
following: 

.p(zm = 1|x, θ) = sigm
(
cm + (W·m)Tx

)
, (7.38) 

p(xd = 1|z, θ) = sigm(bd + Wd ·z). (7.39) 

7.5.2 Learning RBMs 

For given data .D = {xn}Nn=1, we can train an RBM using the maximum likelihood 
approach that seeks the maximum of the log-likelihood function: 

.𝓁(θ) = 1
N

⎲

xn ∈D
log p(xn |θ). (7.40) 

The gradient of the learning objective . 𝓁(θ)with respect to . θ takes the following form: 

.∇θ𝓁(θ) = − 1
N

N⎲

n=1

⎛

∇θF(xn; θ) −
⎲

x̂
p(x̂|θ)∇θF(x̂; θ)

⎞

. (7.41) 

In general, the gradient in Eq. 7.41 cannot be computed analytically because the 
second term requires summing over all configurations of observables. One way to 
sidestep this issue is the standard stochastic approximation of replacing the expec-
tation under .p(x|θ) by a sum over S samples .{x̂1, . . . , x̂S} drawn according to . p(x|θ)
[8]: 

.∇θ𝓁(θ) ≈ −
⎛ 1
N

N⎲

n=1
∇θF(xn; θ) − 1

S

S⎲

s=1
∇θF(x̂s; θ)

⎞

. (7.42)

1 We use the following notation: for given matrix . A, . Ai j is its element at location . (i, j), . A· j denotes 
its . jth column , and . Ai · denotes its . ith row, and for given vector . a, . ai is its . ith element. 
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A different approach, contrastive divergence, approximates the expectation under 
.p(x|θ) in Eq. 7.41 by a sum over samples . ̄xn drawn from a distribution obtained by 
applying K steps of the block Gibbs sampling procedure: 

.∇θ𝓁(θ) ≈ − 1
N

N⎲

n=1

⎛

∇θF(xn; θ) − ∇θF(x̄n; θ)
⎞

. (7.43) 

A Side Note  

The original CD [9] used  K steps of the Gibbs chain, starting from each 
data point . xn to obtain a sample . ̄xn, and is restarted after every parameter 
update. An alternative approach, Persistent Contrastive Divergence (PCD) 
does not restart the chain after each update; this typically results in a slower 
convergence rate but eventually better performance [10]. 

7.5.3 Defining Higher-Order Relationships Through the Energy 
Function 

The energy function is an interesting concept because it allows the modeling of 
higher-order dependencies among variables. For instance, the binary RBM could be 
extended to third-order multiplicative interactions by introducing two kinds of hidden 
variables, i.e., subspace units and gate units. The subspace units are hidden variables 
that reflect variations of a feature, and, thus, they are more robust to invariances. The 
gate units are responsible for activating the subspace units, and they can be seen as 
pooling features composed of the subspace features. 

Let us consider the following random variables: . x ∈ {0, 1}D, h ∈ {0, 1}M, S ∈
{0, 1}M×K . We are interested in the situation where there are three variables con-
nected, namely, one observable . xi and two types of hidden binary units, a gate unit 
. hj and a subspace unit . sjk . Each gate unit is associated with a group of subspace 
hidden units. The energy function of a joint configuration is then defined as follows:2 

. E(x, h, S; θ) = −
D⎲

i=1

M⎲

j=1

K⎲

k=1
Wi jk xihj sjk −

D⎲

i=1
bi xi −

M⎲

j=1
cjhj −

M⎲

j=1
hj

K⎲

k=1
Djk sjk,

(7.44) 
where the parameters are .θ = {W, b, c,D}, where .W ∈ RD×M×K , .b ∈ RD , .c ∈ RM , 
and .D ∈ RM×K . 

The Gibbs distribution with the energy function in (7.44) is called subspace 
restricted Boltzmann machine (subspaceRBM) [11]. For the subspaceRBM, the 
following conditional dependencies hold true:3 

2 Unlike in other cases, we use sums instead of matrix products because now we have third-order 
multiplications that would complicate the notation. 
3 .softplus(a) = log

(
1 + exp(a)

)



7.6 Final Remarks 195

.p(xi = 1|h, S) = sigm
⎛⎲

j

⎲

k

Wi jkhj sjk + bi
⎞

, (7.45) 

p(sjk = 1|x, hj) = sigm
⎛⎲

i 
Wi jk xihj + hjDjk

⎞

, (7.46) 

p(hj = 1|x) = sigm
⎛

− Klog2 + cj + 
K⎲

k=1 
softplus

⎛⎲

i 
Wi jk xi + Djk

⎞⎞

, (7.47) 

which can be straightforwardly used in formulating a contrastive divergence-like 
learning algorithm. Notice that in (7.47) a term .−Klog2 imposes a natural penalty of 
the hidden unit activation which is linear to the number of subspace hidden variables. 
Therefore, the gate unit is inactive unless the sum of softplus of total input exceeds 
the penalty term and the bias term. 

The example of the subspaceRBM shows that the energy function is handy and 
allows the modeling of various stochastic relations. The subspaceRBM was used to 
model invariance features, but other modifications of the energy function in RBMs 
could be formulated to allow training spatial transformations [12] or spike-and-slab 
features [13]. 

7.6 Final Remarks 

The paper of [5] is definitely a milestone in the EBM literature because it shows that 
we can use any energy function parameterized by a neural network. However, to get 
to that point, there was a lot of work on the energy-based models. 
Restricted Boltzmann Machines RBMs possess a couple of useful traits: First, 
the bipartite structure helps training that could be further used in formulating an 
efficient training procedure for RBMs called contrastive divergence [9] that takes 
advantage of block Gibbs sampling. As mentioned earlier, a chain is initialized either 
at a random point or a sample of latents, and then, conditionally, the other set of 
variables are trained. Similar to the ping-pong game, we sample some variables given 
the others until convergence or until we decide to stop. Second, the distribution 
over latent variables could be calculated analytically. Moreover, it could be seen 
as being parameterized by logistic regression. That is an interesting fact that the 
sigmoid function arises naturally from the definition of the energy function! Third, 
the restrictions among connections show that we can still build powerful models that 
are (partially) analytically tractable. This opened a new research direction that aimed 
to formulate models with more sophisticated structures like spike-and-slab RBMs 
[13] and higher-order RBMs [11, 12] or RBMs for categorical observables [14] or  
real-valued observables [15]. Moreover, RBMs could be also modified to handle 
temporal data [16] that could be applied to, for example, human motion tracking 
[17]. The precursor of the idea presented in [5] was the work on classification RBMs 
[18, 19]. The training of RBMs is based on the MCMC techniques, for example, 
the contrastive divergence algorithm. However, RBMs could be trained to achieve
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specific features by regularization [20] or other learning algorithms like the perturb-
and-MAP method [21, 22], minimum probability flow [23], or other algorithms 
[8, 24]. 
Deep Boltzmann Machines A natural extension of BMs is a class of models with a 
deep architecture or hierarchical BMs. As indicated by many, the idea of hierarchical 
models plays a crucial role in AI [25]; therefore, there are many extensions of BMs 
with hierarchical (deep) architectures [15, 26, 27]. 

Training of deep BMs is even more challenging due to the complexity of the 
partition function [28]. One of the main approaches to the training of deep BMs 
relies on treating each pair of consecutive layers as an RBM and training them layer 
by layer where the layer at the lower layer is treated as observed [27]. This procedure 
was successfully applied in the seminal paper on unsupervised pre-training of neural 
nets [29]. 
Approximating the Partition Function The crucial quantity in the EBMs is the 
partition function because it allows calculating the Boltzmann distribution. Unfor-
tunately, summing over all values of random variables is computationally infeasible. 
However, we can use one of the available approximation techniques: 

• Variational methods: There are a few variational methods that lower-bound the 
log-partition function using the Bethe approximation [30, 31] or upper-bound 
the log-partition function using a tree-reweighted sum-product algorithm [32]. 
Perturb-and-MAP methods: An alternative approach is to relate the partition 
function to the max-statistics of random variables and apply the perturb-and-
MAP method [33]. 

• Stochastic approximations: A different approach, probably the most straightfor-
ward, is to utilize a sampling procedure. One widely used technique is the annealed 
importance sampling [28]. 

Some of the approximations are useful for specific BMs, e.g., BMs with binary 
variables and BMs with a specific structure. In general, however, approximating the 
partition function remains an open question and is the main roadblock to using EMBs 
in practice and on a large scale. 

7.7 Are EBMs the Future? 

There is definitely a lot of potential in EBMs for at least two reasons: 

1. They do not require using any fudge factor to balance the classification loss and 
the generative loss like in the hybrid modeling approach. 

2. The results obtained by [5] clearly indicate that EBMs can achieve the SOTA 
classification error, synthesize images of high fidelity, and be of great use for the 
out-of-distribution selection. 

However, there is one main problem that has not been yet solved: The calculation 
of . p(x). As I claim all the time, the deep generative modeling paradigm is useful not
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only because we can synthesize nice-looking images but also because a Generative 
AI system can assess the uncertainty of the surrounding environment and share this 
information with us or other AI systems. Since calculating the marginal distribution 
in EBMs is troublesome, it is doubtful we can use these models in many applications. 
However, it is an extremely interesting research direction, and figuring out how to 
efficiently calculate the partition function and how to efficiently sample from the 
model is crucial for training powerful EBMs. 
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Chapter 8 
Generative Adversarial Networks 

8.1 Introduction 

Once we discussed latent variable models, we claimed that they naturally define a 
generative process by first sampling latents .z ∼ p(z) and then generating observables 
.x ∼ pθ (x|z). That is nice! However, the problem appears when we start thinking 
about training. To be more precise, the training objective is an issue. Why? Well, 
the probability theory tells us to get rid of all unobserved random variables by 
marginalizing them out. In the case of latent variable models, this is equivalent to 
calculating the (marginal) log-likelihood function in the following form: 

. log pθ (x) = log
∫

pθ (x|z) p(z) dz. (8.1) 

As we mentioned already in the section about VAEs (see Sect. 5.3), the problem-
atic part is calculating the integral because it is not analytically tractable unless all 
distributions are Gaussian and the dependency between . x and . z is linear. However, 
let us forget for a moment about all these issues and take a look at what we can do 
here. First, we can approximate the integral using Monte Carlo samples from the 
prior . p(z) that yields: 

. log pθ (x) = log
∫

pθ (x|z) p(z) dz (8.2) 

≈ log 1 
S 

S⎲
s=1 

pθ (x|zs) (8.3) 

= log 
S⎲
s=1 

exp (log pθ (x|zs)) − log S (8.4) 

= LogSumExps {pθ (x|zs)} − log S, (8.5) 

where .LogSumExps { f (s)} = log
ΣS

s=1 exp ( f (s)) is the log-sum-exp function. 
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Assuming for a second that this is a good (i.e., a tight) approximation, we turn 
the problem of calculating the integral into a problem of sampling from the prior. 
For simplicity, we can assume a prior that is relatively easy to be sampled from, e.g., 
the standard Gaussian, .p(z) = N(z|0, I). In other words, we need to model . pθ (x|z)
only, i.e., pick a parameterization for it. Guess what, we will use a neural network 
again! If we model images, then we can use the categorical distribution for the 
conditional likelihood, and then a neural network parameterizes the probabilities. 
Or if we use a Gaussian distribution like in the case of energy-based models or 
diffusion-based deep generative models, then .pθ (x|z) could be Gaussian as well, 
and the neural network outputs the variance and/or the mean. Since the log-sum-
exp function is differentiable (and the application of the log-sum-exp trick makes it 
even numerically stable), there is no problem learning this model end to end! This 
approach is a precursor of many deep generative models and was dubbed density 
networks [1]; see Fig. 8.1 for a schematic representation of density networks. 

Density networks are important and, unfortunately, underappreciated deep gener-
ative models. It is worth knowing them at least for three reasons: First, understanding 
how they work helps a lot in comprehending other latent variable models and how 
to improve them. Second, they serve as a great starting point for understanding the 
difference between prescribed models and implicit models. Third, they allow us to 
formulate a nonlinear latent variable model and train it using backpropagation (or a 
gradient descent, in general). 

Alright, so now you may have some questions because we made a few assumptions 
on the way that might have been pretty confusing. The main assumptions made here 
are the following: 

• We need to specify the prior distribution . p(z), e.g., the standard Gaussian. 
• We need to specify the form of the conditional likelihood .p(x|z). Typically, people 

use the Gaussian distribution or a mixture of Gaussians. Hence, density nets are 
the prescribed models because we need to analytically formulate all distributions 
in advance. 

As a result, we get the following: 

• The objective function is the (approximated) log-likelihood function. 
• We can optimize the objective using gradient-based optimization methods and 

the autograd tools. 
• We can parameterize the conditional likelihood using deep neural networks. 

Fig. 8.1 A schematic representation of a density net.
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However, we pay a great price for all the goodies coming from the formulation of 
the density networks: 

• There is no analytical solution (except the case equivalent to the probabilistic 
PCA). 

• We get an approximation of the log-likelihood function. 
• We need a lot of samples from the prior to get a reliable approximation of the 

log-likelihood function. 
• It suffers from the curse of dimensionality. 

As you can see, the issue with dimensionality is especially limiting. What can 
we do with a model if it cannot be efficient for higher-dimensional problems? All 
interesting applications like the image or audio analysis/synthesis are gone! So what 
can we do then? One possible direction is to stick to the prescribed models and apply 
variational inference (see Sect. 5.3). However, the other direction is to abandon 
the likelihood-based approach. I know it sounds ridiculous, but it is possible and, 
unfortunately, works pretty well in practice. 

8.2 Implicit Modeling with Generative Adversarial Networks 
(GANs) 

8.2.1 Getting Rid of Kullback-Leibler 

Let us think again about what density networks tell us. First of all, they define a 
nice generative process: first, sample latents and then generate observables. Clear! 
Then, for training, they use the (marginal) log-likelihood function. In other words, 
the log-likelihood function assesses the difference between a training datum and 
a generated object. To be even more precise, we first pick the specific probability 
distribution for the conditional likelihood .pθ (x|z) that defines how to calculate the 
difference between the training point and the generated observables. 

One may ask here whether there is a different fashion of calculating the dif-
ference between real data and generated objects. If we recall our considerations 
about hierarchical VAEs (see Sect. 5.5.2), learning of the likelihood-based models 
is equivalent to optimizing the Kullback-Leibler (KL) divergence between the em-
pirical distribution and the model, .KL [pdata(x)| |pθ (x)]. The KL-based approach 
requires a well-behaved distribution because of the logarithms. Moreover, we can 
think of it as a local way of comparing the empirical distribution (i.e., given data) 
and the generated data (i.e., data generated by our prescribed model). By local, we  
mean considering one point at a time and then summing all individual errors instead 
of comparing samples (i.e., collections of individuals) that we can refer to as a global 
comparison. However, we do not need to stick to the KL divergence! Instead, we can 
use other metrics that look at a set of points (i.e., distributions represented by a set 
of points) like integral probability metrics [2] (e.g., the maximum mean discrepancy 
(MMD) [3]) or use other divergences [4].
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Still, all of the mentioned metrics rely on defining explicitly how we measure the 
error. The question is whether we can parameterize our loss function and learn it 
alongside our model. Since we talk all the time about neural networks, can we go 
even further and utilize a neural network to calculate differences? 

8.2.2 Getting Rid of Prescribed Distributions 

Alright, we agreed on the fact that the KL divergence is only one of many possible 
loss functions. Moreover, we asked ourselves whether we could use a learnable loss 
function. However, there is also one question floating in the air, namely, do we need 
to use the prescribed models in the first place? The reason is the following: Since we 
know that density networks take noise and turn it into distribution in the observable 
space, do we really need to output a full distribution? What if we return a single 
point? In other words, what if we define the conditional likelihood as Dirac’s delta: 

.pθ (x|z) = δ (x − NNθ (z)) . (8.6) 

This is equivalent to saying that instead of a Gaussian (i.e., a mean and a variance), 
.NNθ (z) outputs the mean only. Interestingly, if we consider the marginal distribution 
over . xs, we get a nicely behaved distribution. To see that, let us first calculate the 
marginal distribution: 

.pθ (x) =
∫
δ (x − NNθ (z)) p(z) dz. (8.7) 

Then, let us understand what is going on! The marginal distribution is an infinite 
mixture of delta peaks. In other words, we take a single . z and plot a peak (or a point 
in 2D, as it is easier to imagine) in the observable space. We proceed to infinity, and 
once we do that, the observable space will be covered by more and more points, and 
some regions will be denser than the others. This kind of modeling of a distribution 
is also known as implicit modeling. 

So where is the problem then? Well, the problem in the prescribed modeling 
setting is that the term .log δ (x − NNθ (z)) is ill-defined and cannot be used in many 
probability measures, including the KL-term because we cannot calculate the loss 
function. Therefore, we can ask ourselves whether we can define our own loss 
function, perhaps? And, even more, parameterize it with neural networks! You must 
admit it sounds appealing! So how to accomplish that? 

8.2.3 Adversarial Loss 

Let us start with the following story: There is a con artist (a fraud) and a friend of 
the fraud (an expert) who knows little about art. Moreover, there is a real artist who
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has passed away (e.g., Pablo Picasso). The fraud tries to mimic the style of Pablo 
Picasso as well as possible. The friend expert browses for paintings of Picasso and 
compares them to the paintings provided by the fraud. Hence, the fraud tries to fool 
his friend, while the expert tries to distinguish real paintings of Picasso from fakes. 
Over time, the fraud becomes better and better, and the expert also learns how to 
decide whether a given painting is a fake. Eventually and unfortunately to the world 
of art, the work of the fraud may become indistinguishable from Picasso, and the 
expert may be completely uncertain about the paintings and whether they are fakes. 

Now, let us formalize this wicked game. We call the expert a discriminator that 
takes an object . x and returns a probability whether it is real (i.e., coming from the 
empirical distribution), .Dα : X → [0, 1]. We refer to the fraud as a generator that 
takes noise and turns it into an object . x, .Gβ : Z → X. All  . xs coming from the 
empirical distribution .pdata(x) are called real, and all . xs generated by .Gβ(z) are 
dubbed fake. Then, we construct the objective function as follows: 

• We have two sources of data: .x ∼ pθ (x) =
∫
Gβ(z) p(z) dz and .x ∼ pdata(x). 

• The discriminator solves the classification task by assigning 0 to all fake datapoints 
and 1 to all real datapoints. 

• Since the discriminator can be seen as a classifier, we can use the binary cross-
entropy loss function in the following form: 

.ℓ(α, β) = Ex∼preal [log Dα(x)] + Ez∼p(z)
|
log

(
1 − Dα

(
Gβ(z)

) ) |
. (8.8) 

The left part corresponds to the real data source, and the right part contains the 
fake data source. 

• We try to maximize .ℓ(α, β) with respect to . α (i.e., the discriminator). In plain 
words, we want the discriminator to be as good as possible. 

• The generator tries to fool the discriminator; thus, it tries to minimize .ℓ(α, β) with 
respect to . β (i.e., the generator). 

Eventually, we face the following learning objective: 

. min
β

max
α
Ex∼preal [log Dα(x)] + Ez∼p(z)

|
log

(
1 − Dα

(
Gβ(z)

) ) |
. (8.9) 

We refer to .ℓ(α, β) as the adversarial loss since there are two actors trying to achieve 
two opposite goals. 

8.2.4 GANs 

Let us put everything together: 

• We have a generator that turns noise into fake data. 
• We have a discriminator that classifies given input as either fake or real. 
• We parameterize the generator and the discriminator using deep neural networks.
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Fig. 8.2 A schematic representation of GANs. Please note the part of the generator and its resem-
blance to density networks. 

• We learn the neural networks using the adversarial loss (i.e., we optimize the 
min-max problem). 

The resulting class of models is called Generative Adversarial Networks (GANs) 
[5]. In Fig. 8.2, we present the idea of GANs and how they are connected to density 
networks. Notice that the generator part constitutes an implicit distribution, i.e., 
a distribution from an unknown family of distributions, and its analytical form is 
unknown as well; however, we can sample from it. 

8.3 Implementing GANs 

Believe it or not, we have all the components to implement GANs. Let us look into 
all of them step by step. In fact, the easiest way to understand them is to implement 
them. 

8.3.1 Generator 

The first part is the generator, .Gβ(z), which is simply a deep neural network. The 
code for a class of the generator is presented below. Notice that we distinguish 
between a function for generating, namely, transforming . z to . x, and sampling that 
first samples .z ∼ N(0, I) and then calls generate:
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1 class Generator(nn.Module): 
2 def __init__(self, generator_net , z_size): 
3 super(Generator, self).__init__() 
4 

5 # We need to init the generator neural net. 
6 self.generator_net = generator_net 
7 # We also need to know the size of the latents. 
8 self.z_size = z_size 
9 

10 def generate(self, z): 
11 # Generating for given z is equivalent to applying the 

neural net. 
12 return self.generator_net(z) 
13 

14 def sample(self, batch_size=16): 
15 # For sampling , we need to sample first latents. 
16 z = torch.randn(batch_size , self.z_size) 
17 return self.generate(z) 
18 

19 def forward(self, z=None): 
20 if z is None: 
21 return self.sample() 
22 else: 
23 return self.generate(z) 

Listing 8.1 A generator class. 

8.3.2 Discriminator 

The second component is the discriminator. Here, the code is even simpler because 
it consists of a single neural network. The code for a class of the discriminator is 
provided below: 

1 class Discriminator(nn.Module): 
2 def __init__(self, discriminator_net): 
3 super(Discriminator , self).__init__() 
4 # We need to init the discriminator neural net. 
5 self.discriminator_net = discriminator_net 
6 

7 def forward(self, x): 
8 # The forward pass is just about applying the neural net. 
9 return self.discriminator_net(x) 

Listing 8.2 A discriminator class. 

8.3.3 GAN 

Now, we are ready to combine these two components. In our implementation, a GAN 
outputs the adversarial loss either for the generator or for the discriminator. Maybe
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the code below is overkill; however, it is better to write a few more lines and properly 
understand what is going on than apply some unclear tricks: 

1 class GAN(nn.Module): 
2 def __init__(self, generator, discriminator , EPS=1.e-5): 
3 super(GAN, self).__init__() 
4 

5 print(’GAN by JT.’) 
6 

7 # To put everything together , we need the generator and 
8 # the discriminator. NOTE: Both are instances of classes! 
9 self.generator = generator 

10 self.discriminator = discriminator 
11 

12 # For numerical issues, we introduce a small epsilon. 
13 self.EPS = EPS 
14 

15 def forward(self, x_real, reduction=’avg’, mode=’ 
discriminator’): 

16 # The forward pass calculates the adversarial loss. 
17 # More specifically , either its part for the generator or 
18 # the part for the discriminator. 
19 if mode == ’generator’: 
20 # For the generator, we first sample FAKE data. 
21 x_fake_gen = self.generator.sample(x_real.shape[0]) 
22 

23 # Then, we calculate the outputs of the discriminator 
for the FAKE data. 

24 # NOTE: We clamp here for the numerical stability 
later on. 

25 d_fake = torch.clamp(self.discriminator(x_fake_gen), 
self.EPS, 1. - self.EPS) 

26 

27 # The loss for the generator is log(1 - D(G(z))). 
28 loss = torch.log(1. - d_fake) 
29 

30 elif mode == ’discriminator’: 
31 # For the discriminator , we first sample FAKE data. 
32 x_fake_gen = self.generator.sample(x_real.shape[0]) 
33 

34 # Then, we calculate the outputs of the discriminator 
for the FAKE data. 

35 # NOTE: We clamp for the numerical stability later on 
. 

36 d_fake = torch.clamp(self.discriminator(x_fake_gen), 
self.EPS, 1. - self.EPS) 

37 

38 # Moreover , we calculate the outputs of the 
discriminator for the REAL data. 

39 # NOTE: We clamp for... the numerical stability ( 
again). 

40 d_real = torch.clamp(self.discriminator(x_real), self 
.EPS, 1. - self.EPS) 

41
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42 # The final loss for the discriminator is log(1 - D(G 
(z))) + log D(x). 

43 # NOTE: We take the minus sign because we MAXIMIZE 
the adversarial loss wrt 

44 # discriminator , so we MINIMIZE the negative 
adversarial loss wrt discriminator. 

45 loss = -(torch.log(d_real) + torch.log(1. - d_fake)) 
46 

47 if reduction == ’sum’: 
48 return loss.sum() 
49 else: 
50 return loss.mean() 
51 

52 def sample(self, batch_size=64): 
53 return self.generator.sample(batch_size=batch_size) 

Listing 8.3 A GAN class. 

Examples of architectures for a generator and a discriminator are presented in the 
code below: 

1 # First, we initialize the generator and the discriminator 
2 # -generator 
3 generator_net = nn.Sequential(nn.Linear(L, M), nn.ReLU(), 
4 nn.Linear(M, D), nn.Tanh()) 
5 

6 generator = Generator(generator_net , z_size=L) 
7 

8 # -discriminator 
9 discriminator_net = nn.Sequential(nn.Linear(D, M), nn.ReLU(), 

10 nn.Linear(M, 1), nn.Sigmoid()) 
11 

12 discriminator = Discriminator(discriminator_net) 
13 

14 # Eventually , we initialize the full model 
15 model = GAN(generator=generator , discriminator=discriminator) 

Listing 8.4 Examples of architectures. 

8.3.4 Training 

One might think that the training procedure for GANs is more complicated than for 
any of the likelihood-based models. However, this is not the case. The only difference 
is that we need two optimizers instead of one. An example of a code with a training 
loop is presented below:
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1 # We use two optimizers: 
2 # optimizer_dis - an optimizer that takes the parameters of the 

discriminator 
3 # optimizer_gen - an optimizer that takes the parameters of the 

generator 
4 for indx_batch , batch in enumerate(training_loader): 
5 

6 # -Discriminator 
7 # Notice that we call our model with the ’discriminator’ mode 

. 
8 loss_dis = model.forward(batch, mode=’discriminator’) 
9 

10 optimizer_dis.zero_grad() 
11 optimizer_gen.zero_grad() 
12 loss_dis.backward(retain_graph=True) 
13 optimizer_dis.step() 
14 

15 # -Generator 
16 # Notice that we call our model with the ’generator’ mode. 
17 loss_gen = model.forward(batch, mode=’generator’) 
18 

19 optimizer_dis.zero_grad() 
20 optimizer_gen.zero_grad() 
21 loss_gen.backward(retain_graph=True) 
22 optimizer_gen.step() 

Listing 8.5 A training loop. 

8.3.5 Results and Comments 

In the experiments, we normalized images and scaled them to .[−1, 1] as we did for 
EBMs. After running it, you can expect similar results to those in Fig. 8.3. 

In the previous chapters, we did not comment on the results. However, we make 
an exception here. Please note, my curious reader, that now we do not have a nicely 
converging objective. On the contrary, the adversarial loss or its generating part is 
jumping all over the place. That is a known fact following the min-max optimization 
problem. Moreover, the loss is learnable now, so it is troublesome to say where the 
optimal solution is since we update the loss function as well. 

Another important piece of information is that training GANs is indeed a pain. 
First, it is hard to decipher and properly understand the values of adversarial loss. 
Second, learning is rather slow and requires many iterations (by many I mean 
hundreds if not thousands). If you look into generations in the first few epochs 
(e.g., see Fig. 8.4), you may be discouraged because a model may seem to overfit. 
That is the problem; we must be really patient to see whether we are on the right 
track. Moreover, you may also need to pay special attention to hyperparameters, e.g., 
learning rates. It requires a bit of experience or simply time to play around with 
learning rate values in your problem.
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BA 

DC 

Fig. 8.3 Examples of results after training GANs: (a) Real images. (b) Fake images. (c) The  
validation curve for the discriminator. (d) The validation curve for the generator. 

Fig. 8.4 Generated images after (a) 10 epochs of training and (b) 50 epochs of training. 

Once you get through learning GANs, the reward is truly amazing. In the presented 
problem, with extremely simple neural nets, we can synthesize digits of high quality. 
That’s the biggest advantage of GANs! 

8.4 There Are Many GANs Out There! 

Since the publication of the seminal paper on GANs [5] (however, the idea of the 
adversarial problem could be traced back to [6]), there was a flood of GAN-based
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ideas and papers. I would not even dare to mention a small fraction of them. The 
field of implicit modeling with GANs is growing constantly. I will try to point to a 
few important papers: 

• Conditional GANs: An important extension of GANs is allowing them to generate 
data conditionally [7]. 

• GANs with encoders: An interesting question is whether we can extend conditional 
GANs to a framework with encoders. It turns out that it is possible; see BiGAN 
[8] and ALI [9] for details. 

• StyleGAN and CycleGAN: The flexibility of GANs could be utilized in formulating 
specialized image synthesizers. For instance, StyleGAN is formulated in such a 
way to transfer style between images [10], while CycleGAN tries to “translate” 
one image into another, e.g., a horse into a zebra [11]. 

• Wasserstein GANs: In [12], it was claimed that the adversarial loss could be formu-
lated differently using the Wasserstein distance (a.k.a. the earth-mover distance), 
that is: 

.ℓW (α, β) = Ex∼preal [Dα(x)] − Ez∼p(z)
|
Dα

(
Gβ(z)

) |
, (8.10) 

where .Dα(·) must be a 1-Lipschitz function. The simpler way to achieve that is 
by clipping the weight of the discriminator to some small value c. Alternatively, 
spectral normalization could be applied [13] by using the power iteration method. 
Overall, constraining the discriminator to be a 1-Lipshitz function stabilizes 
training; however, it is still hard to comprehend the learning process. 

• f-GANs: The Wasserstein GAN indicated that we can look elsewhere for al-
ternative formulations of the adversarial loss. In [14], it is advocated to use 
f-divergences for that. 

• Generative moment matching networks [15, 16]: As mentioned earlier, we could 
use other metrics instead of the likelihood function. We can fix the discriminator 
and define it as the maximum mean discrepancy with a given kernel function. 
The resulting problem is simpler because we do not train the discriminator; thus, 
we get rid of the cumbersome min-max optimization. However, the final quality 
of synthesized images is typically poorer. 

• Density difference vs. density ratio: An interesting perspective is presented in 
[17, 18] where we can see various GANs either as a difference of densities or a 
ratio of densities. I refer to the original papers for further details. 

• Hierarchical implicit models: The idea of defining implicit models could be 
extended to hierarchical models [19]. 

• GANs and EBMs: If you recall the EBMs, you may notice that there is a clear 
connection between the adversarial loss and the logarithm of the Boltzmann 
distribution. In [20, 21], it was noticed that introducing a variational distribution 
over observables, . q(x), leads to the following objective: 

.J(x) = Ex∼pdata (x) [E(x)] − Ex∼q(x) [E(x)] + H [q(x)] , (8.11)
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where . E(·) is the energy function and .H [·] is the entropy. The problem again boils 
down to the min-max optimization problem, namely, minimizing with respect to 
the energy function and maximizing with respect to the variational distribution. 
The second difference between the adversarial loss and the variational lower 
bound here is the entropy term that is typically intractable. 

• What GAN to use?: That is the question! Interestingly, it seems that training GANs 
greatly depends on the initialization and the neural nets rather than the adversarial 
loss or other tricks. You can read more about it in [22]. 

• Training instabilities: The main problem of GANs is unstable learning and a 
phenomenon called mode collapse, namely, a GAN samples beautiful images but 
only from some regions of the observable space. This problem has been studied 
for a long time by many (e.g., [23–25]); however, it still remains an open question. 

• Prescribed GANs: Interestingly, it is possible to still calculate the likelihood of a 
GAN! See [26] for more details. 

• Regularized GANs: There are many ideas to regularize GANs to achieve spe-
cific goals. For instance, InfoGAN aims to learn disentangled representations by 
introducing the mutual information-based regularizer [27]. 

Each of these ideas constitutes a separate research direction followed by thousands 
of researchers. If you are interested in pursuing any of these, I suggest picking one 
of the papers mentioned here and starting digging! 
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Chapter 9 
Score-Based Generative Models 

9.1 Introduction 

Let us start with the following quote from the abstract of [1]: 

Creating noise from data is easy; creating data from noise is generative modeling. 

I must say that it is hard to come up with a shorter definition of concurrent 
generative modeling. Once we look at various classes of models, we immediately 
notice that this is exactly what we try to do: generate data from noise! Don’t believe 
me? Ok, we should have a look at how various classes of generative models work: 

• GANs: Sample noise . z from a known . p(z) and use a generator .G(z) to get data. 
• VAEs: Sample noise . z from a prior . p(z) and use a decoder .p(x|z) to sample data. 
• Normalizing flows: Sample noise . z from a base distribution . p(z), and use an 

invertible transformation f to get data, .x = f −1(z). 

I hope you see the pattern, my curious reader. In general, we can say that we look 
for a transformation . ψ that maps noise . z to data . x, namely, .x = ψ(z). An example is 
presented in Fig. 9.1. 

In GANs, VAEs, and normalizing flows, the transformation is done in a “single 
step” by some neural net, namely, noise is mapped to data through a generator, a 
decoder, or an inversion of f , respectively. However, this does not need to be ac-
complished in this manner. In fact, we could easily think of an iterative process. 
And we know such a class of models already: diffusion-based models! The forward 
diffusion adds Gaussian noise to a datapoint in the consecutive steps until the data-
point becomes pure Gaussian noise, i.e., .x0 ∼ pdata(x) and .x1 ∼ N(0, I) (a notation 
reminder: a datapoint .x ≡ x0 and noise .z ≡ x1). Then, the generative part (a.k.a. the 
backward diffusion) starts with . x1 (i.e., pure Gaussian noise) and removes a small 
amount of noise step by step until data . x0 is achieved. In the first implementations of 
diffusion models [2, 3], a finite number of steps were used, .T < +∞; thus, diffusion-
based models could be seen as hierarchical VAEs with fixed encoders; see Chap. 5 
and [4]. 
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Fig. 9.1 A schematic representation of generative modeling seen as mapping noise (left: black 
crosses) to data (right: black crosses around orange moons) using some transformation . ψ. 

In practice, the success of diffusion-based models comes from their depth, among 
other aspects. In other words, we can learn extremely deep hierarchical models (e.g., 
.T = 1000) because the generation process is defined as removing small bits of noise 
for two consecutive variables. During training, a shared network is trained to predict 
this tiny-teeny amount of noise in a stochastic manner by sampling .t ∈ [0, 1] and 
then optimizing the following loss: 

.Lt (xt ) = EN(ϵ |0,I)
⎾
γt ‖ϵ − ϵθ (xt, t)‖2⏋ , (9.1) 

where . ϵt is a sample from the standard Gaussian, . γt is a variance following from 
the noise schedule, .ϵθ (·) is a shared neural net across all ts that aims at predicting . ϵ
given . xt and t, and . xt could be expressed using given data . x0 and . ϵ . For simplicity, 
. γt is set to 1 which results in the so-called simplified objective [3], but it could be 
also learned [5]. 

I know you, my curious reader, and I see your question coming. Since diffusion 
models work so well because the number of steps T is large, why we should not go 
wild and take infinitely many steps, .T = +∞. It is a reasonable way of thinking; 
nonetheless, it entails some issues. First, we would need to deal with continuous 
.t ∈ [0, 1]. However, we actually know that we can use differential equations to take 
care of this issue. But then a second issue arises: How to define generative models 
through differential equations? Ideally, we would like to obtain a method that allows 
us to train such models in a simple manner with a loss similar to (9.1). It turns out that 
it is possible! But first, we will look into a different way of changing noise to data, 
a method called score matching. After that, we will be equipped with a learning 
strategy for dealing with continuous time (i.e., infinitely deep generative models). 
Eventually, we will discuss an alternative to score matching called flow matching.
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9.2 Score Matching 

9.2.1 Modeling and the Objective 

Keep in mind that our goal is to propose a model that turns noise into data in an 
iterative manner. Here is our first attempt. Imagine the following situation: 

• We have access to the real distribution .preal(x), where .x ∈ X. 
• We take any point in the data space at random (e.g., we sample from a uniform 

distribution over . X), .x̂ ∈ X. There is a very high chance that .preal(x̂) is close to 
0, .preal(x̂) ≈ 0. 

• The question is then this: How to turn . ̂x into a legit datapoint (i.e., an object that 
could be observed in real life)? 

Actually, there is a good (i.e., relatively fast and theoretically well-grounded) 
method called stochastic gradient Langevin dynamics (SGLD) a.k.a. Langevin 
dynamics [6] that allows sampling from .preal(x). If we start in .x0 ≡ x̂, then by 
following this procedure: 

.xt+Δ = xt + α ∇xt ln preal(x) + η · ϵ, (9.2) 

where . Δ is an increment, .α > 0, .η > 0, and .ϵ ∼ N(0, I), we eventually end up in a 
point . x0 for which .preal(x0) > 0 and which is somewhere around a mode. 

That is great! However, there is one big issue, namely, we do not know the real 
distribution .preal(x). We are back to square one, and we can use GANs, VAEs, 
normalizing flows, etc. for finding a model .pθ (x). Or do we? Let us have another 
look at (9.2). We do not require to know .preal(x) but the gradient of the logarithm 
of the real distribution, .∇x ln preal(x). This quantity is known as the score function, 
.s(x) d f

= ∇x ln preal(x). Having . s(x) allows us to run SGLD to find new points that, 
eventually, follow the real distribution. An example of the score function for a 
multimodal distribution is presented in Fig. 9.2. The score function is represented as 
vectors over a grid (Fig. 9.2a). As we can see, the score function indicates moving 
toward the modes, and, thus, it steers Langevin dynamics (Fig. 9.2b). 

As a result, instead of fitting a model to the data distribution, we can fit a model to 
the score function. Keep in mind that the score function is a gradient; thus, it returns 
an object of the same shape as . x that could be represented as a vector. Therefore, we 
can find the best model of the score function by optimizing the following regression 
problem [7, 8]: 

.J(θ) = 1
2

∫
‖sθ (x) − ∇x ln pdata(x)‖2 pdata(x) dx. (9.3) 

This integral is not anything special because it is the mean squared error loss, a 
typical loss used for regression. 

The arising problem with (9.3) is that it is not differentiable since . pdata(x) =
1
N

∑N
n=1 δ(x − xn), where . δ(·) is Dirac’s delta. Since Dirac’s delta is a non-
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Fig. 9.2 (a) An illustration of the score function . s(x) plotted as vectors (white arrows) on a regular 
grid for a multimodal distribution (dark colors correspond to low probability; bright colors depict 
high probability). (b) A trajectory after applying the SGLD (consecutive points are represented by 
white crosses, and their scores are denoted by gray arrows). 

differentiable function of . x, we cannot solve (9.3) using autograd. There is a so-
lution, though, by adding some small Gaussian noise with variance . σ2 to data, 
i.e., .x̃n = xn + σ · ϵ , where .ϵ ∼ N(0, I). The resulting distribution is Gaussian, 
.N(x̃n |xn, σ2). In other words, we can turn .pdata(x) into a mixture of Gaussians with 
data as means and some small variance . σ2, namely: 

.qdata(x̃n) =
1
N

N⎲

n=1
N(x̃n |xn, σ2). (9.4) 

Eventually, instead of using the non-differentiable objective in (9.3), we can 
formulate a differentiable objective by replacing .pdata(xn) with .qdata(x̃n) in (9.3) 
[7–9]: 

.L(θ) = 1
2N

N⎲

n=1

∫
‖sθ (x̃) − ∇x̃ lnN(x̃|xn, σ2)‖2 N(x̃n |xn, σ2) dx̃. (9.5) 

One may say that there is still a problem because we have a gradient to calculate. 
However, we know the closed form of the score function for the Gaussian distribution: 

.∇x̃ lnN(x̃n |xn, σ2) = ∇x̃

⎛
− ln(2πσD) − 1

2σ2 (x̃n − xn)2
⎞

(9.6) 

= −∇x̃ 
1 

2σ2 (x̃n − xn)2 (9.7) 

= − 1 
σ2 (x̃n − xn) (9.8) 

= − 1 
σ2 (xn + σ · ϵ − xn) (9.9) 

= − 1 
σ
ϵ, (9.10)
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where in the fourth equation we used the definition of . ̃x, .x̃n = xn + σ · ϵ . Thus, the 
score is the following: 

.∇x̃ lnN(x̃n |xn, σ2) = − 1
σ
ϵ, (5) 

and by plugging (5) in (9.5), we get the differentiable objective in the final form: 

.L(θ) = 1
2N

N⎲

n=1

∫
‖sθ (x̃) +

1
σ
ϵ ‖2 N(ϵ |0, σ2I) dϵ (9.11) 

= 1 
2N 

N⎲

n=1 
EN(ϵ |0,I)

⎾
‖sθ (x̃) + 1 

σ
ϵ ‖2

⏋
(9.12) 

= 1 
N 

N⎲

n=1 
EN(ϵ |0,I)

⎾
1 

2σ
‖ϵ − s̃θ (x̃)‖2

⏋
(9.13) 

where in the last line we modified the score model to be of the following form, 
.s̃θ (x) = −σsθ (x̃), and we used the property of . σ being positive (remember, it is the 
standard deviation that is always positive!). Of course, while implementing, we can 
parameterize .s̃θ (x̃) using a neural network directly; we do not have to parameterize 
.sθ (x) first and then rescale it; there is no need for that. We just need to be aware of all 
the steps here. Learning the score model .s̃θ (x̃) by optimizing the objective in (9.13) 
is called (denoising) score matching [7, 8, 10]. 

Score matching allows us to learn a generative model in a completely different 
manner. Instead of matching distributions, we can perform matching scores by 
solving a regression problem. This is a new perspective on training generative models, 
but keep in mind that, eventually, this approach is used to generate data from noise 
by applying Langevin dynamics. Below, we gather practical information about score 
matching. 

9.2.2 Training 

We can learn the score model by repeating the following steps: 

Training for SM 

1. Pick a datapoint . x. 
2. Sample . ϵ from .N(ϵ |0, I). 
3. Calculate the noisy version of data, .x̃ = x + σ · ϵ . 
4. Calculate the score, .s̃θ (x̃). 
5. Calculate gradient with respect to . θ of the score matching objective, i.e., 

.Δθ = ∇θ
1

2σ ‖ϵ − s̃θ (x̃)‖2. We accomplish that by applying automatic 
differentiation. 

6. Update the score model: .θ := θ − Δθ. Go to 1 until STOP.
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In practice, we use mini-batches, but the whole procedure remains the same. 

9.2.3 Sampling (Generation) 

Once we learn the score model, we can use it for sampling using Langevin dynamics. 
The generative procedure is the following: 

Sampling with Langevin Dynamics for SM 

1. Sample a point . x0 at random (e.g., using a uniform distribution). 
2. Run Langevin dynamics for T steps, where .Δ = 1

T : 

.xt+Δ = xt + α s̃θ (xt ) + η · ϵ, (9.14) 

3. Return the final point . x1. 

The final point should follow the data distribution. Note that to keep the for-
mulation of Langevin dynamics unchanged, we used .sθ (xt ) instead .s̃θ (xt ). There 
is no problem though because we know the relation .s̃θ (xt ) = −σsθ (xt ); thus, 
.sθ (xt ) = − 1

σ s̃θ (xt ). 

9.2.4 Score Matching and Diffusion-Based Models 

I know you, my curious reader, and I can bet you have noticed something. If we look 
at the objective for diffusion-based models in (9.3) and the score models in (9.13), 
we can clearly see they are almost identical (especially, if we set .γt = 1

σ )! In fact, 
we can turn score matching into an (almost) diffusion-based approach. For this, we 
need three things: 
1. We introduce a schedule for variances . σ2

t , for  

. t ∈ T = {t : t goes from 0 to 1 with the increment Δ =
1
T
}.

2. We modify the score model to be “aware” of this schedule, namely, .s̃θ (x, σ2
t ). 

3. We modify the objective to be “aware” of this schedule: 

.L(θ) = 1
2N

N⎲

n=1

⎲

t∈T
λtEN(ϵ |0,I)

⎾
1
σ
‖ϵ − s̃θ (x̃, σ2

t )‖2
⏋
, (8) 

where . λt are weighting coefficients, e.g., .λt = σ2
t . 

Sampling for such a model requires some changes. For instance, annealed 
Langevin dynamics could be used; see Algorithm 1 in [10]. Eventually, we end
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up with a sampling procedure that is very similar to diffusion-based models. The 
differences lie in the sampling scheme that runs multiple steps of Langevin dynamics 
per each . σ2

t , while diffusion-based models do a single step per one “denoising.” 

9.2.5 Coding Score Matching 

We outlined how to implement training and sampling (generation) using score match-
ing. The code is pretty straightforward. The only trick is to transform data to be in 
.[−1, 1]. In the code below, we make only one difference compared to our analysis 
above, namely, we use .

1
2σ ‖ϵ + s̃θ (x̃)‖2 such that Langevin dynamics is in its standard 

form: .xt+Δ = xt + α s̃θ (xt ) + η · ϵ . 
1 class ScoreMatching(nn.Module): 
2 def __init__(self, snet, alpha, sigma, eta, D, T): 
3 super(ScoreMatching , self).__init__() 
4 

5 print(’Score Matching by JT.’) 
6 

7 self.snet = snet 
8 

9 # other hyperparams 
10 self.D = D 
11 

12 self.sigma = sigma 
13 

14 self.T = T 
15 

16 self.alpha = alpha 
17 

18 self.eta = eta 
19 

20 def sample_base(self, x_1): 
21 # Uniform over [-1, 1]**D 
22 return 2. * torch.rand_like(x_1) - 1. 
23 

24 def langevin_dynamics(self, x): 
25 for t in range(self.T): 
26 x = x + self.alpha * self.snet(x) + self.eta * torch. 

randn_like(x) 
27 return x 
28 

29 def forward(self, x, reduction=’mean’): 
30 # =====Score Matching 
31 # sample noise 
32 epsilon = torch.randn_like(x) 
33 

34 # ===== 
35 # calculate the noisy data 
36 tilde_x = x + self.sigma * epsilon 
37
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38 # ===== 
39 # calculate the score model 
40 s = self.snet(tilde_x) 
41 

42 # =====LOSS: the Score Matching Loss 
43 SM_loss = (1. / (2. * self.sigma)) * ((s + epsilon)**2.). 

sum(-1) # in order to keep the Langevin dynamics unchanged, 
we do not use \tilde{s} = -sigma * s but we use \tilde{s} = 
sigma * s 

44 

45 # Final LOSS 
46 if reduction == ’sum’: 
47 loss = SM_loss.sum() 
48 else: 
49 loss = SM_loss.mean() 
50 

51 return loss 
52 

53 def sample(self, batch_size=64): 
54 # sample x_0 
55 x = self.sample_base(torch.empty(batch_size , self.D)) 
56 

57 # run langevin dynamics 
58 x = self.langevin_dynamics(x) 
59 

60 x = torch.tanh(x) 
61 return x 

Listing 9.1 A class for score matching. 

After running the code with an MLP-based scoring model and the following 
values of the hyperparameters .α = 0.1, .σ = 0.1, .η = 0.05, and .T = 100, we can 
expect results like in Fig. 9.3. 

CBA 

Fig. 9.3 Results for score matching: (a) A sample of real images. (b) A sample of generated images. 
(c) An example of the score matching loss calculated on the validation set.
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9.2.6 What Can We Do with Score Matching? 

Improving score matching. As we can see, we can get some (quite reasonable) 
generations using an extremely simplistic code. However, there are some issues with 
score matching as indicated in the original paper [10]: 

• First and foremost, low-density regions (i.e., regions with little to no data) can 
cause difficulties in score estimation. Take a look at Fig. 9.2a again, and look 
closer at the real score in the dark areas. In these regions, it is very unlikely to see 
any datapoint. As a result, we can very badly estimate the score function. 

• The second issue follows from the first one, namely, for a badly trained score 
model, Langevin dynamics could result in bad samples. To some degree, we can 
see that in our example in Fig. 9.3b. 

• Third, if modes of real data distribution are far away, Langevin dynamics would 
require multiple steps to reach them. This problem is known as slow mixing. 

To overcome these issues, we can use the following methods: 

• Instead of using a single variance, we can choose a sequence of variances and 
the annealed Langevin dynamics method, as discussed earlier. For details, we 
recommend [10] and a follow-up with other useful tricks [11]. 

• A better score model, especially for high-dimensional cases, could be trained by 
following sliced score matching [12]. The idea is similar to sliced Wasserstein 
distance [13] in which the score function and the score model are projected onto 
some random direction. Then, the new sliced score matching objective is easier 
to calculate (it requires only vector multiplication). This new objective is closely 
related to Hutchinson’s trace estimator. 

Other extensions. Score matching is a general framework that could be further 
extended. Here are some examples: 

• Score matching is a suitable approach for energy-based models. This idea was 
used for learning Boltzmann machines [14, 15] and other energy-based models 
[16]. 

• The idea of matching scores of distributions over random variables could be 
utilized in learning distributions over discrete random variables [17]. For this, 
we need to use a different definition of scores, appropriate for probability mass 
functions. 

• Score matching could be used beyond images. In [18], the authors proposed a 
method for modeling point clouds. Their approach utilized a specific kind of score 
model that is feasible for processing a cloud of points.
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9.3 Generative Models as Stochastic/Ordinary Differential 
Equations 

9.3.1 A Reminder on Diffusion-Based Models 

Let us think about diffusion-based models again. We introduced them as hierarchical 
VAEs with very specific variational posteriors that were constructed as a linear 
transformation of previous latents and some added Gaussian noise. They could be 
also seen as a dynamical system with discretized time. To see that, let us say we 
transform a datapoint, . x0, .x0 ∼ p0(x) ≡ pdata(x) to noise, . x1, sampled from a known 
distribution . π, .x1 ∼ p1(x) ≡ π(x), the “time” is denoted by .t ∈ [0, 1], and there are 
T steps between . x0 and . x1, namely, a step size is .Δ = 1

T . Then we can represent the 
forward diffusion as follows: 

.xt+Δ =
√

1 − βt xt +
√
βt ϵt, (9.15) 

where .ϵt ∼ N(0, I). As you can notice, my curious reader, this is a dynamical system 
with discretized time. Please keep it in mind; we will come back to that later. 

What is an interesting trait of diffusion-based models is that calculating . xt directly 
from data . x0 is possible because of the linearity and Gaussianity, namely: 

.xt =
√
αt x0 +

√
1 − αt ϵt, (9.16) 

where .αt =
∏t

τ=1(1 − βτ). Further, we can calculate the datapoint back in the 
following manner: 

.x0 =
1

√
αt

xt −
√

1 − αt√
αt

ϵt . (9.17) 

However, unlike in the forward diffusion in which we sample . ϵt , when we reverse 
. xt to . x0, we do not have access to the noise . ϵt . The standard situation is the following: 
We proceed with the forward diffusion until . xt and disregard all previous . xs and . ϵs. 
However, not everything is lost! After all, we can introduce a neural network . ϵθ (xt, t)
that aims to predict the noise. 

How to learn this neural network? In the seminal paper [3],  the loss is a sum of  
the following losses: 

.Lt (θ) = ‖ϵθ (xt, t) − ϵt ‖2, (9.18) 

which was shown to be equivalent to the ELBO. But wait a second, do you see what I 
see, my curious reader? This loss is equivalent to another loss! Yes, it is score match-
ing as presented in the previous section. There exists the following correspondence 
between the score model and the noise model (for Gaussian denoising distribution 
with the standard deviation . σ): 

.sθ (x, t) = − ϵθ (xt, t)
σ

. (9.19)
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Let us sum these considerations up: 

• The forward diffusion defines a discrete-time dynamical system. 
• The loss function for diffusion-based models is (almost) identical to the score 

matching loss. 
• In fact, diffusion-based models correspond to score models. 
• Diffusion-based models are very similar to score models trained with a schedule 

for . σ because both models are iterative and both models consider more noise at 
each step. 

These similarities indicate that there may be an underlying framework that could 
generalize score models and diffusion-based models. 

9.3.2 In the Pursuit of a General Framework 

Before we see an answer to this question about a general framework for score models 
and diffusion-based models, let us go back to the remark we made in the very 
beginning: “Diffusion-based models could be also seen as a dynamical system with 
discretized time” because the forward diffusion is the following (we repeat it, but it 
never hurts to repeat something!): 

.xt+Δ =
√

1 − βt xt +
√
βt ϵt . (9.20) 

We can be honest with each other, my curious reader, not everyone learned 
dynamical systems during their studies or remembers them. Before I worked on 
this section, my memory of ordinary differential equations (ODEs) and stochastic 
differential equations (SDEs) was very (very!) rusty. Therefore, let us delve into 
the world of differential equations very briefly! For more curious readers (yes, yes, 
I mean you!), I highly recommend the following book: [19]. It is a great balance 
between basic and advanced topics. 

Just a glimpse into the future: It turns out that SDEs and ODEs have a lot to offer 
for generative modeling. Hence, please stay with me, and we will discover a new, 
beautiful world of a new class of generative models! 

9.3.2.1 ODEs and Numerical Methods 

We start our discussion with ODEs. In general, we can define them as follows: 

.
dxt
dt
= f (xt, t), (9.21) 

with some initial conditions . x0. Sometimes, . f (xt, t) is referred to as a vector field. 
We can solve this ODE by running one of the numerical methods that aims to 

discretize time in a specific way. For instance, Euler’s method carries it out in the
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following way (starting from .t = 0 and proceeding to .t = 1 with a step . Δ): 

.xt+Δ − xt = f (xt, t) · Δ (9.22) 
xt+Δ = xt + f (xt, t) ·  Δ. (9.23) 

Sometimes, it is necessary to run from .t = 1 to .t = 0, and then we can apply 
backward Euler’s method: 

.xt = xt+Δ − f (xt+Δ, t + Δ) · Δ. (9.24) 

I know you, my brilliant reader, you see a connection, don’t you? If we take . x0
to be our data and . x1 to be noise, then if we knew . f (xt, t), we could run backward 
Euler’s method to get a generative model! Please keep this thought in mind for now. 
But yes, you are right! 

9.3.2.2 SDEs and Probability Flow ODEs 

Now, we will look into SDEs. In general, we can think of SDEs as ODEs whose 
trajectories are random and are distributed according to some probabilities at each 
t, .pt (x). SDEs could be defined as follows: 

.dxt = f (xt, t)dt + g(t)dvt, (9.25) 

where . v is a standard Wiener process, . f (·, t) in this context is referred to as drift, and 
. g(·) is a scalar function called diffusion. The drift component is deterministic (take a 
look at the formulation of ODEs above), but the diffusion element is stochastic due 
to the standard Wiener process (for more about Wiener processes, see [19]; here, we 
do not need to know more than that they behave like Gaussians, e.g., the difference 
of its increments is normally distributed, .vt+Δ − vt ∼ N(0,Δ)). A side note: The 
forms of drift and diffusion are assumed to be known. We will give an example later; 
for now, just remember that they are given, my curious reader. 

An important property of this SDE is the existence of a corresponding ordinary 
differential equation whose solutions follow the same distribution! If we start with a 
datapoint . x0, we can get noise .x1 ∼ p1(x) by solving the following probability flow 
(PF) ODE [1]: 

.
dxt
dt
=

⎛
f (xt, t) −

1
2
g2(t)∇xt ln pt (xt )

⎞
. (9.26) 

Let us take another look at that and see what we got: 

• First of all, we do not have the Wiener process anymore. As a result, we deal with 
an ODE instead of an SDE. 

• Second, the drift component and the diffusion components are still here, but the 
diffusion is multiplied by . − 1

2 and squared. 
• Third, there is the score function! If you want to see a derivation, please check 

[1]; here, we take it for granted as true. However, it looks reasonable. SDEs have
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solutions that are distributed according to .pt (x); hence, it is not surprising that 
the score function pops up here. After all, the score function indicates how a 
trajectory should look according to .pt (x). 

9.3.2.3 PF-ODEs as Score-Based Generative Models 

But wait a second! What do we have here? If we assume for a second that the score 
function is known, we can use this PF-ODE as a generative model by applying 
backward Euler’s method starting from .x1 ∼ π(x): 

.xt = xt+Δ −
⎛
f (xt+Δ, t + Δ) −

1
2
g2(t + Δ)∇xt+Δ ln pt (xt+Δ)

⎞
· Δ. (9.27) 

Perfect! Now, the problem is the score function, but we know already how to 
deal with that; we can use denoising score matching (i.e., score matching with the 
noisy empirical distribution being a mixture of Gaussians centered at datapoints) for 
learning it. The difference to denoising score matching is that we need to take time 
t into account: 

.L(θ) =
∫ 1

0
Lt (θ)dt . (9.28) 

How to define .Lt (θ)? The score matching idea tells us that we should consider 
.λt ‖sθ (xt, t) − ∇xt ln pt (xt )‖2, but since we cannot calculate .pt (xt ), we should use 
something else. Instead, we can define a distribution .p0t (xt |x0) that allows sampling 
noisy versions of our original datapoints . x0s. Putting it all together yields: 

.Lt (θ) =
1
2
Ex0∼pdata (x)Ext∼p0t (xt |x0)

⎾
λt ‖sθ (xt, t) − ∇xt ln p0t (xt |x0)‖2⏋ . (9.29) 

Importantly, if we take .p0t (xt |x0) to be Gaussian, then we could calculate the score 
function analytically. We will look into an example soon. Moreover, to calculate 
.Lt (θ), we can use a single sample (i.e., the Monte Carlo estimate). 

After finding .sθ (xt, t), we can sample data by running backward Euler’s method 
as follows: 

.xt = xt+Δ −
⎛
f (xt+Δ, t + Δ) −

1
2
g2(t + Δ)sθ (xt+Δ, t + Δ)

⎞
· Δ. (9.30) 

Please keep in mind that drift and diffusion are assumed to be known. Additionally, 
we stick to (backward) Euler’s method, but you can pick another ODE solver, go 
ahead, and be wild! But here, we want to be clear and as simple as possible. 

In Fig. 9.4, we present an example of using backward Euler’s method for sam-
pling. For some PF-ODE and a given score function, we can obtain samples from a 
multimodal distribution. As one may imagine, the ODE solver “goes” toward modes. 
In this simple example, we can notice that defining PF-ODEs is a powerful genera-
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Fig. 9.4 An example of running backward Euler’s method for a multimodal distribution. Here, we 
used . f (x, t) = 0, .g(t) = 9t , .T = 100, and the score function (not model!) was calculated using 
autograd. The green square denotes .x1 ∼ π, and the blue circle is a sample . x0. 

tive tool! Once the score function is properly approximated, we can sample from the 
original distribution in a straightforward manner. 

9.3.3 An Example of Score-Based Generative Models: Variance 
Exploding PF-ODE 

9.3.3.1 Model Formulation 

To define our own score-based generative model (SBGM), we need the following 
element: 

• The drift . f (x, t)
• The diffusion . g(t)
• The form of . p0t (xt |x0)

In [1] and [20], we can find three examples of SGBMs, namely, variance exploding 
(VE) SDE, variance preserving SDE, and sub-VP SDE. Here, we focus on the VE 
SDE that assumes the following choices of the drift and the diffusion: 

• . f (x, t) = 0, 
• .g(t) = σt , where .σ > 0 is a hyperparameter; note that we take . σ to the power of 

time .t ∈ [0, 1]. 

Then, according to our discussion above, plugging in our choices for . f (x, t) and 
. g(t) in the general form of the PF-ODE yields: 

.
dxt
dt
= −1

2
σ2t∇xt ln pt (xt ). (9.31) 

Now, to learn the score model, we need to define the conditional distribution for 
obtaining a noisy version of . x0. Fortunately, the theory of SDEs (e.g., see Chapter 5
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Fig. 9.5 The dependency of the standard deviation of .p0t (xt |x0) on t for different choices of . σ. 

of [19]) tells us how to calculate .p0t (xt |x0)! Specific formulas are presented in the 
Appendix of [1]. Here, we provide the final solution: 

.p0t (xt |x0) = N
⎛
xt |x0,

1
2 lnσ

(σ2t − 1)I
⎞

; (9.32) 

thus, the variance function over time is the following: 

.σ2
t =

1
2 lnσ

(σ2t − 1). (9.33) 

Eventually, the final distribution, .p01(x), gets approximately close to the following 
Gaussian (for sufficiently large . σ): 

.p01(x) =
∫

p0(x0) ∗ N
⎛
x|x0,

1
2 lnσ

(σ2 − 1)I
⎞

(9.34) 

≈ N
⎛
x|0, 1 

2 ln  σ
(σ2 − 1)I

⎞
. (9.35) 

We will use .p01(x) to sample noise . x1 and then for reverting it to data . x0. 

A Side Note  

To better understand how various values of . σ influence . σt , we can have a 
look at curves in Fig. 9.5. For obvious reasons, we cannot pick .σ = 1 (why, 
you ask? well, .ln(1) = 0, so we get into an issue of dividing by 0), but for 
.σ = 1.01, we get .p1(x) close to the standard Gaussian.
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9.3.3.2 The Choice of λt 

The last remark, before we move to the training procedure, is about the choice of 
. λt in the definition of .Lt (θ). So far, I simply omitted that but I had a good reason. 
Ho et al. [3] simply set .λt ≡ 1. Done! Really though? Well, as you can imagine, but 
smart reader, that is not so easy. Song and Kingma [21] showed that it is actually 
beneficial to set .λt = σ

2
t in the case of VE PF-ODE. Then, we can even use the sum 

over .Lt (θ) as a proxy to the log-likelihood function. We will take advantage of that 
for early stopping in our training procedure. 

9.3.3.3 Training 

We present a training procedure based on the chosen example of the VE SBGM. 
As we outlined earlier in the case of the score matching method, the procedure is 
relatively easy and straightforward. It consists of the following steps: 

Training Procedure for VE SBGM 

1. Pick a datapoint . x0. 
2. Sample .x1 ∼ π(x) = N (x|0, I). 
3. Sample .t ∼ Uniform(0, 1). 
4. Calculate .xt = x0+

/
1

2 lnσ (σ2t − 1) ·x1. This is a sample from .p0t (xt |x0). 
5. Evaluate the score model at . xt and t, .sθ (xt, t). 
6. Calculate the score matching loss for a single sample, . Lt (θ) = σ2

t ‖x1 −
σt sθ (xt, t)‖2. 

7. Update . θ using a gradient-based method with .∇θLt (θ). 

We repeat these seven steps for available training data until some stop criterion 
is met. Obviously, in practice, we use mini-batches instead of single datapoints. 

In this training procedure, we use .−σt sθ (xt, t) on purpose because . −σt sθ (xt, t) =
ϵθ (xt, t) and then the criterion .σ2

t ‖x1 − ϵθ (xt, t)‖2 corresponds to diffusion-based 
models [4, 5]. Now, you see why we pushed for seeing diffusion-based models as 
dynamical systems! 

9.3.3.4 Sampling 

After training the score model, we can finally generate! For that, we need to run 
backward Euler’s method (or other ODE solvers, please remember that) that takes 
the following form for the VE PF-ODE:
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.xt = xt+Δ +
⎛
1
2
σ2(t+Δ)

⎧
− 1
σt+Δ

sθ (xt+Δ, t + Δ)
⎫⎞

· Δ (9.36) 

= xt+Δ −
⎛
1 
2 
σt+Δ sθ (xt+Δ, t + Δ)

⎞
· Δ (9.37) 

starting from .x1 ∼ p01(x) = N
⎛
x|0, 1

2 lnσ (σ
2 − 1)I

⎞
. Note that in the first line, we 

have the plus sign because the diffusion for the VE PF-ODE is .− 1
2σ

2t ; therefore, the 
minus sign in backward Euler’s method turns to plus. Maybe this is very obvious to 
you, my reader, but I always mess around with pluses and minuses, so I prefer to be 
very precise here. 

9.3.4 Finally Some Code! 

We have everything ready for implementing our VE SBGM! Similar to score match-
ing, we transform data to be in .[−1, 1]. As you will notice, this code shares many 
similarities to the code of score matching. But this is to be expected since they are 
conceptually very similar: 

1 class SBGM(nn.Module): 
2 def __init__(self, snet, sigma, D, T): 
3 super(SBGM, self).__init__() 
4 

5 print("SBGM by JT.") 
6 

7 # sigma parameter 
8 self.sigma = torch.Tensor([sigma]) 
9 

10 # define the base distribution (multivariate Gaussian 
with the diagonal covariance) 

11 var = (1./(2.* torch.log(self.sigma))) * (self.sigma**2 -
1.) 

12 self.base = torch.distributions.multivariate_normal. 
MultivariateNormal(torch.zeros(D), var * torch.eye(D)) 

13 

14 # score model 
15 self.snet = snet 
16 

17 # time embedding (a single linear layer) 
18 self.time_embedding = nn.Sequential(nn.Linear(1, D), nn. 

Tanh()) 
19 

20 # other hyperparams 
21 self.D = D 
22 

23 self.T = T 
24 

25 self.EPS = 1.e-5 
26
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27 def sigma_fun(self, t): 
28 # the sigma function (dependent on t), it is the std of 

the distribution 
29 return torch.sqrt((1./(2. * torch.log(self.sigma))) * ( 

self.sigma**(2.*t) - 1.)) 
30 

31 def log_p_base(self, x): 
32 # the log-probability of the base distribution , p_1(x) 
33 log_p = self.base.log_prob(x) 
34 return log_p 
35 

36 def sample_base(self, x_0): 
37 # sampling from the base distribution 
38 return self.base.rsample(sample_shape=torch.Size([x_0. 

shape[0]])) 
39 

40 def sample_p_t(self, x_0, x_1, t): 
41 # sampling from p_0t(x_t|x_0) 
42 # x_0 ~ data, x_1 ~ noise 
43 x = x_0 + self.sigma_fun(t) * x_1 
44 

45 return x 
46 

47 def lambda_t(self, t): 
48 # the loss weighting 
49 return self.sigma_fun(t)**2 
50 

51 def diffusion_coeff(self, t): 
52 # the diffusion coefficient in the SDE 
53 return self.sigma**t 
54 

55 def forward(self, x_0, reduction=’mean’): 
56 # ===== 
57 # x_1 ~ the base distribution 
58 x_1 = torch.randn_like(x_0) 
59 # t ~ Uniform(0, 1) 
60 t = torch.rand(size=(x_0.shape[0], 1)) * (1. - self.EPS) 

+ self.EPS 
61 

62 # ===== 
63 # sample from p_0t(x|x_0) 
64 x_t = self.sample_p_t(x_0, x_1, t) 
65 

66 # ===== 
67 # invert noise 
68 # NOTE: here we use the correspondence eps_theta(x,t) = -

sigma*t score_theta(x,t) 
69 t_embd = self.time_embedding(t) 
70 x_pred = -self.sigma_fun(t) * self.snet(x_t + t_embd) 
71 

72 # =====LOSS: Score Matching 
73 # NOTE: since x_pred is the predicted noise, and x_1 is 

noise, this corresponds to Noise Matching
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74 # (i.e., the loss used in diffusion-based models by 
Ho et al.) 

75 SM_loss = 0.5 * self.lambda_t(t) * torch.pow(x_pred + x_1 
, 2).mean(-1) 

76 

77 if reduction == ’sum’: 
78 loss = SM_loss.sum() 
79 else: 
80 loss = SM_loss.mean() 
81 

82 return loss 
83 

84 def sample(self, batch_size=64): 
85 # 1) sample x_0 ~ Normal(0,1/(2log sigma) * (sigma**2 -

1)) 
86 x_t = self.sample_base(torch.empty(batch_size , self.D)) 
87 

88 # Apply Euler’s method 
89 # NOTE: x_0 - data, x_1 - noise 
90 # Therefore, we must use BACKWARD Euler’s method! 

This results in the minus sign! 
91 ts = torch.linspace(1., self.EPS, self.T) 
92 delta_t = ts[0] - ts[1] 
93 

94 for t in ts[1:]: 
95 tt = torch.Tensor([t]) 
96 u = 0.5 * self.diffusion_coeff(tt) * self.snet(x_t + 

self.time_embedding(tt)) 
97 x_t = x_t - delta_t * u 
98 

99 x_t = torch.tanh(x_t) 
100 return x_t 
101 

102 def log_prob_proxy(self, x_0, reduction="mean"): 
103 # Calculate the proxy of the log-likelihood (see (Song et 

al., 2021)) 
104 # NOTE: Here, we use a single sample per time step (this 

is done only for simplicity and speed); 
105 # To get a better estimate , we should sample more noise 
106 ts = torch.linspace(self.EPS, 1., self.T) 
107 

108 for t in ts: 
109 # Sample noise 
110 x_1 = torch.randn_like(x_0) 
111 # Sample from p_0t(x_t|x_0) 
112 x_t = self.sample_p_t(x_0, x_1, t) 
113 # Predict noise 
114 t_embd = self.time_embedding(torch.Tensor([t])) 
115 x_pred = -self.snet(x_t + t_embd) * self.sigma_fun(t) 
116 # loss (proxy) 
117 if t == self.EPS: 
118 proxy = 0.5 * self.lambda_t(t) * torch.pow(x_pred 

+ x_1, 2).mean(-1) 
119 else:
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120 proxy = proxy + 0.5 * self.lambda_t(t) * torch. 
pow(x_pred + x_1, 2).mean(-1) 

121 

122 if reduction == "mean": 
123 return proxy.mean() 
124 elif reduction == "sum": 
125 return proxy.sum() 

Listing 9.2 A class for the VE PF-ODE model. 

After running the code with an MLP-based scoring model and the following 
values of the hyperparameters .σ = 1.01 and .T = 20, we can expect results like those 
in Fig. 9.6. 

I rarely comment on the results, especially since the dataset I use is oversimplistic 
(but on purpose so that you can run the code quickly!). However, I want to point out 
two things: 

• The VE SBGM is not a very easy model to work with because it is pretty noisy. 
Inspecting the generated images gives a good feeling of potential issues. We run 
the ODE solver for 20 steps. However, SBGMs require typically hundreds or even 
thousands of steps. 

• Take a look at the validation value of the proxy. It is a known fact that the 
convergence speed of SBGMs is rather slow. 

9.3.5 There Is a Fantastic World of Score-Based Generative Models 
Out There! 

Other SBGMs There are other classes of SBGMs besides variance exploding, 
namely [1]: 

CBA 

Fig. 9.6 Results for the VE PF-ODE model: (a) A sample of real images. (b) A sample of generated 
images. (c) An example of the score matching loss calculated on the validation set.
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• Variance preserving (VP): The drift is . f (x, t) = − 1
2 βtx, the diffusion is .g(t) =

√
βt , 

and the loss weighting is .λt = 1 − exp{−
∫ t

0 βsds}, where . βt is some function of 
time t. 

• Sub-VP: The drift is . f (x, t) = − 1
2 βtx, the diffusion is . g(t) =/

βt

⎛
1 − exp{−2

∫ t

0 βsds}
⎞
, and the loss weighting is .λt =

⎛
1 − exp{−

∫ t

0 βsds}
⎞2

, 
where . βt is some function of time t. 

There exist various versions of these models, especially there are different ways 
of defining . λt and other functions dependent on t like . σt in VE and . βt in VP. See 
[5] for an overview. 

Better solvers As briefly mentioned earlier, one drawback of SBGMs is a large 
number of steps during sampling (i.e., the number of steps of an ODE solver). 
[22] presented specialized ODE solvers that could achieve great performance within 
.T = 10 that was further improved to .T = 5 in [23]! In general, a better-suited solver 
could be used to obtain better results, e.g., by using Heun’s method [24]. 

Other improvements There are many ideas within the domain of score-based 
models! Here, I will name only a few: 

• Using SBGMs in the latent space [25]. 
• In fact, it is possible to calculate the log-likelihood function for SBGMs in 

a similar manner to neural ODE [26]. Song et al. [20] showed that the log-
likelihood function could be upper-bounded by some modification of the score 
matching loss. 

• Using various tricks to improve the log-likelihood estimation like dequantization 
and importance weighting [27]. 

• In  [28], a new class of models was proposed dubbed consistency models. The  
idea is to learn a model that could match noise to data in a single step. 

• An extension of SBGMs to Riemannian manifolds was proposed by [29]. 

There is a lot of work done! There are many, many papers on SBGMs being 
published as we speak. Check out this webpage for an up-to-date overview of SBGMs: 

https://scorebasedgenerativemodeling.github.io/

https://scorebasedgenerativemodeling.github.io/
https://scorebasedgenerativemodeling.github.io/
https://scorebasedgenerativemodeling.github.io/
https://scorebasedgenerativemodeling.github.io/
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9.4 Flow Matching 

9.4.1 A Different Perspective on Generative Models with ODEs: 
Continuous Normalizing Flows (CNFs) 

9.4.1.1 About ODEs, Again 

Previously, we discussed how generative models could be defined through stochastic 
differential equations (SDEs) or, equivalently, corresponding probability flow or-
dinary differential equations (PF-ODEs). We showed that by solving SDEs/ODEs 
using a numerical solver like backward Euler’s method, we obtain an iterative gen-
erative procedure of turning noise into data. However, there is a question of whether 
we need to first formulate an SDE and its PF-ODE equivalent or maybe we can take 
any ODE to define a generative model. I know you, my curious reader, and I feel 
you! We use SDEs because we know they are trained by score matching. If we take 
any ODE, how could we learn such generative models? 

Let us be more concrete here. We recall the definition of an ODE: 

.
dxt
dt
= v(xt, t), (9.38) 

where the vector field, .v(xt, t), defines the dynamics. Parameterizing the vector field 
with a neural network with weights . θ, .vθ (xt, t), leads to a so-called neural ODE 
[26]. If we denote by . x0 the initial condition for this neural ODE, e.g., noise, then by 
solving it, i.e., integrating over time t, we get the output (e.g., data): 

.x1 =

∫ 1

0
vθ (xt, t)dt . (9.39) 

So far so good, but there is (almost) nothing new compared to score-based gen-
erative models where we match scores instead of distributions (i.e., an empirical 
distribution to a model). Could we formulate a likelihood-based training? The short 
answer is: Yes. Is it easy? Again, the short answer is no. But let us look into both 
answers more in detail. 

9.4.1.2 From the Continuity Equation (Conservation of Mass) to the 
Instantaneous Change of Variables 

Again, sampling from an ODE, namely, integrating from .t = 0 to .t = 1 is not difficult 
once we have a model of the vector field. We can use Euler’s method for that (or any 
other numerical solver). However, obtaining the model is problematic if we prefer
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fitting a data distribution to a distribution induced by .vθ (x, t). After all, starting with a 
known distribution .x0 ∼ π(x) like standard Gaussian and then solving the ODE yield 
another distribution! We can express this induced distribution analytically using the 
continuity equation. Here comes some math (and even physics!), so buckle up and 
let us dive in. 

Imagine for a second that probability is a mass (I always think of clay, but it 
could be water if you prefer), something we can touch with our fingers. Now, let 
us visualize a pipe of the same cross-section volume across its length in which 
our mass (e.g., water) flows. At each moment of time, we have some flux of this 
mass, . ft , i.e., our (probability) mass is moved according to the vector field (or 
velocity), . ft (xt ) = pt (xt )v(xt, t). Since we talk about probability mass (or water 
flowing through the pipe of the same volume of cross sections everywhere), the 
mass is conserved, i.e., no new mass (water) (dis)appears (no leaking or pouring in). 
Mathematically, it means that the change of the mass .

∂pt (xt )
∂t plus the change of the 

flux volume in all directions (a.k.a. the divergence of the flux) is constant (i.e., the 
mass is conserved): 

.
∂pt (xt )
∂t

+ div (pt (xt )v(xt, t)) = 0, (9.40) 

where .div (·) is the divergence defined as follows: . div (V(x1, . . . , xD)) =
∑D

d=1
∂Vd (x1,...,xD )

∂xd
, i.e., the sum of first derivatives of V over all variables separately. 

A Side Note  

The trace of the Jacobian matrix is the divergence of the vector field! 
For a two-dimensional space and a vector field .V(x1, x2), . div (V(x1, x2)) =
∂V1(x1,x2)

∂x1
+

∂V2(x1,x2)
∂x2

= Tr
⎛
∂Vi (x1,x2)

∂xi

⎞
, where . ∂Vi (x1,x2)

∂xi
=

⎾
∂V1
∂x1

∂V1
∂x2

∂V2
∂x1

∂V2
∂x2

⏋

is the 

Jacobian matrix and .Tr(A) =
∑

i Aii is the trace of a matrix . A. 

It turns out that applying identities of vector calculus and the properties of the 
divergence allows us to write the continuity equation using the logarithm of the 
probability distribution (a.k.a. the instantaneous change of variables [26]): 

.
d ln p(xt )

dt
+ Tr

⎛
∂v(xt, t)
∂xt

⎞
= 0. (9.41)
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A Side Note  

I know you, my curious reader, you dislike being told about something 
without proof. It is a side note, so if you do not have time for it, just skip it. 
But I find this pretty cool and it will be also helpful in our further discussion. 
Ok, so what do we need? First, a general property, . ∂ ln pt

∂t = 1
pt

∂pt
∂t , or  

.pt
∂ ln pt
∂t =

∂pt
∂t . Second, we have .div(ptv) = 〈∇xpt, v〉 + ptdiv(v); hence, 

.
div(pt v)

pt
= 〈∇x ln pt, v〉 + div(v). Third, we saw already that the divergence of 

the vector field equals its trace. Now, we can plug these three facts into the 
continuity equation: 

.
∂pt (xt )
∂t

+ div (pt (xt )v(xt, t)) = 0 (9.42) 

1 
pt (xt ) 

∂pt (xt ) 
∂t 

+ 1 
pt (xt )

div (pt (xt )v(xt, t)) = 0 (9.43) 

∂ ln pt (xt ) 
∂t 

+ 〈∇x ln pt, v〉 + div (v(xt, t)) = 0 (9.44)

〈∇x ln pt, v〉 = −∂ ln pt (xt ) 
∂t 

− div (v(xt, t)) (9.45) 

Next, calculating the total derivative of .ln pt (xt ) and plugging in the above 
equation for .〈∇x ln pt, v〉, we get the following [30]: 

.
d ln p(xt )

dt
= 〈∂ ln p(xt )

∂t
,
∂t
∂t

〉 + 〈∇x ln p(xt ),
∂xt
∂t

〉 (9.46) 

= ∂ ln p(xt ) 
∂t 

+ 〈∇x ln p(xt ), 
∂xt 
∂t

〉 (9.47) 

= ∂ ln p(xt ) 
∂t 

+ 〈∇x ln p(xt ), v(xt, t)〉 (9.48) 

= ∂ ln p(xt ) 
∂t 

− ∂ ln pt (xt ) 
∂t 

− div (v(xt, t)) (9.49) 

= −div (v(xt, t)) (9.50) 

= −Tr
⎛
∂v(xt, t) 
∂xt

⎞
(9.51) 

Then, by integrating across time, we can compute the total change in log-density 
as follows:
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.

∫ 1

0

⎛
d ln p(xt )

dt
+ Tr

⎛
∂v(xt, t)
∂xt

⎞⎞
dt = 0 (9.52) 

ln p(x1) − ln π(x0) + 
∫ 1 

0 
Tr

⎛
∂v(xt, t) 
∂xt

⎞
dt = 0 (9.53) 

ln p(x1) = ln π(x0) −  
∫ 1 

0 
Tr

⎛
∂v(xt, t) 
∂xt

⎞
dt . 

(9.54) 

Why do we bother to calculate everything as log-probabilities? Because the last 
line is a continuous version of the change of variables used for normalizing flows! 
Here, we have the integral over time of the trace of the Jacobian matrix instead of the 
sum of the log-determinants of the Jacobian matrix. Therefore, training neural ODEs 
is similar to training normalizing flows but with continuous time. As a result, neural 
ODEs in this context are referred to as continuous normalizing flows (CNFs). 

9.4.1.3 Calculating the Log-Likelihood for CNFs 

However, unlike in discrete time normalizing flows, we do not require invertibility of 
v; thus, for given datapoint . x1, typically, we cannot simply invert the transformation 
to obtain . x0. However, under pretty mild conditions (namely, v and its first derivative 
are Lipschitz continuous, e.g., for a neural net with Lipschitz continuous activation 
functions like SELU or SiLU, among others), we can uniquely solve the following 
problem [31]: 

.

⎾
x0

ln p1(x1) − ln π(x0)

⏋
=

∫ 0

1

⎾
vθ (xt, t)

−Tr
⎛
∂vθ (xt,t)

∂xt

⎞
⏋

dt, (9.55) 

with the following initial conditions: 

.

⎾
x1

ln p1(xdata) − ln p1(x1)

⏋
=

⎾
xdata

0,

⏋
(9.56) 

in which . x1 is a datapoint .xdata and the difference in log-probability is zero. Note 
that we solve the problem in the reverse order, namely, from data . x1 to noise . x0.
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Calculating the Log-Likelihood Function 

To sum up, we need to carry out the following steps: 

1. Take a datapoint .x1 = xdata. 
2. Solve the problem in (9.55) by applying a solver to find . x0 and keeping 

track of traces over time. 
3. Calculate the log-likelihood by adding .ln π(x0) to the sum of negative 

traces .−
∫ 1
0 Tr

⎛
∂vθ (xt,t)

∂xt

⎞
dt. 

Now, we can backpropagate through a solver and viola! Or really? What about 
the complexity of this whole procedure? At first glance, it seems very expensive. 

9.4.1.4 Hutchinson’s Trace Estimator 

If you remember correctly, my curious reader, the problem with normalizing flows 
was about calculating the log-determinant of the Jacobian matrix of size .D×D, which  
in general case costs .O(D3). Computing the trace requires .O(D2) since we need the 
sum of the diagonal, but each entry in the diagonal requires a separate forward 
propagation, thus, the quadratic complexity. It is better than in the discrete case, but 
there is another caveat: We need to backpropagate through a numerical solver! No 
free lunch, I am afraid. Chen et al. [26] proposed to use the adjoint sensitivity method, 
which could be seen as a version of backpropagation with continuous time. Then, 
the neural ODE is trained by maximizing the log-likelihood .ln p(x1). However, it  
requires running the numerical method to solve the ODE and then backpropagating 
through it for each new datapoint. This is a very costly operation! 

As a result, we need to look for improvements to cut costs everywhere we can. One 
trick we can apply is about calculating the trace. By utilizing Hutchinson’s trace 
estimator [31], the quadratic complexity is decreased to .O(D), and it is relatively 
easy to calculate for any square matrix . A, namely: 

.Tr(A) = Eϵ
⎾
ϵTAϵ

⏋
, (9.57) 

where . ϵ follows a distribution with zero mean and unit variance, e.g., .ϵ ∼ N(0, I). 
For a specific . ϵ , the product of . Aϵ could be calculated in a single forward pass and 
it is “backpropagatable”; therefore, we can estimate the trace by taking M Monte 
Carlo samples: 

.Tr(A) ≈ 1
M

M⎲

m=1
ϵTmAϵm. (9.58) 

In practice, we take .M = 1, namely, a single sample of . ϵ for every newly coming 
datapoint. This is a noisy estimate, obviously; however, it is unbiased. As a result, 
during training with a stochastic gradient-based method, it does not matter too much.
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Eventually, we obtain a procedure that is .O(D) plus the cost of running the 
adjoint sensitivity method (a specific numerical solver). Overall, not bad, but far 
from fantastic. We do not even provide a code here, because scaling up CNFs is 
a known problem. Is there any alternative then? Can we do better? Of course, my 
curious reader, of course we can! 

9.4.2 Going with the Flow: Flow Matching 

9.4.2.1 The Idea 

Let us take another look at the ODE we introduced earlier: 

.
dxt
dt
= v(xt, t). (9.59) 

Additionally to this ODE, we assume a known distribution .q0(x) (e.g., the standard 
Gaussian) and a data distribution .q1(x). 

A Side Note  

To stay consistent with the flow matching literature, we now go from noise 
(.t = 0) to data (.t = 1), which defines the forward dynamics and, thus, the 
generative process—unlike the diffusion models (and score-based models), 
where the time goes in the other direction, i.e., from data to noise. 

We know from our discussion on CNFs above that the distribution defined at any 
moment t is characterized by the continuity equation. And, moreover, by applying 
the instantaneous change of variables, we can find a solution, i.e., a probability 
distribution. However, all of this sounds quite complicated, and as discussed earlier, it 
results in pretty computationally heavy training. What can we do then? Or a different 
question is what we could do if we knew the vector field .v(xt, t) and distributions 
.pt (x). How could we train our model then? And what would be our model? Do you 
remember the score matching approach? Take a look at the denoising score matching 
loss again. What if we apply a similar approach here, namely, instead of looking for 
a distribution, we find a model of the vector field .vθ (xt, t). Similar to score matching, 
we solve the regression problem in the following form: 

.𝓁FM (θ) = Et∼U(0,1),xt∼pt (x)
⎾
‖vθ (xt, t) − v(xt, t)‖2⏋ , (9.60) 

instead of looking for a distribution like in CNFs. In plain words, for any time t 
sampled uniformly at random, we sample . xt from the distribution .pt (x) (we assume 
we know it!) and aim at minimizing the difference between the model .vθ (xt, t) and 
the real vector field .v(xt, t) (we assume we know it!). We refer to this objective as 
flow matching (FM).
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Fig. 9.7 An example of how a model of the vector field (blue arrows) changes over time around 
datapoints (orange two moons). 

Why would this work? For a very simple reason, if .𝓁FM (θ) = 0, i.e., our model 
perfectly imitates the real vector field, we can transform any noise distribution to 
the data distribution! Why? Because the vector field pushes points toward the data 
distribution over time. Take a look at Fig. 9.7 where blue arrows (the vector field) 
indicate how points should evolve over time from a noise distribution .q0(x) (e.g., the 
standard Gaussian) to the data distribution .q1(x) (orange half-moons in Fig. 9.7). 

The second question is why this is so great. The answer is (again) simple: This is 
the regression problem, the mean squared error loss! Nothing complicated, nothing 
tricky, a well-behaved convex loss. One can run autograd and use any deep learning 
library to implement that. Fantastic! 

But here comes the “but”: We do not know .pt (x) and .v(xt, t). I know you, my 
curious reader, you kept it in your head throughout the whole discussion so far. You 
are polite, so you waited patiently. I would already say “bollocks,” the assumption 
that we know both the vector field and the distributions .pt (x) are simply bollocks. 
What we can do about it then, you ask? In the following, we will show how to deal 
with that! 

9.4.2.2 Conditional Flow Matching 

First, let us consider a modified problem in which we introduce additional variables 
. z sampled from a given distribution . q(z). The  conditional ODE takes the following 
form: 

.
dxt
dt
= v(xt, t; z). (9.61) 

For now, please think of this problem as a proxy for the unconditional ODE 
introduced before. In general, it is typically easier to work with conditional problems 
as long as the conditioning information is relevant. Regarding . z, we can think of it 
as extra information like data . x1 or anything else like a class label, a piece of text, 
an audio signal, or an additional image. Then, since we have to also sample . zs from  
some distribution . q(z), the  conditional flow matching (CFM) loss can be defined 
as follows: 

.𝓁CFM (θ) = Et∼U(0,1),xt∼pt (x |z),z∼q(z)
⎾
‖vθ (xt, t) − v(xt, t; z)‖2⏋ , (9.62)
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where we still use an unconditional model of the conditional vector field. 
In the CFM loss, we need to define the conditional distribution at every t, .pt (x|z), 

and the real vector field is conditioned on . z, .v(xt, t; z). At first, the CFM problem 
does not seem to be very useful regarding the FM problem. Why would adding 
conditioning help to learn a model that should work for the unconditional case? As 
proved in [32, 33], both losses are equal up to a constant independent of . θ, and, thus, 
their gradients are equal! 

Theorem [32] 

Theorem 1 If .pt (x) > 0 for all .x ∈ RD amd .t ∈ [0, 1], then, up to a 
constant independent of . θ, .𝓁FM and .𝓁CFM are equal, and hence . ∇θ𝓁FM (θ) =
∇θ𝓁CFM (θ). □

This is a marvelous result! It means that the model .vθ (x, t) trained with the 
conditional version of the loss, but which is unconditional, coincides with the solution 
of the unconditional flow matching problem. Fantastic! One problem is gone; we can 
use CFM instead of FM! Alright, but now we have another problem, namely, what 
this conditioning . z should be and what is its distribution . q(z). Fortunately, there are 
multiple options (see, for example, [33]); here, we focus on two of those: 

1. In [32] CNF,  . z is a datapoint . x1, and thus, .q(z) = q1(z); in other words, . q(z) is 
the data distribution. 

2. In [33] CNF (a.k.a. independent CFM (iCFM)), . z is a pair of noise and data, 
.z = (x0, x1), sampled independently from each other, i.e., .q0(z) = q(x0) q1(x1). 

An extension of iCFM is sampling .z = (x0, x1) by solving the optimal transport 
problem. Interested readers (yes, you!) should check out [33] for further details. 

9.4.2.3 Conditional Probability Paths 

Now, we know that we can consider the conditional flow matching problem as the 
perfect proxy for the unconditional flow matching problem. However, the last piece 
of the puzzle is how to obtain conditional distributions .pt (x|z) a.k.a. (conditional) 
probability paths. We know from our discussions on CNFs that the continuity equa-
tion allows us to calculate the probability path. But for that, we need to know the 
vector field. It is a classical example of circular reasoning. How to avoid it? 

My curious reader, so far you have learned a lot about AI, and you probably can 
guess already what is the simplest approach we can take here. Do I hear properly? Do 
you whisper Gaussians? Yes, indeed! Let us consider the form of .pt (x|z) first, and 
then, from that, we will derive the vector field .v(x, t; z). This is probably a limiting 
factor of the whole approach, but dang, we want to calculate something, and is there 
a better candidate than Gaussian? Let us consider the conditional probability path of 
the following form: 

.pt (x|z) = N(x|μ(z, t), σ2(z, t)I), (9.63)
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which is a Gaussian distribution with the mean function .μ(z, t) and a diagonal 
covariance matrix with the standard deviation function .σ(z, t). In general, there is 
no unique ODE that generates these distributions. However, the following theorem 
shows that there is a unique vector field that leads to those! 

Theorem [32] 

Theorem 2 The unique vector field with initial conditions . p0(x) =
N(μ0, σ

2
0 I) that generate .pt (x|z) = N(x|μ(z, t), σ2(z, t)I) has the following 

form: 
.v(x, t; z) = σ

' (z, t)
σ(z, t) (x − μ(z, t)) + μ' (z, t), (9.64) 

where .σ' (z, t) and .μ' (z, t) denote the time derivates of .σ(z, t) and .μ(z, t), 
respectively. 

Ok, we should stop and think of it for a while, maybe read it again. You got it? 
Yes, this theorem gives us an incredible result! If we consider a class of conditional 
probability paths in the form of Gaussians, we can analytically calculate the condi-
tional vector field as long as the means and the standard deviations are differentiable. 
In other words, we have a general prescription for flow matching! First, we define 
means and standard deviations as functions of . z and time t. Second, for given forms 
of the means and the standard deviations, we calculate the conditional vector field. 
Third, we optimize the conditional flow matching loss for a given vector field model. 
That is all, as simple as it is. To get a better understanding of how it works, we look 
into two specific forms of conditional flow matching, namely: 

• Lipman et al. CFM (we refer to it as fm later on in the code): We take .z ≡ x1 to 
be data sampled from the data distribution, .x1 ∼ q1(x). Then, we define the mean 
and the standard deviation functions as follows: 

.μ(z, t) = tx1, (9.65) 
σ(z, t) = tσconst − t + 1, (9.66) 

where .σconst > 0 is a smoothing constant. As a result, we obtain the following 
conditional probability path and the conditional vector field: 

.pt (x|z) = N
⎛
x|tx1, (tσconst − t + 1)2I

⎞
, (9.67) 

v(x, t; z) = x1 − (1 − σconst )x 
1 − (1 − σconst )t 

. (9.68) 

To obtain the analytical form of .v(x, t; z), we need to apply the theorem presented 
above. It turns out that we get a probability path from the standard Gaussian 
distribution, .p0(x) = N(x|0, I), to a Gaussian distribution centered at a datapoint 
with standard deviation .σconst , .p1(x) = N(x|x1, σ

2
constI) [32].
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Fig. 9.8 A schematic visualization of how flow matching approaches work: (a) An example  of  
Lipman et al. CNF. (b) An example of Tong et al. iCNF. The dotted line indicates the interpolation 
between noise and data. 

• Tong et al. iCFM We consider .z ≡ (x0, x1) and .q(z) = q0(x0)q1(x1). Next,  we  
choose the following means and standard deviations: 

.μ(z, t) = tx1 + (1 − t)x0, (9.69) 
σ(z, t) = σconst, (9.70) 

where .σconst > 0 is a smoothing constant. The mean function is an interpolation 
between noise and data since .t ∈ [0, 1]. The resulting conditional probability path 
and the conditional vector fields are the following: 

.pt (x|z) = N
⎛
x|tx1 + (1 − t)x0, σ

2
constI

⎞
, (9.71) 

v(x, t; z) = x1 − x0. (9.72) 

Interestingly, the vector field results in a difference between a datapoint and a 
sampled noise. This comes from the fact that we assume a fixed standard deviation 
in the probability path and, after applying Theorem 2, we end up with the derivate 
of the mean function only. Tong et al. [33] showed (see Proposition 3.3 therein) 
that the boundary distributions are .p0(x) = q0(x) ∗ N(x|0, σ2

constI) and . p1(x) =
q1(x) ∗ N(x|0, σ2

constI), where . ∗ denotes the convolution operator. For instance, if 
we take .q0(x) = N(x|0, I), then .p0(x) = N(x|0, (σ2

const + 1)I). However, .q0(x) could 
be any distribution, not only Gaussian. For .q1(x) being the data distribution, the 
other boundary distribution is .p1(x) = N(x|x1, σ

2
constI) that is the same as in the 

case of the Lipman et al. CFM. 
The differences between Lipman et al. CFM and Tong et al. iCFM are rather 

subtle. However, these subtle differences lead to different behavior of probability 
paths. In Fig. 9.8, examples of these two CFMs are presented. Lipman at al. CFM 
starts with the standard Gaussian that evolves over time to a small Gaussian (i.e., 
standard deviation decreases) in the data space (see Fig. 9.8a). Tong et al. CFM, on 
the other hand, defines a small Gaussian that is moved over time to the data space 
(see Fig. 9.8b).
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9.4.2.4 Training 

We have all the components necessary to define the training of vector field models. 
The general algorithm is defined as follows: 

Training of FM 

1. Sample .t ∼ Uniform(0, 1). 
2. Sample .z ∼ q(z). 
3. Calculate .μt (z) and .σt (z). 
4. Sample .xt ∼ N (x|μ(z, t), σ(z, t)). 
5. Calculate the vector field .v(xt, t; z). 
6. Calculate loss .𝓁CFM (θ) = ‖vθ (xt, t) − v(xt, t; z)‖2. 
7. Update parameters: .θ ← Update (θ,∇θ𝓁CFM (θ)). 

Depending on the choice of the mean function and the standard deviation function, 
we get a specific form of the vector field. Eventually, we obtain particular formulas 
in steps 3 and 5, while all other steps remain the same. 

9.4.2.5 Sampling from FM 

Let me remind you, my curious reader, that we learn a model of the vector field. 
Once we have it, sampling is straightforward, namely: 

Sampling 

1. Sample .x ∼ q0(x). 
2. Run forward Euler method until .t = 1 and with a step size . Δ: 

. xt+Δ = xt + vθ (xt, t) Δ.

Please note that in the case of flow matching, unlike in score-based generative 
models, we assume that time flows from .t = 0 (i.e., noise) to .t = 1 (i.e., data). As a 
result, once the model of the vector field is trained, we run the forward Euler method, 
not the backward Euler method like in score-based generative models. 

9.4.2.6 Calculating the Log-Likelihood Function 

In the discussion on CNFs, we showed that calculating the (log-)likelihood function 
is possible. Since flow matching does not require the log-likelihood function during 
training, we did not care about it so far. However, especially for evaluation but also 
in many practical applications, being able to calculate the value of the log-likelihood 
function is beneficial. The full derivation of the log-likelihood function for flow
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matching is presented in Appendix C of [32]. The main idea is similar to CNFs, and 
to make calculations practical, we use Hutchinson’s trace estimator, which yields: 

. ln p1(x̂1) ≈ ln p0(x̂0) − f0, (9.73) 

where . ̂x1 is a datapoint, . ̂x0 is the noise that corresponds to . ̂x1, and . f0 is an approx-
imation of the trace of the vector field Jacobian. Note that we have only . ̂x1, but we 
can obtain . ̂x0 and . f0 by running the following procedure [32]: 

Calculating the Log-Likelihood for FM 

1. For given datapoint . ̂x1, set the initial conditions: 

. 

⎾
φ1
f1

⏋
=

⎾
x̂1
0

⏋
.

2. Define the following ODE: 

. 
d
ds

⎾
φ1−s
f1−s

⏋
=

⎾
−vθ (φ1−s, 1 − s)

ϵT∇φvθ (φ1−s, 1 − s)ϵ

⏋

where .ϵ ∼ N(0, I). 
Note: We calculate .∇φvθ (φ1−s, 1 − s) by using autograd. 

3. Solve the ODE in step 2 by running the backward Euler method. 
Note: Here, we need to go from .t = 1 to .t = 0, thus, the backward Euler. 

4. Output the result: 

. 

⎾
φ0
f0

⏋
=

⎾
x̂0
ĉ

⏋
.

The outputs of this procedure are then plugged into the equation (9.73) that yields: 

. ln p1(x̂1) ≈ ln p0(x̂0) − ĉ. (9.74) 

Please remember, my curious reader, that this is an approximation due to the trace 
estimator. However, the estimator is unbiased, and the variance can be reduced by 
running this procedure M times for a given datapoint and then averaging. 

9.4.3 Calculating the Log-Likelihood Function 

We outlined how to implement training and sampling (generation) using flow match-
ing. The code is pretty straightforward and is outlined in the following code snippet. 
We picked the standard Gaussian noise distribution in our implementation, but please 
be aware that any other distribution would work:
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1 class FlowMatching(nn.Module): 
2 def __init__(self, vnet, sigma, D, T, stochastic_euler=False, 

prob_path="icfm"): 
3 super(FlowMatching , self).__init__() 
4 

5 print(’Flow Matching by JT.’) 
6 

7 self.vnet = vnet 
8 self.time_embedding = nn.Sequential(nn.Linear(1, D), nn. 

Tanh()) 
9 

10 # other params 
11 self.D = D 
12 self.T = T 
13 self.sigma = sigma 
14 self.stochastic_euler = stochastic_euler 
15 

16 assert prob_path in ["icfm", "fm"], f"Error: The 
probability path could be either Independent CFM (icfm) or 
Lipman’s Flow Matching (fm) but {prob_path} was provided." 

17 self.prob_path = prob_path 
18 

19 self.PI = torch.from_numpy(np.asarray(np.pi)) 
20 

21 def log_p_base(self, x, reduction=’sum’, dim=1): 
22 log_p = -0.5 * torch.log(2. * self.PI) - 0.5 * x**2. 
23 if reduction == ’mean’: 
24 return torch.mean(log_p, dim) 
25 elif reduction == ’sum’: 
26 return torch.sum(log_p, dim) 
27 else: 
28 return log_p 
29 

30 def sample_base(self, x_1): 
31 # Gaussian base distribution 
32 if self.prob_path == "icfm": 
33 return torch.randn_like(x_1) 
34 elif self.prob_path == "fm": 
35 return torch.randn_like(x_1) 
36 else: 
37 return None 
38 

39 def sample_p_t(self, x_0, x_1, t): 
40 if self.prob_path == "icfm": 
41 mu_t = (1. - t) * x_0 + t * x_1 
42 sigma_t = self.sigma 
43 elif self.prob_path == "fm": 
44 mu_t = t * x_1 
45 sigma_t = t * self.sigma - t + 1. 
46 

47 x = mu_t + sigma_t * torch.randn_like(x_1) 
48 

49 return x 
50
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51 def conditional_vector_field(self, x, x_0, x_1, t): 
52 if self.prob_path == "icfm": 
53 u_t = x_1 - x_0 
54 elif self.prob_path == "fm": 
55 u_t = (x_1 - (1. - self.sigma) * x) / (1. - (1. -

self.sigma) * t) 
56 

57 return u_t 
58 

59 def forward(self, x_1, reduction=’mean’): 
60 # =====Flow Matching 
61 # ===== 
62 # z ~ q(z),  e.g., q(z)  = q(x_0) q(x_1),  q(x_0) =  base, q( 

x_1) = empirical 
63 # t ~ Uniform(0, 1) 
64 x_0 = self.sample_base(x_1) # sample from the base 

distribution (e.g., Normal(0,I)) 
65 t = torch.rand(size=(x_1.shape[0], 1)) 
66 

67 # ===== 
68 # sample from p(x|z) 
69 x = self.sample_p_t(x_0, x_1, t) # sample independent rv 
70 

71 # ===== 
72 # invert interpolation , i.e., calculate vector field v(x, 

t) 
73 t_embd = self.time_embedding(t) 
74 v = self.vnet(x + t_embd) 
75 

76 # ===== 
77 # conditional vector field 
78 u_t = self.conditional_vector_field(x, x_0, x_1, t) 
79 

80 # =====LOSS: Flow Matching 
81 FM_loss = torch.pow(v - u_t, 2).mean(-1) 
82 

83 # Final LOSS 
84 if reduction == ’sum’: 
85 loss = FM_loss.sum() 
86 else: 
87 loss = FM_loss.mean() 
88 

89 return loss 
90 

91 def sample(self, batch_size=64): 
92 # Euler method 
93 # sample x_0 first 
94 x_t = self.sample_base(torch.empty(batch_size , self.D)) 
95 

96 # then go step-by-step to x_1 (data) 
97 ts = torch.linspace(0., 1., self.T) 
98 delta_t = ts[1] - ts[0] 
99 

100 for t in ts[1:]:
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101 t_embedding = self.time_embedding(torch.Tensor([t])) 
102 x_t = x_t + self.vnet(x_t + t_embedding) * delta_t 
103 # Stochastic Euler method 
104 if self.stochastic_euler: 
105 x_t = x_t + torch.randn_like(x_t) * delta_t 
106 

107 x_final = torch.tanh(x_t) 
108 return x_final 
109 

110 def log_prob(self, x_1, reduction=’mean’): 
111 # backward Euler (see Appendix C in Lipman’s paper) 
112 ts = torch.linspace(1., 0., self.T) 
113 delta_t = ts[1] - ts[0] 
114 

115 for t in ts: 
116 if t == 1.: 
117 x_t = x_1 * 1. 
118 f_t = 0. 
119 else: 
120 # Calculate phi_t 
121 t_embedding = self.time_embedding(torch.Tensor([t 

])) 
122 x_t =x_t - self.vnet(x_t + t_embedding) * delta_t 
123 

124 # Calculate f_t 
125 # approximate the divergence using the Hutchinson 

trace estimator and the autograd 
126 self.vnet.eval() # set the vector field net to 

evaluation 
127 

128 x = torch.FloatTensor(x_t.data) # copy the 
original data (it doesn’t require grads!) 

129 x.requires_grad = True 
130 e = torch.randn_like(x) # epsilon ~ Normal(0, I) 
131 e_grad = torch.autograd.grad(self.vnet(x).sum(), 

x, create_graph=True)[0] 
132 e_grad_e = e_grad * e 
133 f_t = e_grad_e.view(x.shape[0], -1).sum(dim=1) 
134 

135 self.vnet.eval() # set the vector field net to 
train again 

136 

137 log_p_1 = self.log_p_base(x_t, reduction=’sum’) - f_t 
138 

139 if reduction == "mean": 
140 return log_p_1.mean() 
141 elif reduction == "sum": 
142 return log_p_1.sum() 

Listing 9.3 A class for conditional flow matching. 

Before we present the results of generated images, let us see how flow matching 
behaves on the two-moon dataset in Fig. 9.9. We start with data generated according 
to the standard Gaussian, and then the vector field model pushes the points toward 
two orange half-moons.
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Fig. 9.9 An example of sampling with a vector field model trained with flow matching: Sampled 
points (black crosses) evolve to data (orange half-moons). 

CBA 

Fig. 9.10 Some results: (a) A sample of real images. (b) A sample of generated images. (c) An  
example of the score matching loss calculated on the validation set. 

After running the code with an MLP-based vector field model and the following 
values of the hyperparameters, .σconst = 0.1 and .T = 100, we can expect results like 
in Fig. 9.10. Note that we report the negative log-likelihood estimated according to 
the procedure presented before. 

9.4.4 What Is the Future of Flow Matching? 

Flow matching is a framework first outlined in [32], published in the fall of 2022. 
Since then, there have been multiple extensions proposed. Here, I will point out a few 
but I highly recommend searching for new development, my curious reader, because 
I find this framework especially interesting! Alright, let me attract your attention to 
the following papers: 

• Similar to latent diffusion, in [34], flow matching is used as a “prior” in an auto-
encoder setting. First, the auto-encoder is trained, and then the vector field model 
is trained in the latent space. Afterward, a sample from the FM model is decoded 
back to the data space. 

• The idea of interpolations in CFM was further extended to stochastic interpolants 
proposed by [35, 36]. I highly recommend looking these papers up since they 
provide many interesting extensions, both theoretical and practical.
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• As I mentioned earlier, one can propose a better distribution . q(z) by using optimal 
transport (OT). This results in OT-CFM [33] and Schrodinger bridge CFM [29, 
37]. 

• Action matching, a closely related approach to CFM, proposed by [38], allows 
learning an underlying mechanism of moving points in time without modeling 
the distributions at each step. 

• Here, we considered interpolations in Euclidean spaces. Chen and Lipman [39] 
proposed an extension of CFMs to general Riemannian manifolds. 

• To take advantage of symmetries in data, [40] modified the cost function in 
OT-CFM to account for those. Additionally, they used equivariant graph neural 
networks to formulate equivariant flow matching. 

• Here, we discussed the case of continuous random variables. However, in practice, 
we often deal with discrete data, e.g., molecules, proteins, and pixel values. 
Campbell et al. [41] proposed discrete flow models that could be seen as a version 
of CFM for handling discrete data. 

• CFM was also proposed as a method for simulation-based inference [42], i.e., 
a problem in which one has access to a simulator but the likelihood function is 
unknown or intractable. 

• There are very close connections between score-based generative models and flow 
matching. I highly recommend looking into [33] and [5] (the appendix therein is 
simply marvelous!) for further details. 

There are multiple amazing papers that I missed, but I did not do that on purpose. 
It is simply very difficult to follow all of them. This statement is also a testament that 
flow matching is becoming the mainstream research direction in Generative AI. In 
my opinion, it is a fascinating framework that could bring multiple breakthroughs! 
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Chapter 10 
Deep Generative Modeling for Neural 
Compression 

10.1 Introduction 

In December 2020, Facebook reported having around 1.8 billion daily active users 
and around 2.8 billion monthly active users [1]. Assuming that users uploaded, on 
average, a single photo each day, the resulting volume of data would give a very 
rough (let me stress it, a very rough) estimate of around 3000 TB of new images per 
day. This single case of Facebook alone already shows us the potential great costs 
associated with storing and transmitting data. In the digital era, we can simply say 
this: efficient and effective manner of handling data (i.e., faster and smaller) means 
more money in the pocket. 

The most straightforward way of dealing with these issues (i.e., smaller and 
faster) is based on applying compression, and, in particular, image compression 
algorithms (codecs) that allow us to decrease the size of an image. Instead of changing 
infrastructure, we can efficiently and effectively store and transmit images by making 
them simply smaller! Let us be honest, the more we compress an image, the more 
and faster we can send it and the less disk memory we need! 

If we think of image compression, probably the first association is JPEG or PNG, 
standards used on a daily basis by everyone. I will not go into details of these 
standards (e.g., see [2, 3] for an introduction), but what it is important to know is that 
they use some predefined math like discrete cosine transform. The main advantage 
of standard codecs like JPEG is that they are interpretable, i.e., all steps are hand-
designed, and their behavior can be predicted. However, this comes at the cost of 
insufficient flexibility which could drastically decrease their performance. So how 
we can increase the flexibility of transformations? Any idea? Anyone? Do I hear 
deep learning [4, 5]? Indeed! Many of today’s image compression algorithms are 
enhanced by neural networks. 

The emerging field of compression algorithms using neural networks is called 
neural compression. Neural compression becomes a leading trend in developing 
new codecs where neural networks replace parts of the standard codecs [6] or neural-
based codecs are trained [7] together with quantization [8] and entropy coding [9–12]. 
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We will discuss the general compression scheme in detail in the next subsection, but 
here it is important to understand why deep generative modeling is important in the 
context of neural compression. The answer was given a long time ago by Claude 
Shannon who showed in [13] that (informally): 

The length of a message representing source data is 
proportional to the entropy of this data. 

We do not know the entropy of data because we do not know the probability distri-
bution of data, . p(x), but we can estimate it using one of the deep generative models 
we have discussed so far! Because of that, recently, there has been an increasing 
interest in using deep generative modeling to improve neural compression. We can 
use deep generative models for modeling probability distribution for entropy coders 
[9–12] but also to significantly increase the final reconstruction and compression 
quality by incorporating new schemes for inference [14] and reconstruction [15]. 

10.2 General Compression Scheme 

Before we jump into neural compression, it is beneficial (and educational, don’t 
be afraid of refreshing the basics!) to remind ourselves what is image (or data, in 
general) compression. We can distinguish two image compression approaches [16], 
namely: 

• Lossless compression: a method that preserves all information and reconstructions 
are error-free 

• Lossy compression: information is not preserved completely by a compression 
method 

A general recipe for designing a compression algorithm relies on devising a uniquely 
decodable code whose expected length is as close as possible to the entropy of the 
data [13]. The general compression system consists of two components [16, 17]: an 
encoder and a decoder. Please do not think of it as a deterministic VAE because 
it is not the same. There are some similarities, but in the compression task, we are 
really interested in sending the bitstream, while in VAEs we typically do not care 
at all. We play with floats and say about codes just to make it more intuitive, but it 
requires a few extra steps to turn it into a “real” compression scheme. We are going 
to explain these extra in the next sections. Alright, let’s start! 

10.2.1 Encoder 

In the encoder, the goal is to transform an image into a discrete signal. It is important 
to understand that the signal does not necessarily need to be binary. The transforma-
tion we use could be invertible; however, it is not a requirement. If the transformation
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is invertible, then we can use its inverse in the decoder, and, in principle, we can talk 
about lossless compression. Why? Take a look at the flow-based models where we 
discussed invertibility. However, if the transformation is not invertible, then some 
information is lost, and we land in the group of lossy compression methods. Next, 
after applying the transformation to the input image, the discrete signal is encoded 
into a bitstream in a lossless manner. In other words, discrete symbols are mapped 
to binary variables (bits). Typically, entropy coders utilize information about the 
probability of symbol occurrence, e.g., Huffman coders or arithmetic coders [16]. 
This is important to understand that for many entropy coders we need to know . p(x), 
and here we can use deep generative models. 

10.2.2 Decoder 

Once the message (i.e., the bits) is sent and received, the bitstream is decoded to 
the discrete signal by the entropy decoder. The entropy decoder is the inversion 
of the entropy encoder. Entropy coding methods allow us to receive the original 
symbols from the bitstream. Eventually, an inverse transformation (not necessarily 
the inversion of the encoder transformation) is applied to reconstruct the original 
image. 

10.2.3 The Full Scheme 

Please see Fig. 10.1 for a general scheme of a compression system (a codec). The 
standard codecs mainly utilize multi-scale image decomposition like wavelet repre-
sentation [3, 18] that are further quantized. Considering a specific discrete transfor-
mation (e.g., discrete cosine transform (DCT)) results in a specific codec (e.g., JPEG 
[2]). 

10.2.4 The Objective 

The final performance of a codec is evaluated in terms of reconstruction error and 
compression ratio. The reconstruction error is called distortion measure and is 
calculated as a difference between the original image and the reconstructed image 
using the mean square error (MSE) (typically, the peak signal-to-noise ratio (PSNR) 
expressed as .10 log10

2552

MSE is reported) or perceptual metrics like the multi-scale 
structure similarity index (.MS-SSIM) [19]. The compression ratio, called rate, 
is usually expressed by the bits per pixel (bpp), i.e., the total size in bits of the 
encoder output divided by the total size in pixels of the encoder input [17]. Typically,
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Fig. 10.1 A general image compression system (a codec). 

the performance of codecs is compared by inspecting the rate-distortion plane (i.e., 
plotting curves on a plane with the rate on the x-axis and the distortion on the y-axis). 

Formally, we assume an autoencoder architecture (see Fig. 10.1 again) with an 
encoding transformation, . fe : X → Y, that takes an input . x and returns a discrete 
signal . y (a code). After sending the message, a reconstruction . ̂x is given by a decoder, 
. fd : Y → X. Moreover, there is an (adaptive) entropy coding model that learns the 
distribution . p(y) and is further used to turn the discrete signal . y into a bitstream by an 
entropy coder (e.g., Huffman coding, arithmetic coding). If a compression method 
has any adaptive (hyper)parameters, it could be learned by optimizing the following 
objective function: 

.L(x) = d (x, x̂) + βr (y) , (10.1) 

where .d(·, ·) is the distortion measure (e.g., PSNR, MS-SSIM), . r(·) is the rate 
measure (e.g., .r (y) = − ln p(y)), and .β > 0 is a weighting factor controlling the 
balance between rate and distortion. Notice that distortion requires both the encoder 
and the decoder and rate requires the encoder and the entropy model. 

10.3 A Short Detour: JPEG 

We have discussed all necessary concepts of image compression, and now we can 
delve into neural compression. However, before we do that, the first question we face 
is whether we can get any benefit from using neural networks for compression and 
where and how we can use them in this context. As mentioned already, standard 
codecs utilize a series of predefined transformations and mathematical operations. 
But how does it work?
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Fig. 10.2 A JPEG compression system. 

Let us quickly discuss one of the most commonly used codecs: JPEG. In the JPEG 
codec, an RGB image is first linearly transformed to the YCbCr format: 

.

⎡
⎢
⎢
⎢
⎢
⎣

Y
Cb
Cr

⎤
⎥
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎣

0
128
128

⎤
⎥
⎥
⎥
⎥
⎦

+

⎡
⎢
⎢
⎢
⎢
⎣

0.299 0.587 0.114
−0.168736 −0.331264 0.5

0.5 −0.48688 −0.081312

⎤
⎥
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎢
⎢
⎣

R
G
B

⎤
⎥
⎥
⎥
⎥
⎦

(10.2) 

Then, Cb and Cr channels are downscaled, typically two or three times (the first 
compression stage). After that, each channel is split into, e.g., .8 × 8 blocks, and 
fed to the discrete cosine transform (DCT) that is eventually quantized (the second 
compression stage). After all, the Huffman coding could be used. To decode the 
signal, the inverse DCT is used, the Cb and Cr channels are upscaled, and the RGB 
representation is recovered. The whole system is presented in Fig. 10.2. As you can 
notice, each step is easy to follow, and if you know how DCT works, the whole 
procedure is a white box. There are some hyperparameters, but, again, they have a 
very clear interpretation (e.g., how many times Cb and Cr channels are downscaled, 
the size of blocks). 

10.4 Neural Compression: Components 

Alright, we know now how a standard codec works. However, one of the problems 
with standard codecs is that they are not necessarily flexible. One may ask whether 
DCT is the optimal transformation for all images. The answer is, with high proba-
bility, no. If we are willing to give up the nicely designed white box, we can turn 
it into a black box by replacing all mathematical operations with neural networks. 
The potential gain is increased flexibility and potentially better performance (both 
in terms of distortion and rate).
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We need to remember though that learning neural networks requires the differen-
tiability of the whole approach. However, we require a discrete output of the neural 
network that could break the backpropagation! For this purpose, we must formulate 
a differentiable quantization procedure. Additionally, to obtain a powerful model, 
we need an adaptive entropy coding model. This is an important component of the 
neural compression pipeline because it not only optimizes the compression ratio 
(i.e., the rate) but also helps to learn a useful codebook. Next, we will discuss both 
components in detail. 

10.4.1 Encoders and Decoders 

In neural compression, unlike in VAEs, the encoder and the decoder consist of neural 
networks with no additional functions. As a result, we focus on architectures rather 
than how to parameterize a distribution, for instance. The output of the encoder 
is a continuous code (floats), and the output of the decoder is a reconstruction of 
an image. Below, we present PyTorch classes for an encoder and a decoder with 
examples of neural networks: 

1 # The encoder is simply a neural network that takes an image and 
outputs a corresponding code. 

2 class Encoder(nn.Module): 
3 def __init__(self, encoder_net): 
4 super(Encoder, self).__init__() 
5 

6 self.encoder = encoder_net 
7 

8 def encode(self, x): 
9 h_e = self.encoder(x) 

10 return h_e 
11 

12 def forward(self, x): 
13 return self.encode(x) 
14 

15 # The decoder is simply a neural network that takes a quantized 
code and returns an image. 

16 class Decoder(nn.Module): 
17 def __init__(self, decoder_net): 
18 super(Decoder, self).__init__() 
19 

20 self.decoder = decoder_net 
21 

22 def decode(self, z): 
23 h_d = self.decoder(z) 
24 return h_d 
25 

26 def forward(self, z, x=None): 
27 x_rec = self.decode(z) 
28 return x_rec 

Listing 10.1 Classes for an encoder and a decoder.
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1 # ENCODER 
2 e_net = nn.Sequential( 
3 nn.Linear(D, M*2), nn.BatchNorm1d(M*2), nn.ReLU(), 
4 nn.Linear(M*2, M), nn.BatchNorm1d(M), nn.ReLU(), 
5 nn.Linear(M, M//2), nn.BatchNorm1d(M//2), nn.ReLU(), 
6 nn.Linear(M//2, C)) 
7 

8 encoder = Encoder(encoder_net=e_net) 
9 

10 # DECODER 
11 d_net = nn.Sequential( 
12 nn.Linear(C, M//2), nn.BatchNorm1d(M//2), nn.ReLU(), 
13 nn.Linear(M//2, M), nn.BatchNorm1d(M), nn.ReLU(), 
14 nn.Linear(M, M*2), nn.BatchNorm1d(M*2), nn.ReLU(), 
15 nn.Linear(M*2, D)) 
16 

17 decoder = Decoder(decoder_net=d_net) 
Listing 10.2 Examples of neural networks for the encoder and the decoder. 

10.4.2 Differentiable Quantization 

The problem with utilizing neural networks in the compression context is that we 
must ensure training by backpropagation that is equivalent to using only differen-
tiable operations. Unfortunately, working with discrete outputs of a neural network 
breaks differentiability and requires applying approximations of gradients (e.g., the 
straight-through estimator). However, we can use quantization of codes . y and make 
it differentiable with relatively simple tricks. 

We assume that the encoder gives us a code .y ∈ RM . Moreover, we assume 
that there is a codebook .c ∈ RK . We can think of the codebook as a vector of 
additional parameters (yes, parameters, we can also learn it!). Now, the whole idea 
relies on quantizing . y to values in the codebook . c. Easy right? Well, it is easy 
but it still tells us nothing. Quantizing in this context means that we will take 
every element in . y and find the closest value in the codebook and replace it with 
this codebook value. We can implement it using matrix calculus in the following 
manner. First, we repeat . y K-times, and we repeat . c M-times that gives us two 
matrices: .Y ∈ RM×K and .C ∈ RM×K . Now, we can calculate a similarity matrix, 
for instance, .S = exp{−

√

(Y − C)2} ∈ RM×K . The matrix . S has the highest value 
where the m-th value of . y, . ym, is closest to the k-th vale of . c, . ck . So far so good, 
all operations are differentiable. However, there is no quantization here (i.e., values 
are not discrete). Since we have the similarity matrix .S ∈ RM×K and we can apply 
the softmax nonlinearity with temperature to the second dimension of . S, namely, 
.Ŝ = softmax2(τ · S) (here, the subscript denotes that we calculate the softmax wrt 
the second dimension) where .τ ⪢ 1 (e.g., .τ = 107). Since we apply the softmax 
to the similarity matrix multiplied by a very large number, the resulting matrix, . ̂S,
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Fig. 10.3 An example of the quantization of codes. (a) Distances. (b) Indices. (c) Quantized code. 

will still consist of floats, but numerically these values will be 0s and a single 1. An 
example of this kind of quantization is presented in Fig. 10.3. 

Importantly, the softmax nonlinearity is differentiable, and, eventually, the whole 
procedure is differentiable. In the end, we can calculate quantized codes by multi-
plying the codebook with the 0–1 similarity matrix, namely, 

.ŷ = Ŝc. (10.3) 

The resulting code, . ̂y, consists of values from the codebook only. 
We can ask ourselves whether indeed we gain anything because values of . ̂y are 

still floats. So, in other words, where is the discrete signal we want to turn into the 
bitstream? We can answer it in two ways: First, there are only K possible values 
in the codebook. Hence, the values are discrete but represented by a finite number 
of floats. Second, the real magic happens when we calculate the matrix . ̂S. Notice 
that this matrix is indeed discrete! In each row, there is a single position with 1 
and 0s elsewhere. As a result, either we look at it from the codebook perspective 
or the similarity matrix perspective, we should be convinced that indeed we can 
turn any real-valued vector into a vector consisting of real values but from a finite 
set. And, most importantly, this whole procedure of quantizing allows us to apply 
the backpropagation algorithm! This quantization approach (or very similar) was 
used in many neural compression methods, e.g., [8], [11], or [10]. We can also use 
other differential quantization techniques, e.g., vector quantization [16]. However, 
we prefer to stick to a simple codebook that turns out to be pretty effective in practice: 

1 class Quantizer(nn.Module): 
2 def __init__(self, input_dim, codebook_dim , temp=1.e7): 
3 super(Quantizer, self).__init__() 
4 #temperature for softmax 
5 self.temp = temp 
6 

7 # dimensionality of the inputs and the codebook 
8 self.input_dim = input_dim 
9 self.codebook_dim = codebook_dim
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10 

11 # codebook layer (a codebook) 
12 # initialize uniformly and a Parameter (learnable) 
13 self.codebook = nn.Parameter(torch.FloatTensor(1, self. 

codebook_dim ,).uniform_(-1/self.codebook_dim , 1/self. 
codebook_dim)) 

14 

15 # A function for codebook indices (a one-hot representation) 
to values in the codebook. 

16 def indices2codebook(self, indices_onehot): 
17 return torch.matmul(indices_onehot , self.codebook.t()). 

squeeze() 
18 

19 # A function to change integers to a one-hot representation. 
20 def indices_to_onehot(self, inputs_shape , indices): 
21 indices_hard = torch.zeros(inputs_shape[0], inputs_shape 

[1], self.codebook_dim) 
22 indices_hard.scatter_(2, indices, 1) 
23 

24 # The forward function: 
25 # - First, distances are calculated between input values and 

codebook values. 
26 # - Second, indices (soft - differentiable , hard - non-

differentiable) between the encoded values and the codebook 
values are calculated. 

27 # - Third, the quantizer returns indices and quantized code ( 
the output of the encoder). 

28 # - Fourth, the decoder maps the quantized code to the 
observable space (i.e., it decodes the code back). 

29 def forward(self, inputs): 
30 # inputs - a matrix of floats, B x M  
31 inputs_shape = inputs.shape 
32 # repeat inputs 
33 inputs_repeat = inputs.unsqueeze(2).repeat(1, 1, self. 

codebook_dim) 
34 # calculate distances between input values and the 

codebook values 
35 distances = torch.exp(-torch.sqrt(torch.pow(inputs_repeat

- self.codebook.unsqueeze(1), 2))) 
36 

37 # indices (hard, i.e., nondiff) 
38 indices = torch.argmax(distances , dim=2).unsqueeze(2) 
39 indices_hard = self.indices_to_onehot(inputs_shape= 

inputs_shape , indices=indices) 
40 

41 # indices (soft, i.e., diff) 
42 indices_soft = torch.softmax(self.temp * distances , -1) 
43 

44 # quantized values: we use soft indices here because it 
allows backpropagation 

45 

46 

47 

48
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49 quantized = self.indices2codebook(indices_onehot= 
indices_soft) 

50 

51 return (indices_soft , indices_hard , quantized) 
Listing 10.3 A quantizer class. 

10.4.3 Adaptive Entropy Coding Model 

The last piece in the whole puzzle is entropy coding. We rely on entropy coders like 
Huffman coding or arithmetic coding. Either way, these entropy coders require from 
us an estimate of the probability distribution over codes, . p(y). Once they have it, they 
can losslessly compress the discrete signal into a bitstream. In general, we can encode 
discrete symbols to bits separately (e.g., Huffman coding) or encode the whole 
discrete signal into a bit representation (e.g., arithmetic coding). In compression 
systems, arithmetic coding is preferable over Huffman coding because it is faster and 
more accurate (i.e., better compression) [16]. 

We will not review and explain in detail how arithmetic coding works. We refer to 
[16] (or any other book on data compression) for details. There are two facts we need 
to know and remember: First, if we provide probabilities of symbols, then arithmetic 
coding does not need to make an extra pass through the signal to estimate them. 
Second, there is an adaptive variant of arithmetic coding that allows modifying 
probabilities while compressing symbols sequentially (also known as progressive 
coding). 

These two remarks are important for us because, as mentioned earlier, we can 
estimate .p(y) using a deep generative model. Once we learn the deep generative 
model, the arithmetic coding can use this distribution for the lossless compression 
of codes. Moreover, if we use a model that factorizes the distribution, e.g., an 
autoregressive model, then we can also utilize the idea of progressive coding. 

In our example, we use the autoregressive model that takes quantized code and 
returns the probability of each value in the codebook (i.e., the indices). In other 
words, the autoregressive model outcomes probabilities over the codebook values. 
It is worth mentioning though that in our implementation we use the term “entropy 
coding” but we mean an entropy coding model. Moreover, it is worth mentioning 
that there are specialized distributions for compression purposes, e.g., the scale 
hyperprior [9], but here we are interested in deep generative modeling for neural 
compression: 

1 class ARMEntropyCoding(nn.Module): 
2 def __init__(self, code_dim , codebook_dim , arm_net): 
3 super(ARMEntropyCoding , self).__init__() 
4 self.code_dim = code_dim 
5 self.codebook_dim = codebook_dim 
6 self.arm_net = arm_net # it takes B x 1 x  code_dim and 

outputs B x codebook_dim x code_dim 
7
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8 def f(self, x): 
9 h = self.arm_net(x.unsqueeze(1)) 

10 h = h.permute(0, 2, 1) 
11 p = torch.softmax(h, 2) 
12 

13 return p 
14 

15 def sample(self, quantizer=None, B=10): 
16 x_new = torch.zeros((B, self.code_dim)) 
17 

18 for d in range(self.code_dim): 
19 p = self.f(x_new) 
20 indx_d = torch.multinomial(p[:, d, :], num_samples=1) 
21 codebook_value = quantizer.codebook[0, indx_d]. 

squeeze() 
22 x_new[:, d] = codebook_value 
23 

24 return x_new 
25 

26 def forward(self, z, x): 
27 p = self.f(x) 
28 return -torch.sum(z * torch.log(p), 2) 

Listing 10.4 An adaptive entropy coding model using an ARM class. 

10.4.4 A Neural Compression System 

We discussed all the components of a neural compression system and gave some 
very specific examples of how they could be implemented. There are many other 
propositions on how these could be formulated, ranging from elaborated neural 
network architectures for encoders and decoders to various quantization schemes 
and entropy coding models. Nevertheless, the presented neural compressor should 
give you a good idea of how neural networks could be utilized for image (or, generally, 
data) compression. 

In Fig. 10.4, we represent a neural compression system where the transformations 
in Fig. 10.1 are replaced by neural networks together with a (differentiable) quantiza-
tion procedure. We also highlight that floats are quantized to obtain a discrete signal. 
Altogether, comparing Figs. 10.1 and 10.4, we can notice that the whole pipeline is 
the same and the differences lie in how transformations are implemented. 

The main difference, perhaps, is that a neural compressor could be trained end to 
end and specialized to given data. In fact, the objective of the neural compressor could 
be seen as a penalized reconstruction error of autoencoders. Let us assume we have 
given training data .D = {x1, . . . , xN } and the corresponding empirical distribution 
.pdata(x). Moreover, we have an encoder network with weights . φ, .y = fe,φ(x), a  
differentiable quantizer with a codebook . c, .ŷ = Q(y; x), a decoder network with 
weights . θ, .x̂ = fd,θ (ŷ), and the entropy coding model with weights . λ, .pλ(ŷ). We  
can train the model in the end-to-end-fashion by minimizing the following objective 
(.β > 0):
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Fig. 10.4 A neural compression system. 

. L(θ, φ, λ, c) =Ex∼pdata (x)
⎡

(x − fd,θ (Q( fe,φ(x); c)))2
⏋

+

+ βEŷ∼pdata (x) δ(Q( fe,φ (x);c)−ŷ) [− ln pλ(ŷ)] (10.4) 

=Ex∼pdata (x)
⎡

(x − x̂)2
⏋

+ βEŷ∼pdata (x) δ(Q( fe,φ (x);c)−ŷ) [− ln pλ(ŷ)] . 
(10.5) 

If we look into the objective, we can immediately notice that the first component, 
.Ex∼pdata (x)

⎡

(x − x̂)2
⏋

, is the mean squared error (MSE) loss. In other words, it is the 
reconstruction error. The second part, .Ex∼pdata (x) [− ln pλ(ŷ)], is the cross-entropy 
between .q(ŷ) = pdata(x) δ

(
Q( fe,φ(x); c) − ŷ

)
and .pλ(ŷ), where . δ(·) denotes Dirac’s 

delta. To see that, let us write it down step by step: 

.CE [q(ŷ)| |pλ(ŷ)] = −
⎲

ŷ
q(ŷ) ln pλ(ŷ) (10.6) 

= −
⎲

ŷ 
pdata(x) δ

(
Q( fe,φ(x); c) −  ̂y

)
ln pλ(ŷ) (10.7) 

= − 1 
N 

N⎲

n=1 
ln pλ

(
Q( fe,φ(xn); c)

)
. (10.8) 

Eventually, we can write the training objective explicitly, replacing expectations 
with sums:
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. L(θ, φ, λ, c) = 1
N

N⎲

n=1

(
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(
Q
(
fe,φ(xn); c

) ) )2

◟-----------------------------------------◝◜-----------------------------------------◞

distortion

+

+
β

N

N⎲

n=1

⎡

− ln pλ
(
Q
(
fe,φ(xn); c

) ) ⏋
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rate

. (10.9) 

In the training objective, we have a sum of distortion and rate. Please note that 
during training, we do not need to use entropy coding at all. However, it is necessary 
if we want to use neural compression in practice: 

Bits per Pixel 

It is beneficial to discuss how the bits per pixel (bpp) is calculated. The 
definition of the bpp is the total size in bits of the encoder output divided by 
the total size in pixels of the encoder input. In our case, the encoder returns a 
code of size M , and each value is mapped to one of K values (let us assume 
that .K = 2κ . As a result, we can represent the quantized code using indices, 
i.e., integers. Since we haveK possible integers, we can use . κ bits to represent 
each of them. As a result, the code is described by .κ×M bits. In other words, 
we can use a uniform distribution with probability equal .1/(κ×M) that gives 
the bpp equal .− log2(1/(κ × M))/D. However, we can improve this score by 
using entropy coding. As a result, we can use the rate value and divide it by 
the size of the image, D, to obtain the bpp, i.e., .− log2 p(ŷ)/D. 

1 class NeuralCompressor(nn.Module): 
2 def __init__(self, encoder, decoder, entropy_coding , 

quantizer, beta=1., detaching=False): 
3 super(NeuralCompressor , self).__init__() 
4 

5 print(’Neural Compressor by JT.’) 
6 

7 # we  
8 self.encoder = encoder 
9 self.decoder = decoder 

10 self.entropy_coding = entropy_coding 
11 self.quantizer = quantizer 
12 

13 # beta determines how strongly we focus on compression 
against reconstruction quality 

14 self.beta = beta 
15 

16 # We can detach inputs to the rate, then we learn rate 
and distortion separately 

17 self.detaching = detaching 
18 

19 def forward(self, x, reduction=’avg’):
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20 # encoding 
21 #-non-quantized values 
22 z = self.encoder(x) 
23 #-quantizing 
24 quantizer_out = self.quantizer(z) 
25 

26 # decoding 
27 x_rec = self.decoder(quantizer_out[2]) 
28 

29 # Distortion (e.g., MSE) 
30 Distortion = torch.mean(torch.pow(x - x_rec, 2), 1) 
31 

32 # Rate: we use the entropy coding here 
33 Rate = torch.mean(self.entropy_coding(quantizer_out[0], 

quantizer_out[2]), 1) 
34 

35 # Objective 
36 objective = Distortion + self.beta * Rate 
37 

38 if reduction == ’sum’: 
39 return objective.sum(), Distortion.sum(), Rate.sum() 
40 else: 
41 return objective.mean(), Distortion.mean(), Rate.mean 

() 
Listing 10.5 A neural compression class. 

To conclude the description of the neural compressor, the whole compression 
procedure consists of the following steps, assuming that the model has been trained 
already: 

Compression Procedure 

1. Encode the input image, .y = fe,φ(x). 
2. Quantize the code, .ŷ = Q(ŷ; c). 
3. Turn the quantized code . ̂y into a bitstream using .pλ(ŷ) and, e.g., arithmetic 

encoding. 
4. Send the bits. 
5. Decode bits into . ̂y using .pλ(ŷ) and, e.g., arithmetic decoding. 
6. Decode . ̂y, .x̂ = fd,θ (ŷ). 

10.4.5 Example 

After training the whole neural compression system with .β = 1, you can get results 
as in Fig. 10.5. 

Interestingly, since the entropy coder is also a deep generative model, we can 
sample from it. In Fig. 10.5c, there are four samples presented. They indicate that 
the model indeed can learn the data distribution of the quantized codes!
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BA 

C 

Fig. 10.5 An example of outcomes after the training: (a) A distortion curve. (b) A rate curve.  
(c) Real images (left columns) and their reconstructions (middle column) and samples from the 
autoregressive entropy coder (right column). 

10.5 What’s Next? 

Neural compression is a fascinating field. Utilizing neural networks for compression 
opens new possibilities for developing new coding schemes. Neural compression 
achieved comparable or (sometimes) better results than standard codecs on image 
compression [20]; however, there is still room for improvement in video compression 
or audio compression even though recent attempts are very promising [21, 22]. There 
are many interesting research directions I missed here. I highly recommend taking 
a look at a nice overview of neural compression methods [20]. Lastly, I want to 
highlight that here we used the deep autoregressive generative model; however, we 
can use other deep generative models (e.g., flows, VAEs).
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Chapter 11 
From Large Language Models 
to Generative AI Systems 

11.1 Introduction 

How is it possible, my curious reader, that we can share our thoughts? How can 
it be that we discuss generative modeling, probability theory, or other interesting 
concepts? How come? The answer is simple: language. We communicate because 
the human species developed a pretty distinctive trait that allows us to formulate 
sounds in a very complex manner to express our ideas and experiences. At some 
point in our history, some people realized that we forget, we lie, and we can shout as 
strongly as we can, but we will not be understood farther than a few hundred meters. 
The solution was a huge breakthrough: writing. This whole mumbling on my side 
here could be summarized using one word: text. We know how to write (and read), 
and we can use the word text to mean language or natural language to avoid any 
confusion with artificial languages like Python or formal language. 

Communication is an essential component of our lives. Therefore, it is no surprise 
that processing text, or natural language in general, attracted a lot of attention from 
day one of AI. Since the 1950s of the twentieth century, people have been fascinated 
by the possibility of building communicating bots. Thanks to Alan Turing, we have 
even a famous test named after him which states that if a machine can talk to a human 
being without being recognized as a machine, then we can call it intelligent. The first 
chatbot was even introduced in the 1960s of the twentieth century. ELIZA, because 
it was its name, was able to match patterns and mimic an “intelligible” conversation. 
But it was way far from being intelligent, and, after all, it was unable to generate 
responses that would fool good Dr. Turing. It took us over 60 years (nothing in the 
history of human beings but eons in the history of AI) to get to the point where we 
can debate about intelligence, originality, novelty, and many other aspects that were 
exclusive to us, humans. And all these are possible due to generative modeling. 

Obviously, we communicate using not only text but also images, audio, diagrams, 
and all sorts of languages (e.g., chemical reactions, mathematics). That is why, 
multimodality plays a crucial role in developing the next level of AI systems. In 
the following, we will talk about natural language processing (NLP) and how it was 
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influenced by deep learning. The combination of deep learning and NLP gave rise to 
their baby called a Large Language Model (LLM). Eventually, we will outline how 
LLMs have changed our way of thinking about AI systems. As a result, we will talk 
about Generative AI Systems (GenAISys). 

Oh and before we start, LLM is not equivalent to Generative AI. Generative AI 
is about all modalities, and LLMs are about processing some language. I am not a 
“terminology police”, I am really flexible, but it is quite sad that experts nowadays 
repeat this nonsense. It is hurtful for the field and the industry. Alright, enough of 
being an old prick, and let us delve into LLMs and GenAISys! 

11.2 Large Language Models 

11.2.1 What Are Large Language Models (LLMs)? 

11.2.1.1 Natural Language Processing and Deep Learning 

Natural language processing (NLP) is the field that focuses on building machines that 
can manipulate human language. NLP aims at developing methods and techniques for 
processing written language (i.e., text). The tasks of NLP (see Fig. 11.1) vary from  
text classification (e.g., sentiment analysis, spam detection), text correction (e.g., 
grammatical error correction), machine translation (e.g., translating using sequence-
to-sequence models a.k.a. Seq2Seq), semantic analysis (e.g., topic modeling), text 
generation (e.g., chatbots), and text summarization, named entity recognition (NER) 
and information retrieval (IR) to question answering and chatbots. The main question 
though in NLP is about how to represent text such that it is useful for downstream 
tasks. 

Classical NLP methods focused a lot on syntactic, i.e., grammar and sentence 
structures [1]. However, semantics is extremely important for proper communica-
tion and this remained a challenge for a long time. The first attempts to grasp the 

Text understanding 

Natural 
Language 
Processing 

CoReference 
Resolution 

Doc classification 

Question answering 

Summarization & 
generation 

Machine translation 

Sentiment analysis 

Dialog systems 

Fig. 11.1 Selected most popular tasks in NLP.
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meaning of a piece of text relied on formulating tokenizers, specialized modules 
that represented text in a machine-readable manner. The first tokenizers counted 
words (so-called bag of words) in a document or an n-gram (a sequence of n words), 
giving rise to a numerical representation of text. However, such a representation is 
dependent on the document length; therefore, it seems more appropriate to look at 
normalized quantities like term frequency (tf), namely, the number of occurrences 
of a word in a document divided by the number of words in a document, and inverse 
document frequency (idf) that corresponds to the importance of a term in the whole 
corpus, calculated as the logarithm of the number of documents in the corpus divided 
by the number of documents that include the term. Typically, the tf-idf representa-
tions are used. These representations provide a lot of information about documents 
and can be easily manipulated by machines. However, they are pretty limited due to 
chosen n-grams and heavily depend on the available corpus of documents. Simpler 
tokenizers replace characters (or n-grams of characters) with integers such that text 
could be treated as a sequence of numbers. These tokenizers do not provide any 
meaning of text but play a crucial role in contemporary NLP methods, as we will 
see shortly. 

I think you feel what is coming, my curious reader. I can almost read your mind. 
What are you whispering? It would be amazing to have a method that can learn 
semantics from data. And, ideally, by applying neural networks? You are right! 
The big breakthrough in NLP came with the Word2Vec method [2] which allowed 
learning word embeddings from raw text by using neural networks for a given context. 
In some sense, this paper opened Pandora’s box (but in a good sense) that led to 
the development of language models parameterized by neural networks. Since these 
neural networks consisted of millions of weights and later on (and nowadays) even 
billions of weights, many researchers and practitioners have started calling them 
Large Language Models to distinguish them from more classical language models. 

11.2.1.2 General Architectures of LLMs 

Before we talk more about details like how to parameterize LLMs (i.e., what kind of 
neural networks to use) and how to learn them, let us briefly discuss their general ar-
chitectures. No matter what, each LLM requires a tokenizer to turn text into numbers 
(e.g., integers) and an embedding that changes them eventually to real-valued vectors. 
Sometimes, both modules are treated as one (e.g., vectorizers in scikit-learn). 
A popular choice for a tokenizer these days is byte pair encoding which greedily 
merges commonly occurring sub-strings based on their frequency [3]. The embed-
ding module serves only a single purpose, namely, to map a token represented as a 
one-hot vector to a real-valued vector of size D. Then, after processing embeddings 
using a neural network, the output must be de-tokenized to a string again. 

In general, we can distinguish three types of LLMs: 

1. Encoders: These LLMs take a piece of text (string) and return an encoding, i.e., 
a numerical representation of the input. Encoders can have access to the whole 
input at any point of processing, and they do not require any specific constraints.
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Tokenizer Embedding Encoder/Decoder 

string 
Lorem ipsum dolor sit amet, 
consectetur adipisicing elit, sed 
do eiusmod tempor incididunt ut 
labore et dolore magna aliqua. 

Outputs 
(logits) Tokenizer 

Outputs 
(tokens) 

A 

Tokenizer Embedding Encoder/Decoder 

Encoder 

string 
Lorem ipsum dolor sit amet, 
consectetur adipisicing elit, sed 
do eiusmod tempor incididunt ut 
labore et dolore magna aliqua. 

string 
Lorem ipsum dolor sit amet, 
consectetur adipisicing elit, sed 
do eiusmod tempor incididunt ut 
labore et dolore magna aliqua. 

Outputs 
(logits) Tokenizer 

Outputs 
(tokens) 

B 

Fig. 11.2 Diagrams for LLMs: (a) An unconditional LLM. (b) A conditional LLM. 

They provide outputs in a single forward run both during training and at the 
inference time. 

2. Decoders: This class of LLMs is pretty specific because they are used for gener-
ating new texts. They can be seen as autoregressive models, and, as such, neural 
networks used to parameterize them must be causal. For decoders, the sampling 
procedure is an iterative process; thus, it is typically pretty slow. 

3. Encoder-Decoders and Encoder-Encoders: LLMs can be conditional, and then 
we need to combine an encoder processing conditioning and an encoder or a 
decoder that provides an encoding of input text or generates new text, respectively. 

In Fig. 11.2a, you can see a schematic representation of an encoder or a decoder, 
and in Fig. 11.2b, there is an encoder-encoder(decoder) presented. Now, the question 
is how to parameterize LLMs. 

11.2.1.3 Parameterizations 

The key component of any LLM is its parameterization. No matter if it is an encoder 
or a decoder, it is large because it uses hierarchical, (very) deep neural networks. But 
we cannot just use any neural network because we deal with text (i.e., sequences). 
As a result, a neural network must process vectors and, for decoders, output new text 
in the so-called causal manner (i.e., without looking “into the future”).
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If we go back to autoregressive models, we know that we can use recurrent neural 
networks (RNNs) and convolutional layers (CNNs) for processing text. RNNs seem 
to fit perfectly language modeling due to their intrinsic sequential structure. They 
were used by [4] to formulate one of the first RNN-based decoders and then RNN-
based encoder-decoders [5]. As shown in [6], the combination of CNNs and RNNs 
indicated an improvement in terms of language modeling. However, this was no 
surprise because the first successful encoders were based entirely on convolutional 
layers [7] before they were used for decoders [8] and encoder-decoders [9]. However, 
RNN-based and CNN-based language models suffered from either forgetting or 
scaling issues. 

The big breakthrough in LLMs has come with the introduction of transformers 
[10] and their utilization of (multihead) attention layers. In all fairness, transformers 
proposed a few important implementation tricks, such as multihead attention to 
learn multiple patterns in input tokens, layer normalization for preventing gradient 
blowing, and positional embeddings to ensure that tokens are treated as sequences 
and not as a set of tokens. Transformers turned out to be great at scaling up models, 
resulting in models with billions of weights. However, transformers require quadratic 
time and quadratic memory in the number of tokens (however, with FlashAttention 
[11], it becomes linear). 

Recently, many people working on LLMs have focused on making them leaner 
(we can refer to those models as L3M: Lean Large Language Models). There are 
three main aspects to obtain L3M: (i) quantization of LLMs (i.e., fewer bits per 
weight that leads to less physical memory on disc), (ii) faster training, and (iii) faster 
inference. 

Quantization is a long-standing problem in deep learning, and it poses new chal-
lenges for various architectures. For transformers, there have been a lot of successes 
like quantization-aware training with modified self-attention [12]. Recently, it was 
shown that using transformers with weights of linear layers taking values in {−1, 0, 1} 
results in leaner methods (around ×3 lower memory requirements and around ×2 
lower latency in ms) while achieving comparable performance as float16 models. 

For faster training/inference, there were various methods proposed. For instance, 
FlashAttention focused on speeding up attention layers by accounting for I/O oper-
ations (reads and writes) between different levels of GPU memory [11]. A different 
approach rephrases the attention mechanism using a linear dot-product of kernel 
feature maps. The resulting linear transformer [13] makes further use of the asso-
ciativity property of matrix products to reduce the quadratic complexity to linear 
complexity in the big-O notation of the length of the input sequence. However, a 
transformer-based language model is not all we need (and have)! Other classes of 
LLMs operate like RNNs at inference time and are fully parallelizable during train-
ing. Selective state space models (S3Ms) are built on top of state space models, i.e.,
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Table 11.1 A comparative analysis of various parameterizations of LLMs regarding time and 
memory complexity for both inference and training with the sequence length denoted by N . 
(Adapted from [17]). 

Inference Training 

Architecture Time Memory Parallel Time Memory 

RNNs O(1) O(1) NO O(N ) O(N ) 

Transformer O(N ) O(N ) YES O(N2) O(N ) 

Linear transformer O(1) O(1) YES O(N ) O(N ) 

S4M O(1) O(1) YES O(N log N ) O(N ) 

RWKV/RetNet/Mamba O(1) O(1) YES O(N ) O(N ) 

a linear dynamical system with hidden variables/states [14]. The adverb selective 
comes from the fact that S3Ms use an attention mechanism. One of the extensions of 
S3Ms, Mamba [15], outperformed some transformers. Other S3M-inspired models 
like Retentive Networks (RetNets) [16] or RWKV [17] successfully compete with the 
largest transformer-based models while maintaining linear training complexity and 
constant inference complexity. An interesting LLM, Jamba [18], is a combination of 
Mamba layers with transformer layers. Taking a hybrid approach poses a promising 
future direction. 

Another important extension of current LLMs is based on the idea of mixture 
of experts (MoE) [19], a concept well-known in machine learning [20]. Instead of 
learning a single model, we train multiple LLMs (experts) that can specialize in 
certain topics. Then, for given input tokens, a router selects multiple experts, and 
the final outcome is calculated as a weighted average of the outcomes given by the 
experts. An example of an implementation of a MoE-LLM is mixtral of experts [21]. 

An overview of various parameterizations of LLMs is presented in Table 11.1. 

11.2.2 Learning LLMs 

As you can imagine, my curious reader, training of LLMs is probably something a 
bit more complicated than just LMs (or other models, especially the small ones). 
The answer is yes and no. No because, after all, they are models that either encode 
or generate, so nothing we have not dealt with. Yes because LLMs are large and we 
need a lot of data. Very often, LLMs are seen as foundation models (FMs) [22] that 
assume two phases of training:



11.2 Large Language Models 283

Training Procedure of FMs and LLMs 

1. Pre-training: This is the initial stage that aims at preparing an LLM 
for further tasks. A model is trained either by using the masked loss,
𝓁masked(θ) = −Ex∼pdata(x)EM

⎾ ∑
m∈M ln pθ (xm | x−m)

⏋
, where M indicates 

which tokens should be dropped from x and the goal is to reconstruct 
masked tokens, or by minimizing the negative log-likelihood 𝓁gen(θ) = 
−Ex∼pdata(x)

⎾
ln pθ (x)

⏋
. The masked loss is used for encoders, while the 

negative log-likelihood is typically utilized by decoders. The pre-training 
stage involves a lot (and I really mean a lot!) of data because the goal of this 
stage is to train general patterns in data, e.g., grammar and co-occurrences 
of words, or a specific programming language. 

2. Fine-tuning: A pre-trained model is further specialized on another dataset 
for a downstream task. For instance, an LLM can be trained on specific 
data, e.g., legal data to generate legal documents or a new programming 
language. However, the LLM can be also fine-tuned to carry out other tasks 
like text summarization, Q&A, text classification, sentiment analysis, 
etc. Depending on the task at hand, the LLM is optimized using either
𝓁masked(θ) or 𝓁gen(θ) or serves as a starting point for a new LLM for another 
task. In the former case, we typically optimize a different objective with 
an additional neural network, 𝓁pred(θ, φ) = −Ex,y∼pdata(x,y)

⎾
ln pθ,φ(x, y)

⏋
. 

These two steps are quite general and fully depend on a given task at hand. For 
instance, the first generative pre-trained transformers (GPTs) [23] were pre-trained 
using the negative log-likelihood, or they were initialized by training with the masked 
loss like in bidirectional encoder representations from transformers (BERT) [24]. 
Eventually, GPTs were fine-tuned with the negative log-likelihood loss. It is also 
possible to combine various losses, e.g., 𝓁α(θ) = 𝓁(θ) + α𝓁masked(θ), which could 
be seen as a penalized negative log-likelihood objective. This idea was utilized in 
pre-training LLMs for various problems at once [25] or, with α = 1, for pre-training 
an LLM for molecules [26]. 

The problem with fine-tuning LLMs lies in the size of LLMs. Ideally, fine-
tuning should be quick and cheap, but it is hard to achieve if we deal with models 
with billions of weights. A possible solution is a technique known as Low-Rank 
Adaptation (LoRA) [27]. The idea is relatively simple but crazily smart! Instead of 
updating a full-rank matrix of weights W, which is kept fixed, we introduce a new 
set of learnable matrices during fine-tuning, A and B, while keeping W frozen. As 
a result, the forward pass looks as follows: 

.hl =Whl−1 + BAhl−1. (11.1)
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A Side Note  

LoRA typically updates only attention matrices since they pose the greatest 
bottleneck. However, there are various approaches to which components of 
transformers are updated using LoRA. 

Where does the whole magic come from then? From sizes of the matrices! If W 
is a D× d matrix, then B is a D× k matrix and A is a k × d matrix, where k ⪡ d. As  
a result, we have a knob in the form of the dimensionality k that controls the number 
of weights in the matrices A and B, while the resulting matrix BA is of the same 
size as W. As a result, after applying LoRA, only a small fraction of the original 
number of weights is updated during fine-tuning. Typically, enlarging an LLM with 
even fewer than 1% of new trainable weights is enough to achieve the same results 
as if the whole LLM is fine-tuned. 

11.2.3 Famous LLMs 

There is a plethora of LLMs, a few already mentioned here. I do not even dare to start 
pointing them out. In Table 11.2, I gather only (very subjectively!) selected LLMs. 

11.2.4 Coding Up Our teenyGPT 

Ufff. . . it was a lot of text, but what you can expect from a discussion about Large 
Language Models if not a lot of text? But without further ado, let us delve into some 
code! In the following, we will discuss our own GPT model we can call teenyGPT, 
an (extremely) tiny implementation of a decoder LLM. We focus on a small dataset 
of newspaper headlines and a simple tokenizer working at a character level. Our data 
consists of the batch dimension, the number of tokens, and the values, and our loss 
function is simply the negative log-likelihood: 

1 class LossFun(nn.Module): 
2 def __init__(self,): 
3 super().__init__() 
4 

5 self.loss = nn.NLLLoss(reduction=’none’) 
6 

7 def forward(self, y_model, y_true, reduction=’sum’): 
8 # y_model: B(atch) x T(okens) x V(alues) 
9 # y_true: B x T 

10 B, T, V = y_model.size() 
11 

12 y_model = y_model.view(B * T, V) 
13 y_true = y_true.view(B * T,) 
14
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Table 11.2 A list of selected LLMs with their corresponding types, sizes, and references/release 
dates. 

Name Type Size Reference or release date 

BERT Encoder 0.11B–0.34B [24] 

BioGPT Decoder 0.35B [28] 

Claude-3 Decoder 20B–∼2000B Mar 4, 2024 

Falcon Decoder 7B–180B [29] 

GPT-2 Decoder ∼1.5B [30] 

GPT-3 Decoder ∼175B September, 2020 

GPT-4 Decoder ∼1000B March 14, 2023 

LLaMA-2 Decoder 7B–70B [31] 

LLaMA-3 Decoder 8B–70B April 18, 2024 

Mamba Decoder 3B [15] 

Mistral Decoder 7B September 27, 2023 

Mixtral Decoder 8×7B [21] 

PaLM Decoder 8B–540B [32] 

RoBERTa Encoder 0.125B–0.355B [33] 

RWKV-5 (Eagle) Decoder 0.4B–7B [17] 

RWKV-6 (Finch) Decoder 1.6B–3B [17] 

T5 Encoder-Decoder 0.06B–11B [34] 

XLNet Decoder 0.11B–0.34B [35] 

15 loss_matrix = self.loss(y_model, y_true) # B*T  
16 

17 if reduction == ’sum’: 
18 return torch.sum(loss_matrix) 
19 elif reduction == ’mean’: 
20 loss_matrix = loss_matrix.view(B, T) 
21 return torch.mean(torch.sum(loss_matrix , 1)) 
22 else: 
23 raise ValueError(’Reduction could be either ‘sum‘ or 

‘mean‘.’) 
Listing 11.1 A class for the loss function. 

The essential component is the transformer block. We define them using the 
PyTorch implementation of multihead attention layers: 

1 class TransformerBlock(nn.Module): 
2 def __init__(self, num_emb, num_neurons , num_heads=4): 
3 super().__init__() 
4 

5 # hyperparams
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6 self.D = num_emb 
7 self.H = num_heads 
8 self.neurons = num_neurons 
9 

10 # components 
11 self.msha = nn.MultiheadAttention(embed_dim=self.D, 

num_heads=self.H, batch_first=True) 
12 self.layer_norm1 = nn.LayerNorm(self.D) 
13 self.layer_norm2 = nn.LayerNorm(self.D) 
14 

15 self.mlp = nn.Sequential(nn.Linear(self.D, self.neurons * 
self.D), 

16 nn.GELU(), 
17 nn.Linear(self.neurons * self.D, 

self.D)) 
18 

19 def forward(self, x, causal=True): 
20 # Multi-Head Self-Attention 
21 x_attn, _ = self.msha(x, x, x, is_causal=causal, 

attn_mask=torch.empty(1,1), need_weights=False) 
22 # LayerNorm 
23 x = self.layer_norm1(x_attn + x) 
24 # MLP 
25 x_mlp = self.mlp(x) 
26 # LayerNorm 
27 x = self.layer_norm2(x_mlp + x) 
28 

29 return x 
Listing 11.2 A class for a transformer block. 

Finally, we need to define our teenyGPT with a forward pass for the transformer 
and a sampling procedure. Additionally, we can define an auxiliary metric, top one 
reconstruction accuracy, which takes the most probable token and uses it to check 
whether it is the same as the input token: 

1 class teenyGPT(nn.Module): 
2 def __init__(self, num_tokens , num_token_vals , num_emb, 

num_neurons , num_heads=2, dropout_prob=0.1, num_blocks=10, 
device=’cpu’): 

3 super().__init__() 
4 

5 # Remember , always credit the author, even if it’s you ;) 
6 print(’teenyGPT by JT.’) 
7 

8 # hyperparams 
9 self.device = device 

10 self.num_tokens = num_tokens 
11 self.num_token_vals = num_token_vals 
12 self.num_emb = num_emb 
13 self.num_blocks = num_blocks 
14 

15 # embedding layer 
16 self.embedding = torch.nn.Embedding(num_token_vals , 

num_emb)
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17 

18 # positional embedding 
19 self.positional_embedding = nn.Embedding(num_tokens , 

num_emb) 
20 

21 # transformer blocks 
22 self.transformer_blocks = nn.ModuleList() 
23 for _ in range(num_blocks): 
24 self.transformer_blocks.append(TransformerBlock( 

num_emb=num_emb, num_neurons=num_neurons , num_heads=num_heads 
)) 

25 

26 # output layer (logits + softmax) 
27 self.logits = nn.Sequential(nn.Linear(num_emb, 

num_token_vals)) 
28 

29 # dropout layer 
30 self.dropout = nn.Dropout(dropout_prob) 
31 

32 # loss function 
33 self.loss_fun = LossFun() 
34 

35 def transformer_forward(self, x, causal=True, temperature 
=1.0): 

36 # x: B(atch) x T(okens) 
37 # embedding of tokens 
38 x = self.embedding(x) # B x T x D  
39 # embedding of positions 
40 pos = torch.arange(0, x.shape[1], dtype=torch.long). 

unsqueeze(0).to(self.device) 
41 pos_emb = self.positional_embedding(pos) 
42 # dropout of embedding of inputs 
43 x = self.dropout(x + pos_emb) 
44 

45 # transformer blocks 
46 for i in range(self.num_blocks): 
47 x = self.transformer_blocks[i](x) 
48 

49 # output logits 
50 out = self.logits(x) 
51 

52 return F.log_softmax(out/temperature , 2) 
53 

54 @torch.no_grad() 
55 def sample(self, batch_size=4, temperature=1.0): 
56 x_seq = np.asarray([[self.num_token_vals - 1] for i in 

range(batch_size)]) 
57 

58 # sample next tokens 
59 for i in range(self.num_tokens -1): 
60 xx = torch.tensor(x_seq, dtype=torch.long, device= 

self.device) 
61 # process x and calculate log_softmax
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62 x_log_probs = self.transformer_forward(xx, 
temperature=temperature) 

63 # sample i-th tokens 
64 x_i_sample = torch.multinomial(torch.exp(x_log_probs 

[:,i]), 1).to(self.device) 
65 # update the batch with new samples 
66 x_seq = np.concatenate((x_seq, x_i_sample.to(’cpu’). 

detach().numpy()), 1) 
67 

68 return x_seq 
69 

70 @torch.no_grad() 
71 def top1_rec(self, x, causal=True): 
72 x_prob = torch.exp(self.transformer_forward(x, causal= 

True))[:,:-1,:].contiguous() 
73 _, x_rec_max = torch.max(x_prob, dim=2) 
74 return torch.sum(torch.mean((x_rec_max.float() == x 

[:,1:].float().to(device)).float(), 1).float()) 
75 

76 def forward(self, x, causal=True, temperature=1.0, reduction= 
’mean’): 

77 # get log-probabilities 
78 log_prob = self.transformer_forward(x, causal=causal, 

temperature=temperature) 
79 

80 return self.loss_fun(log_prob[:,:-1].contiguous(), x 
[:,1:].contiguous(), reduction=reduction) 

Listing 11.3 A class for a teenyGPT. 

For 128 neurons in MLPs, 8 attention heads, 4 transformer blocks, and the 
embedding size equal 32, we get a model with about 1 million weights and the 
performance as in Fig. 11.3, Tables 11.3, and 11.4. 

As you can notice, my curious reader, the teeny LLM trains successfully, even 
with only a small amount of data, and around 1 million of weights! The negative 

BA 

Fig. 11.3 Examples of results: (a) The negative log-likelihood calculated on the validation set. (b) 
The top one reconstruction accuracy calculated on the validation set.
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Table 11.3 Examples of sampled headlines with temperature . 0.1. 
No. Generation 
1 British announces star market star market contract coronavirus case 
2 British announces show announces set series 
3 Breaking say court coronavirus test positive 
4 Coronavirus death trump court star reade say say announcement say 
5 Coronavirus death test positive coronavirus case state state state state state state court 
6 Coronavirus case start star reade country test positive 
7 British announces set coronavirus test positive 
8 Coronavirus case show death committee 
9 Michigan pro recovered country coronavirus test positive 
10 Coronavirus case star set state state state state state state state state allegation 

Table 11.4 Examples of sampled headlines with temperature . 1.0. 
No. Generation 
1 Waterment share brand fabst dailey available hystering 
2 pm rate murder test personn hirr kannish reported homeless tested decision 
3 Torotteney headlines sentencer everyone 
4 Milamican combinize give test pair catch attack 
5 ugc harry first bitcoin boat wuhan chip man end masking precain 
6 True fansed andrap new full forecasts 
7 Galaxy nigeria check police liverpool dam new deal threatens order 
8 Senator addeedly discharge tonie 
9 Grime everdille get improves reveals fan talk new revela false 
10 UK coronavirus delivery due five aviversau despite return horror year 

log-likelihood drops nicely (Fig. 11.3a), while the reconstruction accuracy grows 
(Fig. 11.3b). 

Comparing samples in Tables 11.3 and 11.4, we can clearly see that being too 
stochastic (i.e., taking too small temperature) results in nonsensical headlines. How-
ever, overall, even though the model does not work perfectly, it learned to combine 
characters in such a way they constitute words (most of the time), and some headlines 
make even sense. 

11.2.5 Other (Selected) Topics on LLMs 

There are so many topics in LLMs at the moment, that it is nearly impossible to 
cover them all. In the following, I stress out some developments that are important 
and require a separate write-up, but I leave these to others. Here are some highlights 
of the LLM community: 

• Prompt engineering: Prompt engineering is a bit tricky business, and I mention 
it only for completeness of trendy topics in LLMs. However, my personal opinion 
is that prompt engineering is rather pseudo-engineering, a bunch of useful tricks 
for currently trained LLMs. From a practical point of view, it is useful to share
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commonly used practices on how to prompt an LLM. Nevertheless, in the long 
run, prompt engineering as we know it right now could be completely useless. 
Either way, my general advice is this: Prompt wisely, be precise, be nice (even 
though you talk to a machine!), instruct an LLM, and take whatever an LLM gives 
you with a pinch of salt. After all, LLMs are models and they can be (often are!) 
wrong. 

• Instructing and human feedback: A big breakthrough in LLMs came with 
instructing them and giving them human feedback [36]. The first model, a pre-
decessor of ChatGPT, InstructGPT, was based on the idea of fine-tuning a GPT 
model using a dataset of rankings of model outputs provided by human evalu-
ators. This approach was dubbed reinforcement learning from human feedback 
(RLHF), and during fine-tuning, first, a reward model is trained on the rankings, 
and then the reward model is used to assess generations according to the Proximal 
Policy Optimization (PPO) algorithm [37]. Later on, it was noticed that there is 
no need to train a separate reward model as a proxy to a human evaluator but it 
is possible to formulate the probability of preference of one generation over the 
other by using the LLM itself. This is the idea (and math, a really neat math) 
behind Direct Preference Optimization (DPO) [38]. 

• In-context learning: A great and fascinating capability of LLMs is so-called in-
context learning [39]. The idea relies on providing a few examples in the prompt 
to an LLM together with a query so that the LLM can figure out the answer from 
a very limited amount of data. To strengthen the LLM to be capable of in-context 
learning, it is important to cultivate it during training (e.g., during fine-tuning). 

• Knowledge graphs + LLMs: Knowledge graphs (KGs) present a way of struc-
turing data and relationships among them. However, their main drawbacks are 
lack of generalizability (if facts are missing, KGs are unable to provide any sort 
of approximate solution) and lack of language understanding. An enhancement of 
KGs with LLMs or LLMs with KGs presents an interesting solution since LLMs 
are flexible but they lack proper grounding in facts [40]. 

• Adversarial attacks: Similar to images, it is also possible to formulate adversarial 
attacks for LLMs [41]. By proper prompting, it is possible to retrieve information 
that could be harmful to others but also to obtain original training data (e.g., 
personal data). 

• LLMs for programming: There are multiple LLMs for other kinds of languages. 
For instance, programming languages are a perfect fit for training your own 
coding tools for enhancing programmers. Thanks to Generative AI, the phrase 
no-code programming has attracted a lot of attention these days. Some examples 
of important LLMs for coding are CodeBERT [42] and GitHub Copilot [43]. 

These topics constitute only the tip of the iceberg. The speed at which LLMs 
evolve is unprecedented. There are multiple extremely interesting new concepts, but, 
in my opinion, some directions are definitely overhyped. Nevertheless, Generative 
AI owes a lot to LLMs because they have changed the AI landscape and brought 
generative modeling to a completely new level.
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11.3 Generative AI Systems 

11.3.1 Introduction 

LLMs opened doors to the next level of applications, allowing communication with 
machines using natural language. This is definitely a technological jump but also a 
great leap in the way we think about AI. The recent developments in GenAI, e.g., 
in the GPT family (GPT-4V: GPT-4 with Vision) or in the Google-based models 
(e.g., Gemini), brought multimodal learning in DL back and showed great promise 
in using LLMs as multimodal systems. Currently developed LLMs are capable of 
processing various data modalities (not only text but also images, audio, and video) 
and generating different data types! As a result, it becomes more appropriate to 
talk about GenAI Systems rather than LLMs. Text (or natural language) constitutes 
communication means, instead of predefined formal protocols and modality encoders 
that play the role of I/O interfaces for processing various data sources. However, we 
can go even further and can attach a database (or, in particular, a knowledge graph) 
or external specialized tools (e.g., a calculator, an app for finding a route from A to 
B) that communicate with the system through a module for information retrieval and 
storage. An example of such a system is a tool-augmented Seq2Seq model proposed 
by [44] that uses a fine-tuned T5 LLM as a backbone to deal with inputs and outputs 
to and from some external tools. A more specific use of an LLM with an external 
tool is a system for chemistry [45] that is based on external databases and tools for 
providing reliable answers and drawing molecules, among other features. 

In the following, we will look into various systems using Generative AI modules 
that we will refer to as Generative AI Systems (GenAISys). It is interesting to discuss 
these systems at a high level since we are far from the full understanding of their 
building blocks (i.e., neural networks or even their simplest units). As the community, 
we have a good feeling that the strength of DL lies in its compositionality [46, 47, 59], 
but we still need to accept many claims to be hypotheses. Nevertheless, it should not 
stop us from discussing compositionality at a higher level, similar to control theory, 
or, more broadly, systems science and engineering [48]. Let us do that then! 

11.3.2 GenAISys: A General Architecture 

Talking about systems immediately brings to mind multiple modules, some compo-
nents combined together to solve a set of goals. The discussion might be a bit blurry 
at times because the question is the following: Is a composition of two functions with 
a single line of code each a system already? Yes, because systems are composed of 
distinguished parts or, to put it differently, systems are complex things that can be 
assembled out of simpler parts. An interesting perspective on systems and compo-
sitionality provides category theory [49, 59] if you are interested in it, my curious 
reader. However, here we will continue in a more intuitive manner.
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We already mentioned what GenAI Systems are built of, so let us make it more 
specific then. A GenAISys consists of the following parts: 

• Data encoders (DEs): All input (raw) data are processed using models that encode 
them into tensors. Typically, these encoders are pre-trained and kept non-trained 
(frozen). We can use any foundation model (FM) as an encoder, e.g., BERT for 
text encoding, ConvNeXT (without the predictive head) for image encoding, etc. 
Encoders could be composed of other modules (encoders) as well. For instance, 
speech could be transformed into text (e.g., using Whisper), and then text could 
be represented as a tensor (e.g., using BERT). Data encoders play a crucial role in 
formulating GenAISys, and their introduction was a catalyzer for the development 
of GenAI Systems as we know it now. 

• GenAI Model (GeM): The central unit of a GenAISys is a GenAI model (e.g., an 
LLM) that processes (encoded) input data, communicates with external memory 
(a database) and external tools, and generates an output. It is the core part of 
the whole architecture. It can have its own short-term memory (a cache), e.g., in 
the form of available input tokens, and built-in instructions for communicating 
with other components. Moreover, it can be equipped with other (sub)models 
carrying out other tasks, e.g., named entity recognition (NER) for detecting 
specific instructions in inputs. In the simplest form, it could be trained in such 
a way that specific instructions in natural language trigger specific actions like 
running a calculator. Overall, a GeM can be a complicated system by itself, 
comprising multiple modules including separate models. 

• Retrieval/Storage module (R/S): This module serves an extremely important 
function to assist GeM with retrieving facts (long-term memory) but also utilizing 
inputs processed by DEs. Additionally, this module can have its own models (e.g., 
BERT to embed a part of the input text of an internal instruction) and sets of 
instructions (e.g., routing algorithms). 

A general scheme of GenAISys is presented in Fig. 11.4. Please keep in mind that 
this is a simplified architecture that highlights only the main components. Each block 
could consist of multiple submodules, models, and procedures (algorithms). It is also 
no surprise that the diagram looks like the general architecture of a computer. After 
all, such architectures are quite natural. However, unlike a computer, GenAISys 
consists of trainable components and, as a result, is extremely flexible in the sense 
of its functionality. 

11.3.3 Training 

Training of a GenAISys is nontrivial since all components are, in principle at least, 
trainable. One can imagine training GenAISys end to end; however, it is infeasible for 
currently used hardware. Nowadays, a widely applied solution is to take advantage 
of foundation models that are pre-trained separately to formulate DEs and an R/S. 
Eventually, only a GeM is trained. But, with the improvement of hardware and
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Fig. 11.4 A general architecture of a Generative AI System with encoders for various modalities, 
a retrieval/storage module for accessing external tools and databases, and a central generative AI 
model producing new content (output). The snowflake icon represents that a module is “frozen” 
(i.e., already trained). 

probably with new training schemes, GenAISys will be trained in a better way and, 
eventually, will get better through the utilization of multiple data modalities at the 
same time. 

A Side Note  

The general scheme in Fig. 11.4 resembles a map of the functions of the 
human brain. At this point, we are definitely close to applying a coordinate 
descent algorithm that optimizes the whole system one modality (or a block) 
at a time. This would keep the complexity at a relatively low level, no greater 
than what we have right now. However, the main issue is the potential forget-
ting of previously learned representations. We do not have fully satisfactory 
continual learning methods, but we are making progress [50, 51]. Once this 
problem is solved, we will get a real breakthrough in AI! 

11.3.4 Examples of GenAISys 

Following the general scheme for GenAISys in Fig. 11.4, we can indicate how 
currently used Generative AI approaches fit this scheme. We focus on Large Vision 
Models and a specific LLM-based solution for reliable text generation. There are
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many more examples, but once you get familiar with the most successful ones, you 
will definitely be able to see this scheme in other models, my curious reader. 

11.3.4.1 RAGs 

The main drawback of decoder-based LLMs is hallucinating when a prompt takes 
the model away from its “comfort zone” (i.e., from regions where training data lie 
in the representation space). This could be fixed to some degree with proper fine-
tuning; however, LLMs tend to make up or skip some facts. Since their responses are 
typically very colorful with distinctive and unusual wording, human beings can miss 
some deficiencies and false statements. Therefore, sometimes, I refer to LLMs as 
Lying Language Models. In some applications, there is no place for fake news, or, in 
general, outcomes cannot be untrustworthy. For instance, in health-related situations, 
medicine, drug discovery, or manufacturing (e.g., diagnostics), there is simply no 
space for made-up facts. Therefore, even though generative LLMs are so hyped, they 
do not pose a possible solution due to their high risk of hallucinating. 

A huge breakthrough, especially in real-life applications, came with retrieval-
augmented generations (RAGs) [52]. The idea is based on utilizing two LLMs, an 
encoder-LLM and a decoder-LLM, and a database of texts. The encoder-LLM is 
used in two ways: (i) for embedding all texts in the database and (ii) for embedding 
an incoming query. For a new query, the closest documents are picked based on the 
distance between the embedding of the query and the embeddings of the documents in 
the database. Eventually, the closest documents, together with the query, are passed 
to the decoder-LLM to generate an outcome. Since the outcome is based on the 
decoder-LLM and real documents, there is a much lower chance of hallucinations. 
Moreover, with a bit of tweaking around, the RAG could rely heavily on facts 
provided during the retrieval stage. 

The diagram for a RAG is presented in Fig. 11.5, and it corresponds very closely 
to the general scheme of GenAISys in Fig. 11.4 where the decoder-LLM is the GeM 
and the encoder-LLM is the DE, and it is also used as a part of the R/S module. 

11.3.4.2 Speech2Txt 

A great example of a GenAISys for transforming speech to text is Whisper [53], an 
encoder-decoder transformer with a specific form of the encoder that first represents 
raw speech (audio) using a log-magnitude Mel spectrogram before being fed to an 
encoder-transformer for processing audio signal and then to a decoder-transformer 
for generating text. The model is an automatic speech recognition system with 39M 
weights (a tiny version) to even 1.55B weights (a large version). It was trained on 
680,000 hours of multilingual and multitask supervised data collected from the web. 
This model achieved SOTA performance at the time of its release, and still it remains 
one of the top Speech2Txt models available. The tiny version could even deployed 
on edge devices. Whisper is a great example of how GenAISys can be formulated
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Fig. 11.5 A schematic representation of a retrieval-augmented generation (RAG) architecture. 
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EncoderInput 

Fig. 11.6 A schematic representation of a Speech2Txt architecture. 

and how important it is to combine various components together for more advanced 
tasks like automatic speech recognition. The Speech2Txt diagram is presented in 
Fig. 11.6. 

11.3.4.3 Large Vision Models (LVMs) 

Beside LLMs, Large Vision Models (LVMs) are perfect examples of GenAISys. 
There are many models that fall under the umbrella of Img2Img or Img2Txt, but 
the most popular LVMs these days are Txt2Img. Since the original paper on latent 
diffusion models [54], the resulting models like Stable Diffusion 2 and very recent 
Stable Diffusion 3, are widely used for generating images for a given prompt. Latent 
diffusion models (Stable Diffusion) or Dalle 2 [55] with a diffusion-based prior fit 
perfectly a scheme in Fig. 11.7a. Comparing these LVMs to a general GenAISys, a 
text encoder and an image encoder (for either training or reconstruction) are DEs, 
while a combination of a diffusion model and a decoder is a GeM. These models do 
not use any database or external tools; however, it is possible to use those to modify 
images somehow. 

Another example of an LVM in the form of Txt2Img is ImaGen [56] which  
uses a T5-based text encoder and a diffusion model together with superresolution
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Fig. 11.7 Examples of LVMs: (a) Stable Diffusion (i.e., latent diffusion) (b) ImaGen.  

blocks. The corresponding architecture is presented in Fig. 11.7b (the superresolution 
module consists of multiple steps, going from .64×64 images to .1024×1024 images). 
Again, this is a complicated GenAISys even though it is composed of three blocks, 
but it has about 13B weights (11B weights for T5, about 2B weights for a UNet used 
in the diffusion model and the superresolution module) which is a large model in 
terms of the number of weights. 

11.3.5 The Future of AI Is GenAISys 

The idea of using LLMs as a backbone for operating systems and agents as appli-
cations has attracted a lot of attention [57]. Here, we consider general systems with 
various GenAI-based components, not only LLM-based compartments. Either way, 
moving toward GenAI-based (operating) systems seems like the future and the next 
step of cloud-based systems. Indeed, GenAISys can be deployed locally but also in 
a cloud server or as a hybrid (e.g., a GeM, a cache storage, and DEs are local but 
external tools and storage are in a cloud). The last option can be especially appealing 
for manufacturing since all real-life operations must be executed in real time, while 
data storage and other operations are carried out by external services (or agents). 

Another idea that is pretty hyped these days is Agentic AI, i.e., the development of 
GenAISys-based agents operating autonomously. This idea is pushed by many Big 
Tech players. For instance, Microsoft proposed a framework for conversational LLM-
based agents called AutoGen [58]. OpenAI sees their chatbots (including ChatGPT) 
as agents, and by equipping them with various tools and features, they could serve as 
copilots (i.e., assisting a human operator by proposing partial solutions) or autopilots
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(i.e., assisting human operators by proposing complete solutions). The analogy here 
corresponds to controlling a plane, and a copilot helps to stabilize a flight, while an 
autopilot takes care of flying. In both cases, a human pilot can take over at any point. 

My curious reader, I hope I managed to present you with a wonderful world 
of (deep) generative modeling and convince you that Generative AI Systems are 
inevitably next steps in the evolution of AI. I dare even say that they will not only 
assist in many jobs, ranging from office jobs, healthcare, and education to the industry 
like manufacturing but will also lead us to formulate the first true AI. There are many 
other aspects like embodied AI, but in my (not so humble) opinion, GenAISys is a 
must to create an artificial brain for embodied or not machine. But we will see what 
the distant future (in the AI world, it means the next 6 to 12 months) will bring. 
Either way, I am sure we live in extremely fascinating times, totally unprecedented. 
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Appendix A 
Useful Facts from Algebra and Calculus 

A.1 Norms and Inner Products 

A.1.1 Norm Definition 

Norm is a function .|| · || : X→ R+ with the following properties: 

1. .||x|| = 0 ⇔ x = 0, 
2. .||αx|| = |α |||x||, where .α ∈ R, 
3. .||x + y|| ≤ ||x|| + ||y||. 

A.1.2 Inner Product Definition 

The inner product is a function .〈·, ·〉 : X × X→ R with the following properties: 

1. .〈x, x〉 ≥ 0, 
2. .〈x, y〉 = 〈y, x〉, 
3. .〈αx, y〉 = α〈x, y〉, 
4. .〈x + z, y〉 = 〈x, y〉 + 〈z, y〉. 

A.1.3 Chosen Properties of Norm and Inner Product 

• 〈x, x〉 = ||x||2, 
• |〈x, y〉| ≤ ||x||||y|| (for a vector in RD 〈x, y〉 = ||x||||y|| cos θ), 
• ||x + y||2 = ||x||2 + 2〈x, y〉 + ||y||2. 
• ||x − y||2 = ||x||2 − 2〈x, y〉 + ||y||2. 
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A.2 Matrix Calculus 

A.2.1 Liner Dependency 

Let . φm be a nonlinear transformation and .x ∈ RM . A linear product of these two 
vectors is: 

. φ(x)Tw = w0φ0(x) + w1φ1(x) + . . . + wM−1φM−1(x)

=

M−1⎲

m=0
wmφm(x),

where .w = (w0 w1 . . .wM−1)T, .φ(x) = (φ0(x) φ1(x) . . . φM−1(x))T. 

A.2.2 Orthogonal and Orthonormal Vectors 

Vectors . x and . y are orthogonal vectors if .〈x, y〉 = 0. Additionally, if .||x|| = ||y|| = 1, 
these vectors are called orthonormal. 

A.2.3 Chosen Properties of Matrix Calculus 

• (AB)−1 = B−1A−1. 
• (AB)T = BTAT. 
• Matrix  A is positive definite ⇔ for all vectors such that x ≠ 0 the following 

inequality holds true xTAx > 0. 
• ∇xxTx = 2x. 
• ∇x||W

1 
2 (b − Ax)||2 

2 = −2ATW(b − Ax), where W is a symmetric matrix. 

For given vectors x, y and a matrix A, which is symmetric and positive definite, 
one gets: 

• ∂ 
∂y (x − y)TA(x − y) = −2A(x − y) 

• ∂(x − y)TA−1(x − y) 
∂A = −A−1(x − y)(x − y)TA−1 

• ∂ ln det(A) 
∂A = A−1
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A.2.4 Special Cases of Invertible Matrices 

. A−1 =

|
a b
c d

|−1
=

1
ad − bc

|
d −b
−c a

|

.A−1 =

⎡⎢⎢⎢⎢⎣

a b c
d e f
g h k

⎤⎥⎥⎥⎥⎦

−1

=
1

det A

⎡⎢⎢⎢⎢⎣

(ek − f h) (ch − bk) (b f − ce)
( f g − dk) (ak − cg) (cd − a f )
(dh − eg) (bg − ah) (ae − bd)

⎤⎥⎥⎥⎥⎦



Appendix B 
Useful Facts from Probability Theory 
and Statistics 

B.1 Commonly Used Probability Distributions 

B.1.1 Bernoulli Distribution 

B(x |θ) = θx(1 − θ)1−x , where x ∈ {0, 1} i θ ∈ [0, 1] 
E[x] = θ 
Var[x] = θ(1 − θ) 

B.1.2 Categorical (Multinoulli) Distribution 

M(x|θ) = 
DΠ

d=1 
θxd 
d , where xd ∈ {0, 1} i θd ∈ [0, 1] for all d = 1, 2,  . . . ,  D, 

D⎲

d=1 
θd = 1 

E[xd] = θd 
Var[xd] = θd(1 − θd) 

B.1.3 Normal Distribution 

N(x |μ, σ2) = 1
√

2π σ  
exp

⎰
− (x − μ)2 

2σ2

⎱

E[x] = μ 
Var[x] = σ2 
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B.1.4 Multivariate Normal Distribution 

N(x|μ, Σ) = 1 
(2π)D/2 

1 
|Σ |1/2 exp

⎰
− 1 

2
(x − μ)T Σ−1(x − μ)

⎱
, 

where x is D-dimensional vector, μ is D-dimensional vector of means, and Σ is 
D × D covariance matrix 
E[x] = μ 
Cov[x] = Σ. 

B.1.5 Beta Distribution 

Beta(x |a, b) = Γ(a + b) 
Γ(a)Γ(b) x

a−1(1 − x)b−1, 

where x ∈ [0, 1] and a > 0 i  b > 0, Γ(x) = 
∫ ∞ 

0 
tx−1e−tdt 

E[x] = a 
a+b 

Var[x] = ab 
(a+b)2(a+b+1) . 

B.1.6 Marginal Distribution 

In the continuous case: 
. p(x) =

∫
p(x, y)dy

and in the discrete case: 
. p(x) =

⎲

y

p(x, y)

B.1.7 Conditional Distribution 

. p(y |x) = p(x, y)
p(x)

B.1.8 Marginal Distribution and Conditional Distribution for 
Multivariate Normal Distribution 

Assuming .x ∼ N(x|μ,Σ), where
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.x =
|
xa
xb

|
, .μ =

|
μa

μb

|
, . Σ =

|
Σa Σc

ΣT
c Σb

|
,

then we get the following dependencies: 
.p(xa) = N(xa |μa,Σa), 
.p(xa |xb) = N(xa | μ̂a, Σ̂a), where 
.μ̂a = μa + ΣcΣ−1

b
(xb − μb), 

.Σ̂a = Σa − ΣcΣ−1
b

ΣT
c . 

B.1.9 Sum Rule 

. p(x) =
⎲

y

p(x, y)

B.1.10 Product Rule 

. p(x, y) = p(x |y)p(y)
= p(y |x)p(x)

B.1.11 Bayes’ Rule 
. p(y |x) = p(x |y)p(y)

p(x)

B.2 Statistics 

B.2.1 Maximum Likelihood Estimator 

There are given N independent examples of . x from the identical distribution .p(x|θ), 
.D = {x1 . . . xN }. The likelihood function is the following function: 

. p(D|θ) =
NΠ

n=1
p(xn |θ).

The logarithm of the likelihood function .p(D|θ) is given by the following expression: 

. log p(D|θ) =
N⎲

n=1
log p(xn |θ).

Maximum likelihood estimator of the parameters .θML minimizes the likelihood 
function:
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. p(D|θML) = max
θ

p(D|θ).

B.2.2 Maximum A Posteriori Estimator 

There are given N independent examples of . x from the identical distribution .p(x|θ), 
.D = {x1 . . . xN }. Maximum a posteriori (MAP) estimator of the parameters . θMAP

minimizes the a posteriori distribution: 

. p(θMAP |D) = max
θ

p(θ |D).

B.2.3 Risk in Decision-Making 

Risk (expected loss) is defined as follows: 

. R[y] =
∬

L(y, y(x)) p(x, y)dxdy,

where .L(·, ·) is the loss function.
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Adversarial attacks, 290 
Adversarial loss, 7, 204, 205 
Agentic AI, 296 
Aggregated posterior, 111 
Amortization, 97 
Approximate inference, 94 
Attention mechanism, 48 
Attention weights, 50 
Autopilots, 296 
Autoregressive model, 38 
Autoregressive modeling, 5 

B 
Bag of words, 279 
Base unit, 32 
Bayesian networks, 21 
Bernoulli distribution, 17 
Bijection, 63, 77 
Bipartite coupling layer, 81 
Bits per pixel (bpp), 261, 271 
Bitstream, 260 
Boltzmann distribution, 7, 183, 185 
Boltzmann machines, 7, 183 

C 
Categorical distribution, 17 
Causal Conv1D, 41 
Causal Conv2D, 46 
Change of variables, 77 
Change of variables formula, 6, 63 
Checkerboard patter, 74 

Codebook, 265 
Codecs, 259 
Compositionality, 291 
Compression, 259 
Conditional distribution, 16 
Conditional flow matching, 244 
(Conditional) probability paths, 245 
Continuity equation, 239 
Continuous normalizing flows, 241 
Contrastive divergence, 194 
Copilots, 296 
Coupling layer, 68 
Curse of dimensionality, 96 

D 
Data encoders (DEs), 292 
Decoder, 97 
Decoder (codec), 261 
Deep Boltzmann Machines, 196 
Deep diffusion probabilistic models, 148 
Density estimator, 77 
Density networks, 202 
Dequantization, 69, 79 
Diffeomorphism, 77 
Differentiable quantization, 265 
Diffusion-based deep generative models 

(DDGM), 148 
Dirac’s delta, 17, 204 
Direct Preference Optimization (DPO), 290 
Discretized logistic distribution, 84 
Discriminative models, 1 
Discriminator, 205, 207 
Distortion, 261 

© The Editor(s) (if applicable) and The Author(s), under exclusive license to 
Springer Nature Switzerland AG 2024 
J. M. Tomczak, Deep Generative Modeling, 
https://doi.org/10.1007/978-3-031-64087-2 

311

https://doi.org/10.1007/978-3-031-64087-2
https://doi.org/10.1007/978-3-031-64087-2
https://doi.org/10.1007/978-3-031-64087-2
https://doi.org/10.1007/978-3-031-64087-2
https://doi.org/10.1007/978-3-031-64087-2
https://doi.org/10.1007/978-3-031-64087-2


312 Index

E 
Empirical distribution, 16 
Encoder, 97 
Encoder (codec), 260 
Energy-based models, 7 
Energy function, 7, 183, 185, 192 
Entropy coding model, 268 
Evidence lower bound (ELBO), 97, 111, 150 
Expectation-Maximization, 26 

F 
Factoring out, 73 
Fine-tuning, 283 
Flow-based models, 6, 67 
Flow-based prior, 125 
Flow matching, 8, 243 
Flows, 6, 67 
Forward diffusion, 226 
Foundation models, 58, 282, 292 
Free energy, 193 
Fully factorized model, 31 

G 
Gaussian diffusion process, 150 
Gaussian (normal) distribution, 17 
GenAI Model (GeM), 292 
Generalization, 19 
Generative AI Systems (GenAISys), 291 
Generative modeling, 3 
Generative process, 93 
Generative topographic mapping, 120 
Generator, 205, 206 
Gibbs distribution, 183 
GTM-based prior, 120 
GTM-VampPrior, 123 
Gumbel-Softmax trick, 109 

H 
Hidden factors, 93 
Hierarchical VAEs, 110, 139 
Hole problem, 108 
Homeomorphism, 77 
Householder flows, 128 
Householder matrix, 129, 130 
Householder Sylvester flows, 132 
Householder transformation, 129 
Householder vector, 129 
Hutchinson’s trace estimator, 242 
Hybrid modeling, 172 

I 
Identically and independently distributed, 17 
Image compression, 259 
Implicit modeling, 202, 204 

Implicit models, 7 
Importance weighting, 108 
In-context learning, 290 
Inference, 20 
The instantaneous change of variables, 239 
Integer discrete flows (IDFs), 81, 174 
Invertible neural network, 67 

J 
Jacobian-determinant, 65, 131 
Jacobian matrix, 6, 239 
JPEG, 259, 262 

K 
Knowledge graphs (KGs), 290 
Kronecker’s delta, 17 
Kullback-Leibler divergence, 18 

L 
Langevin dynamics, 8, 188, 219, 221–223, 225 
Large Language Models, 58 
Latent factors, 95 
Latent variable models, 6, 94 
Latent variables, 93, 203 
Likelihood function, 43, 69, 85, 94 
Log-likelihood function, 7, 18, 201 
Log-sum-exp function, 25, 201 
Lossless compression, 260 
Lossy compression, 260 
Low-Rank Adaptation (LoRA), 283 

M 
Manifold, 93 
Masking, 74 
Maximum mean discrepancy, 203, 212 
Mixture model, 21 
Mixture-of-experts (MoE), 282 
Mixture of Gaussians prior, 116 
Mode collapse, 213 
Multi-head self-attention, 49 
Multimodal learning, 291 

N 
Natural Language Processing (NLP), 278 
Neural compression, 263 
Neural ODE, 238 
No-code programming, 290 
Normalizing flows, 67 

O 
Orthogonal matrix, 129 
Orthogonal Sylvester flows, 132 
Out-of-distribution problem, 108
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P 
Parameterization sharing, 171 
Parameters, 17 
Partition function, 183, 185 
Permutation layer, 68 
Positional embeddings, 281 
Positional encoding, 53 
Posterior collapse, 108, 109 
Pre-training, 283 
Prescribed models, 7 
Probabilistic Circuits, 31 
Probabilistic graphical models, 20 
Probabilistic PCA, 7, 95 
Probability distribution, 16 
Product rule, 16, 37 
Product unit, 32 
Prompt engineering, 289 
Proximal Policy Optimization (PPO), 290 
Pseudo-inputs, 118 

Q 
Quadripartite coupling layer, 83 
Quantile regression, 47 

R 
Random variables, 15 
Rate, 262 
RealNVP, 67 
Reconstruction error, 97, 111 
Regularization, 111 
Regularizer, 97 
Reinforcement learning from human feedback 

(RLHF), 290 
Reparameterization trick, 100 
Residual flows, 75 
Restricted Boltzmann Machine (RBM), 7, 195 
Retrieval/Storage module (R/S), 292 
Rezero trick, 74 
Rounding operator, 82 

S 
Score function, 8, 219 
Score matching, 8, 221, 225 

Selective state space models (S3Ms), 281 
Self-attention, 49 
Shared parameterization, 186 
Soap bubble effect, 134 
Spectral normalization, 212 
Squeezing, 74 
Standard Gaussian prior, 115 
Stochastic gradient Langevin dynamics, 219 
Stochastic interpolants, 253 
Straight-through estimator, 82 
Sum rule, 16, 37 
Sum unit, 32 
Sylvester normalizing flows, 131 
Sylvester’s determinant identity, 131 

T 
Tf-idf, 279 
Tokenizer, 49, 279 
Top-down VAEs, 141 
Transformer block, 53 
Transformers, 47, 48, 281 
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